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Abstract

The direct problem of Magnetoencephalography for an ellipsoidal inhomoge-
neous one- shell-model of the brain with a dipole source in the shell is studied
in the present work. The inhomogeneity is due to the attendance of a confocal
ellipsoidal shell exhibiting different conductivity than the one of the brain tis-
sue. The magnetic field in the exterior of the conductor is derived. It is shown
that it depends strongly on the anisotropy imposed by the use of the ellipsoidal
geometry, on the inhomogeneity dictated by the shell and also on the position
and on the moment of the dipole source.

1. Introduction

The Electoencephalography (EEG) and Magnetoengephalography (MEG) are widely
used non invasive methods for studying the human brain activity. It is well-known
that an electrochemical source in the interior of the brain issue produces an electric
field and a magnetic field, both in the interior and in the exterior of the brain. The
produced electric field is measured on the head surface via EEG and the exterior
magnetic field is measured via MEG.

The calculation of the electric field and of the magnetic field that a given source
produces, consists the so called forward EEG and the forward MEG problem respec-
tively. In dealing analytically with any of these problems, certain assumptions have to
be made, concerning the physical and geometrical characteristics of the brain-model
that is used. The most popular model for the source is that of a point dipole current
and this is also used in the present work. As far as the geometrical model for the brain
is concerned, a lot of work has been made using the spherical homogeneous model
[5, 10, 14], the spheroidal homogeneous model [16] and the ellipsoidal homogeneous
model [3, 12]. Taking under consideration the layers of different conductivities that
cover the human brain, such as the scalp, the scull and the fluid layer, efforts have
been made on dealing with the head as an inhomogeneous conductor [1, 4, 6, 7, 8, 11].
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In all these works, the source is considered to be located in the interior of the homo-
geneous core that models the cerebrum issue. In the present work we study the one
shell inhomogeneous model, where the source lies in the shell. In this way one can
model the possible existence of an area with different conductivity inside the cerebrum
issue, as is for example the area of a tumour. The geometry chosen is the ellipsoidal
geometry, as this is the one that models the human brain most realistically [15].

So, in the present work we consider an inhomogeneous ellipsoidal conductor which
consists of two confocal ellipsoids. An electric dipole source is located in the interior
of the ellipsoidal shell. We calculate analytically, the electric potential field and the
magnetic field that this source produces in the interior and in the exterior of the
conductor.

In Section 2, the mathematical formulation of the forward EEG problem for our
model is presented. The exterior and the interior electric potential are given in Section
3, while in Section 4 we evaluate of magnetic field in the exterior non conductive space.

2. Statement of the problem

Let’s denote by V. the region occupied by the cerebrum issue which is characterized
by the constant conductivity o. and by V; the fluid-core which is characterized by
the conductivity of. The exterior boundary surface S. of the cerebrum is modelled
with the triaxial ellipsoid

2 2 2
ry [ Ty | X3

2 2

2 =1 (1)
51 c3 C3

while the interior boundary surface Sy = 9V} of the cerebrum is modelled with
the confocal ellipsoid, defined by

2 2 2

Ty | X3 | X3
ot .o+ 12 =1. (2)
i 2 3
The semiaxes are ordered as follows
c3 < c2 <Cp (3)
fa<fo<fi<a.

The ellipsoids (1) and (2) belong into an ellipsoidal system with coordinates (p, p, V)
and semifocal distances hy, hs, hs. The ellipsoidal coordinates are connected with the
Cartesian ones by

hohsxy = puv
hihgzs = /p? = h3/p? = h3\/h3 — 12 (4)
hihows = /p? — h3\/h3 — p2\/h3 — 12
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and the semifocal distances hi, ho, hg are given by

W=c-g=f-f (5)
hy=cl—cg=fi-f3 (6)
hs=c—c=f-F (7)

The surface S, corresponds to p = ¢; , the surface Sy to p = fi, the core-domain V¢
to pelha, f1) and the shell domain V, to pe(f1,c1). The exterior domain V is described
by p > c1 and is characterized by zero conductivity.

At the point ro = (po, fto, ¥0) , in the interior of the ellipsoidal shell V., an equiva-
lent dipole current source, with moment Q , produce an electromagnetic field, which
is assumed to be quasistatic. Consequently, the primary current

JP(x) = Q(r  ro) (®)

generates an electric potential v and a magnetic field B in the interior and in the
exterior of the conductor.

Let’s denote by u, u. and uy the electric potential in V', V; and V respectively. The
electric potentials u and uy satisfy the Laplace equation in V and Vy, respectively,
due to the absence of sources in their domains. The presence of the source in V,
dictates the replacement of the Laplace equation by the Poisson equation, which w,
has to solve in V. Therefore, we have

Au(r) =0, reV (9)
Au,(r) = 01 Vv -JP(r), reV,, (10)
Aug(r) =0, reV;. (11)

Continuity conditions on the boundary surfaces impose that the fields u, u. and uy
are related as follows

Ue(r) = u(r), re s, (12)
Bt (r) = 0, re s, (13)
ug(r) = uc(r), re Sy, (14)

0 10nup (r) = 0oDpug(r), re s, (15)

where 0,, stands for the outward normal differentiation on the corresponding surface.
Moreover, in the unbounded region V' we assume the asymptotic behavior for u

u(r) =0("), r — 00 (16)
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so as the related exterior problem to be well-posed.

The magnetic field B in the exterior space V | as a consequence of Ampere’s law
[13] and of Geselowitz formulae [2], assumes the representation

Ho r—ro . 1
B(r) = 471'Q X It — o8 —ac/uc(r’)p/ X Vo ‘r_r/|d8(r/)

c

1
+(O’c — O'f) /uf(r/)ﬁ' X Vr/ d.S(I‘/).

v — /| (17)
Sy
3. The exterior and the interior electric potential
The exterior electric potential u solves the boundary value problem (9) , (12), (16)

and in terms of ellipsoidal harmonics assumes the form

1 oo 2n-+1 o —1
u<r>=g” UCCmZZ{[ @)= o= " 1]

. m
n=1 m=1 af UC)F”

[Q -VIE] (1o
m

(00 %y ) ST et

' (18)

for p > ¢;. Similarly, the electric potential u. solves the problem (10) , (12), (13) and
assumes the form

=g+ S S e - g o]
‘ % Te n=1 m=1 " o C7T (O'f—O'C) FTan
Q- VI (r) (Im o1 >_
[ e P oy 00 Py
VEF™ 1
G VE e [t - g, | B2 ) (19)

T o4 )]}[I(fl’p”(,.gc Flm}JETT(p,uw) (20)
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for f1 < p < po. Finally uy solves the problem (11) , (14), (15) and assumes the form
oo 2n-+1

1 . 177t
ug(r ZZ {[ (c1, f1) — —UfU_UCFm}

€ n=1 m=1 n

[Q.VJE,T(rO) (I;"(cl)— 1 )_

W o
- Q ~2vnlljf””;(ro)} } Ufa_c . sz E" (o, ) (21)
for hy < p < f1 where
C = EM(c1)E™ (¢1)cacs (22)
F = E(A)EY (f) fafs. (23)

The interior Lamé function of degree n and m is denoted by E*, while IE]" and IF}"
are the corresponding interior and exterior ellipsoidal harmonics [9] and I is the
elliptic integral defined by

dt
24
/ )2 V12 — h3\/t2 — 13 24)
P
and

O V1

The constants «,* are the Lo norms of the surface ellipsoidal harmonics defined by

_ / / (B (1) B ()21 (1, v)ds = 0 (26)

P=pPo

Ren=r@-ro=[ " @)
n 3

for each n = 1,2,... and m = 1,2,...,2n + 1, and [,, is the ellipsoidal weighting
function

Lpo (1) = 10§ — 12)(pf — v*)] 71/ (27)

4. The exterior magnetic field

We now proceed with the evaluation of the magnetic field in the exterior space V.
According to (17), the magnetic field B can be rewritten as

Ho r—ro Ho Ho
- cIc c I
1 QX vl dr” (r)+ (0c—op)Is(r) (28)

B(r') = 47
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where I; , i = ¢, f are the following integrals

1) = [ s xve L) (29)
Se
If (I‘) _ /u—(r/)ﬁ/ X vr/ |I‘ _1 r/‘dS(r/) (30)

Sy

and p’ stands for the outward unit normal vector at the point r’ on the corresponding
ellipsoidal surface. We start with the evaluation of the integral I.. (r). On the surface

S, the expansion of the quantity p’ x Vo | r — 1’ |71 reads as
1
ﬁ/ X vr/
lr—1"|[,_,
3 5
= Loy (V) | D By (0) B () EY (V) + D 85, (0) E5* (1) EZ* (V) | + O (els)
m=1 m=1

(31)

where ., is obtained from (27) by substituting pg = ¢; . The vector coefficients are
given by beginequation

B :3;11222233 ﬁ:xmmgﬁl(p), m=1,2,3 (32)
8¢ = _3(/C\icicj\g) A, x F.(r) (33)

55 = 3(chcicj’vc )A’c X Fe(r) (34)

5§ = ;1122;% :zj X ® X9 + 2 X2 ® fil: >< f‘c(r) (35)
85 = ;11;23233 Z? X1 ®X3+ Z; X3 ® fil: X F.(r) (36)
55 = ;%22233 Zz Ry @ %3 + Zz %5 @ X2 x F(r) (37)

where the cross-dot dyadic product is defined by

(a®b)>§(c®d):(axc)(b~d) (38)

and the related polyadics are defined as follows

e > 5\(m, & S(m
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m=1
~ 3 . .
Hs(p) = Z I§+J (P)Xi @K QK @K
ij=1
T
_ ]Fl _ FZ
f) = 200 5 20 & s Ha(p).

Ae— AT A=A

Now we rewrite the expression (18) for the potential u. at p = ¢; in the form

3 5
ue(er, ', V) = ut(x) = g5+ Y GBI (W)EP () + D 65, E5 (W) ES (V') + O (ely)
m=1 m=1

(44)

Using connection formulae between the Lamé functions E]* and the ellipsoidal har-
monics JE" in Cartesian coordinates, for n < 2 [3], we obtain, after some long alge-

braic manipulations, the following expressions for the coeflicients (¢, , ¢,

c 3hm
Gm = 47rh1h2h3 Q Xm
Bl pokT” o - Q% (45)
47Th1h2h3 Em /J'o \//J'o ﬂOQ\/pOQ _ V02 m — p2 _ C% + C?’
90 _ 5 G% xOmQ . )A(m
VT dm(A. - AL AL A — 2,
L ookt (4o +1) 23: Q- %1 "
8m(Ac =A%) [E2 (po)] \//J'o — to2y/po? — o2 = P — i i+¢
g — 5 G2 xOmQ~xm_
27 4m(A — AL) A2 AL — 2,
5 poK3 ( A+ 1) 23: Q- % .
8m(Ae = ML) [E3 (o)) v/po? — ko2 y/po® — mo? {4 PP — i + ¢
. 15h:h;  Go . .
01+] = 47’1’(h1h2h3)2 A?_j Q . («CUOin + Iojxi)—
15hlhj poKiJrj kak
Q- zoio; Z iy (19)

47T(h1h2h3) |:EZ+] 00 :| \/pO _ /1402\/p0 — VO
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for i,5 € 1,2,3 and ¢ # j. The constants A}, G and K" are given by

AN = [I,T(C1,f1) — Clm _ (Ufa—cac) Flm} Fm (49)
Oc E™

an = [—I,’Z‘(fl) “(oj—on Fm T LT(PO)] U(Ccl) (50)

KM = igﬁ). (51)

By using orthogonality of the surface ellipsoidal harmonics and inserting the ex-
pressions (31) and (44) into (29) we obtain

3
= B +Z€ 7585, (r) + O (els) . (52)
m=1

where the notation O (el3) stands for ellipsoidal terms in r of order higher or equal
to three. Replacing (45)-(48) into (52) we rewrite the integral I. (r) as

3 m B
IC (r) _ Z 3010203 Gl Q )A(m ®)A(m RXr X Hl(ﬂ)

m=1 Cm AT
3 3 3cicoc P Km T ku Xk
162¢3 0481 om
® R @1 x Hi(p),
2 kz:‘: LB (p0)) V/po® = o/ po® — w2 P = ¢l + 6§
Ac - 02 Ac — 62 Ac — 02 Gl N B _
_ ( 1)3((AC B /2\26)( 3) 2616283 A; Q ® ro: Ac ® A-c « FC(I‘)

A —01) (A _Cz) (A _03)010203P0K2 ( 012 +1) Q- Xy =~ ~
5 o o Ae X Fe(r)
3(Ae — AL)[ES (po)] \/,00 — po2y/po? — o2 pr—cite o

N (A - cl) (A’ - cz) (A’ —c3)

+

-

G2 - - ~
2c1cacs Ag Q®rp: A:: X A:: x FC(I‘)
2

(AC_A/C)
3 A’—cl)( Al —c3) (AL C§)010283POK22< A +1> Q- Xy <, =
Z 2( 2 2—c?+ 2 Ae X Fe(r)
- DIES (p \//J'o — 1oy po? — 1 PTG
5. (% %+ % ®%) @ (2% @ %; + 23%; ® %) G|
+Qar: |y T C(Cf P T ey 2 | < Fe()
,j=1 © 2
7]
3 it+j 2% QR 4+ 2% QR
K X QX +C5X; ®X
Q. Z C1C2C3 P08 o (z J ? o j)xomoy

o 2
< e
15;31 [Eiﬂ (Po)} Vpo? = 0%/ po? — 12 v
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l‘kf(k ~
F.
@Zp Carel|” (r) + O (els) (53)

We turn now to the calculation of the second integral Iy (r) . Following the same
track of calculations as with the integral I. (r) we arrive at expression

3 m
If (1") _ Z 3f1f2f3 Rl Q .

f pm im®im®rxﬁ1(p)
m 1 c

m=1

+i 23:3f1f2f3 poW i TomTrQ - Ry
m=1 k=1 ocfm [Em PO \/PO _MOQ\/PO —V02f0 _fl +fk

_ (Ar = 17) (Ap = 13) (Ay = £3) 2f1f2f53 Rz
3 (A A7) o

> @Ry @1 x Hi(p),
Q@I‘ Af@&fxﬁ‘f(r)

i Ar—f2) (A= 13) (Ap — f3)  ifafspoWs (Amfz t 1)

puet 30, (Af—A’) [E3 (p0))® V/po? — o2/ po? — 12
e Q-Xp =
. Af x F

e [l £(r)

n (A} - f12> ((11} a Jf/))<A} - f??) 2f1f2f3ﬁ2§ Q ®r: Af ® Af X F(r)
;-

c

0y (5 =52) (8= 83) (A; = 1) FufefapaW3 (7% +1)

1 30, (A,c—A}) [E3 (po)] \/Po — 102/ po® — 12
Q- Xk =

A XFfI‘

o2 = g4 g

23: (f(l®5(j+)A(J®)A(l)®(fff(j@f(z"'fff(i@)zj) fifofs R;+j

+Q®rp : 2 | Ff v
’ i,j=1 fz‘fj O p21+1 . ( )
i#£j
+Q : i fuf2fspoWVy™ (fizij®5(i+fj2§ci®ij)xowo,
o 2 . iL0j
- = [Eiﬂ (po)} v/po? = 110®/po? — 1 Jil;
xkfck ~

® x Fg(r) 4+ O (el 54
klp_f12+flg . (r) (el3) (54)




266 D. Hadgjiloizi and F. Kariotou

The constants P7*, R* and W are given by

1 O 1 | op—o
P = |I" — o — B
n |: n (Cl? fl) C;ln O_f _ O_C F,’,"]:n:| O_C n (55)
m m 1 m
Rn = [In (ClapO) - Cm] En (Cl) (56)
E™(c1)
oo B 67)

Finally, in order to calculate the magnetic field B we need the multipole expansion
of the first term Q x | *"*, which has been obtained in [3] in the form

71-0'3
Qx s =3QxHu(p) 1+ Qxro - Flw) + O (el). (58)

Inserting equations (53), (54) and (58) into (28), we calculate the magnetic field
B(r) . The calculation is not trivial and it ends up to the following expression

3 A~ A A A
B o _ (cij R X; + c?xi X xj)
(I‘)—4ﬂ_ Q®r0' Z Ii+j(c f)_ 1 oc 1
ij=17"2 1,J1 C;+J op—0c F21+J
i#]

&

L o 1 2%, @R, + A% @ X
(Ié*f(fl,pm i >(” S

of —0¢ Fé‘*‘j c? + c?
3

+ P0X0iT0; 1

L 2 itj _ 1 _ o 1
1 [Efﬂ (Po)} Vo2 — o2/ po? — o2 T2 (en 1) = i = (0,00 i

- (15“(«:1,/)0)— i») [Rgekrixen)
F fi+ 1

% 2+ - R+ 17
2 XEX -~ -~
@y, Tt L xF(r) +Qerg xF i+ 0 (els) (59)
P —fi+ i :

The above result gives the magnetic field in the exterior of the head when this is
modelled with an inhomogeneous conductor consist of an ellipsoidal fluid core, covered
by a confocal ellipsoidal cerebrum shell. In this result similarities and differences can
be observed, with the corresponding result for the magnetic field in the exterior of
the ellipsoidal inhomogeneous model where the source lies in the cerebrum core and
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the shell is occupied by the cerebrospinal fluid. Our next step is to investigate further
the differences between the two models, in order to estimate the effect of the location
of the dipole source either inside or outside the homogeneous core.
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