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Abstract

The direct problem of Magnetoencephalography for an ellipsoidal inhomoge-
neous one- shell-model of the brain with a dipole source in the shell is studied
in the present work. The inhomogeneity is due to the attendance of a confocal
ellipsoidal shell exhibiting different conductivity than the one of the brain tis-
sue. The magnetic field in the exterior of the conductor is derived. It is shown
that it depends strongly on the anisotropy imposed by the use of the ellipsoidal
geometry, on the inhomogeneity dictated by the shell and also on the position
and on the moment of the dipole source.

1. Introduction

The Electoencephalography (EEG) and Magnetoengephalography (MEG) are widely

used non invasive methods for studying the human brain activity. It is well-known

that an electrochemical source in the interior of the brain issue produces an electric

field and a magnetic field, both in the interior and in the exterior of the brain. The

produced electric field is measured on the head surface via EEG and the exterior

magnetic field is measured via MEG.

The calculation of the electric field and of the magnetic field that a given source

produces, consists the so called forward EEG and the forward MEG problem respec-

tively. In dealing analytically with any of these problems, certain assumptions have to

be made, concerning the physical and geometrical characteristics of the brain-model

that is used. The most popular model for the source is that of a point dipole current

and this is also used in the present work. As far as the geometrical model for the brain

is concerned, a lot of work has been made using the spherical homogeneous model

[5, 10, 14], the spheroidal homogeneous model [16] and the ellipsoidal homogeneous

model [3, 12]. Taking under consideration the layers of different conductivities that

cover the human brain, such as the scalp, the scull and the fluid layer, efforts have

been made on dealing with the head as an inhomogeneous conductor [1, 4, 6, 7, 8, 11].
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In all these works, the source is considered to be located in the interior of the homo-

geneous core that models the cerebrum issue. In the present work we study the one

shell inhomogeneous model, where the source lies in the shell. In this way one can

model the possible existence of an area with different conductivity inside the cerebrum

issue, as is for example the area of a tumour. The geometry chosen is the ellipsoidal

geometry, as this is the one that models the human brain most realistically [15].

So, in the present work we consider an inhomogeneous ellipsoidal conductor which

consists of two confocal ellipsoids. An electric dipole source is located in the interior

of the ellipsoidal shell. We calculate analytically, the electric potential field and the

magnetic field that this source produces in the interior and in the exterior of the

conductor.

In Section 2, the mathematical formulation of the forward EEG problem for our

model is presented. The exterior and the interior electric potential are given in Section

3, while in Section 4 we evaluate of magnetic field in the exterior non conductive space.

2. Statement of the problem

Let’s denote by Vc the region occupied by the cerebrum issue which is characterized

by the constant conductivity σc and by Vf the fluid-core which is characterized by

the conductivity σf . The exterior boundary surface Sc of the cerebrum is modelled

with the triaxial ellipsoid
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while the interior boundary surface Sf = ∂Vf of the cerebrum is modelled with

the confocal ellipsoid, defined by
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and the semifocal distances h1, h2, h3 are given by
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The surface Sc corresponds to ρ = c1 , the surface Sf to ρ = f1, the core-domain Vf

to ρǫ[h2, f1) and the shell domain Vc to ρǫ(f1, c1). The exterior domain V is described

by ρ > c1 and is characterized by zero conductivity.

At the point r0 = (ρ0, µ0, ν0) , in the interior of the ellipsoidal shell Vc, an equiva-

lent dipole current source, with moment Q , produce an electromagnetic field, which

is assumed to be quasistatic. Consequently, the primary current

Jp(r) = Qδ(r − r0) (8)

generates an electric potential u and a magnetic field B in the interior and in the

exterior of the conductor.

Let’s denote by u, uc and uf the electric potential in V , Vc and Vf respectively. The

electric potentials u and uf satisfy the Laplace equation in V and Vf , respectively,

due to the absence of sources in their domains. The presence of the source in Vc

dictates the replacement of the Laplace equation by the Poisson equation, which uc

has to solve in Vc. Therefore, we have

∆u(r) = 0, r ∈ V (9)

∆uc(r) =
1

σc
∇ · JP (r), r ∈ Vc, (10)

∆uf (r) = 0, r ∈ Vf . (11)

Continuity conditions on the boundary surfaces impose that the fields u, uc and uf

are related as follows

uc(r) = u(r), r ∈ Sc, (12)

∂nuc(r) = 0, r ∈ Sc, (13)

uf (r) = uc(r), r ∈ Sf , (14)

σf∂nuf(r) = σc∂nuc(r), r ∈ Sf , (15)

where ∂n stands for the outward normal differentiation on the corresponding surface.

Moreover, in the unbounded region V we assume the asymptotic behavior for u

u(r) = O(
1

r
), r → ∞ (16)



260 D. Hadjiloizi and F. Kariotou

so as the related exterior problem to be well-posed.

The magnetic field B in the exterior space V , as a consequence of Ampere’s law

[13] and of Geselowitz formulae [2], assumes the representation

B(r) =
µ0

4π
Q×
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3. The exterior and the interior electric potential

The exterior electric potential u solves the boundary value problem (9) , (12), (16)

and in terms of ellipsoidal harmonics assumes the form
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for ρ > c1. Similarly, the electric potential uc solves the problem (10) , (12), (13) and

assumes the form
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for ρ0 < ρ < c1 and
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for f1 < ρ < ρ0. Finally uf solves the problem (11) , (14), (15) and assumes the form
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for h2 < ρ < f1 where

C
m
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m
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The interior Lamé function of degree n and m is denoted by Em
n , while IEm

n and IFm
n

are the corresponding interior and exterior ellipsoidal harmonics [9] and Im
n is the

elliptic integral defined by
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The constants γm
n are the L2 norms of the surface ellipsoidal harmonics defined by

γ
m
n =

∫ ∫

ρ=ρ0

[Em
n (µ)Em

n (ν)]2lρ0
(µ, ν)ds = 0 (26)

for each n = 1, 2, ... and m = 1, 2, ..., 2n + 1 , and lρ0
is the ellipsoidal weighting

function

lρ0
(µ, ν) = [(ρ2

0
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2)(ρ2
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2)]−1/2 (27)

4. The exterior magnetic field

We now proceed with the evaluation of the magnetic field in the exterior space V .

According to (17), the magnetic field B can be rewritten as

B(r′) =
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where Ii , i = c, f are the following integrals
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and ρ̂
′ stands for the outward unit normal vector at the point r′ on the corresponding

ellipsoidal surface. We start with the evaluation of the integral Ic (r). On the surface
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where lc1
is obtained from (27) by substituting ρ0 = c1 . The vector coefficients are

given by beginequation
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Using connection formulae between the Lamé functions Em
n and the ellipsoidal har-
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for i, j ∈ 1, 2, 3 and i 6= j. The constants A
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By using orthogonality of the surface ellipsoidal harmonics and inserting the ex-

pressions (31) and (44) into (29) we obtain
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where the notation O (el3) stands for ellipsoidal terms in r of order higher or equal

to three. Replacing (45)-(48) into (52) we rewrite the integral Ic (r) as
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We turn now to the calculation of the second integral If (r) . Following the same

track of calculations as with the integral Ic (r) we arrive at expression

If (r) =

3∑

m=1

3f1f2f3

fm

Rm
1

Pm
1

Q

σc
· x̂m ⊗ x̂m ⊗ r×

·

H̃1(ρ)

+

3∑

m=1

3∑

k=1

3f1f2f3

σcfm

ρ0W
m
1

[Em
1

(ρ0)]
2
√

ρ0
2 − µ0

2
√

ρ0
2 − ν0

2

x0mxkQ · x̂k

ρ2 − f2

1
+ f2

k

⊗ x̂m ⊗ r ×
·

H̃1(ρ),

−

(
Λf − f2

1

) (
Λf − f2

2

) (
Λf − f2

3

)

3
(
Λf − Λ′

f

) 2f1f2f3

σc

R1

2

P 1

2

Q ⊗ r0 : Λ̃f ⊗ Λ̃f ×
·

F̃f (r)

−

3∑

k=1

(
Λf − f2

1

) (
Λf − f2

2

) (
Λf − f2

3

)

3σc

(
Λf − Λ′

f

)
f1f2f3ρ0W

1

2

(
x01

Λf−f2

1

+ 1
)

[E1

2
(ρ0)]

2
√

ρ0
2 − µ0

2
√

ρ0
2 − ν0

2

·
xkQ · x̂k

ρ2 − f2

1
+ f2

k

Λ̃f ×
·

F̃f (r)

+

(
Λ′

f − f
2

1

)(
Λ′

f − f
2

2

)(
Λ′

f − f
2

3

)

3
(
Λf − Λ′

f

) 2f1f2f3

R2

2

P 2

2

Q

σc
⊗ r0 : Λ̃′

f
⊗ Λ̃′

f
×
·

F̃f (r)

+

3∑

k=1

(
Λ′

f − f2

1

)(
Λ′

f − f2

2

)(
Λ′

f − f2

3

)

3σc

(
Λf − Λ′

f

)
f1f2f3ρ0W

2

2

(
x02

Λf−f2

1

+ 1
)

[E2

2
(ρ0)]

2
√

ρ0
2 − µ0

2
√

ρ0
2 − ν0

2

·
xkQ · x̂k

ρ2 − f2

1
+ f2

k

Λ̃′
f
×
·

F̃f (r)

+Q⊗ r0 :




3∑

i,j=1

i6=j

(x̂i ⊗ x̂j + x̂j ⊗ x̂i) ⊗
(
f2

i x̂j ⊗ x̂i + f2

j x̂i ⊗ x̂j

)

fifj

f1f2f3

σc

R
i+j
2

P
i+j
2


×

·

F̃f (r)

+
Q

σc
·




3∑

i,j=1

i6=j

f1f2f3ρ0W
i+j
2[

E
i+j
1

(ρ0)
]2√

ρ0
2 − µ0

2
√

ρ0
2 − ν0

2

(
f2

i x̂j ⊗ x̂i + f2

j x̂i ⊗ x̂j

)

fifj
x0ix0j

⊗

3∑

k=1

xkx̂k

ρ2 − f2

1
+ f2

k

]
×
·

F̃f (r) + O (el3) (54)
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The constants P
m
n , R

m
n and W

m
n are given by

P
m
n =

[
I

m
n (c1, f1) −

1

Cm
n

−
σc

σf − σc

1

Fm
n

]
σf − σc

σc
F

m
n (55)

R
m
n =

[
I

m
n (c1, ρ0) −

1

Cm
n

]
E

m
n (c1) (56)

W
m
n =

Em
n (c1)

Pm
n

. (57)

Finally, in order to calculate the magnetic field B we need the multipole expansion

of the first term Q× r−r0

|r−r0|3
which has been obtained in [3] in the form

Q×
r − r0

|r − r0|3
= 3Q× H̃1(ρ) · r + Q× r0 · F̃(r) + O (el3) . (58)

Inserting equations (53), (54) and (58) into (28), we calculate the magnetic field

B(r) . The calculation is not trivial and it ends up to the following expression

B(r) =
µ0

4π






Q ⊗ r0 :




3∑

i,j=1

i6=j

(
c2

i x̂j ⊗ x̂i + c2

j x̂i ⊗ x̂j

)

I
i+j
2

(c1, f1) −
1

Ci+j
2

− σc

σf−σc

1

F i+j
2

⊗

[(
I

i+j
2

(f1, ρ0) +
σc

σf − σc

1

F
i+j
2

) (
c2

i x̂j ⊗ x̂i + c2

j x̂i ⊗ x̂j

)

c2

i + c2

j

−

(
I

i+j
2

(c1, ρ0) −
1

F
i+j
2

) (
f

2

i x̂j ⊗ x̂i + f
2

j x̂i ⊗ x̂j

)

f2

i + f2

j

]]
×
·

F̃(r)

]

+

3∑

i,j=1

i6=j

ρ0x0ix0j[
E

i+j
1

(ρ0)
]2√

ρ0
2 − µ0

2
√

ρ0
2 − ν0

2

1

I
i+j
2

(c1, f1) −
1

Ci+j
2

− σc

(σf−σc)

1

F i+j
2

×Q ·

[(
c2

i x̂j ⊗ x̂i + c2

j x̂i ⊗ x̂j

)

c2

i + c2

j

−

(
f2

i x̂j ⊗ x̂i + f2

j x̂i ⊗ x̂j

)

f2

i + f2

j

]
⊗

⊗

3∑

k=1

xkx̂k

ρ2 − f2

1
+ f2

k

×
·

F̃(r) + Q⊗ r0 ×
·

F̃

}
+ O (el3) (59)

The above result gives the magnetic field in the exterior of the head when this is

modelled with an inhomogeneous conductor consist of an ellipsoidal fluid core, covered

by a confocal ellipsoidal cerebrum shell. In this result similarities and differences can

be observed, with the corresponding result for the magnetic field in the exterior of

the ellipsoidal inhomogeneous model where the source lies in the cerebrum core and
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the shell is occupied by the cerebrospinal fluid. Our next step is to investigate further

the differences between the two models, in order to estimate the effect of the location

of the dipole source either inside or outside the homogeneous core.
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