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Abstract

An approach to solving the free vibration of elastic bodies with thin coating
is proposed. The main idea of this approach is based on the formulation of the
combined model, which permits the use of 3-D elasticity theory equations over
the body domain and 2-D Timoshenko shell theory equations over the coating
domain. The differential equations of the system are interconnected by special
junction conditions.

1. Introduction

The purpose of this paper is to present an approach for the formulation of the
D-adaptive [1] mathematical models (combined models) of the elastic deformation of
structures with thin surface coating. In the papers [2, 3] the model of a thin coating
is obtained from 3-D elasticity theory equations by passing to the limit with thin
coating thickness tending to zero.

The main idea of our approach is based on the formulation of the combined model,
which permits the use of 3-D elasticity theory model over one part of the domain,
and 2-D Timoshenko’s shell model over the other part. The differential equations
of the system are interconnected by special boundary conditions - junction condi-
tions. The numerical investigations of the problems which are described by combined
mathematical models are performed by means of finite element method (FEM) [4, 5].
The numerical results obtaining by this method are checked with the available exact
solutions reported by other authors.

2. Mathematical background and preliminary results

Let us consider an elastic continuum within a domain 2 € R?, which consists of
two parts 2 = 21 U £25. We have regarded (2, as an arbitrary 3-D domain with a
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Lipschitzian boundary G = G; U G2 U G3. Let 25 be a 3-D domain limited by two
surfaces 2, , £257. We denote by h the distance between (2, , 25 (thickness), which is
small compared with the radius of curvature and other measurements of {25, and by
25 - the middle surface. The surface G5 coincides with (2; .

Suppose that curvilinear orthogonal coordinated £ = (&1, &2, £3) are determined in
the domain (2. Let us determine an orthogonal basis © = (91, U2, U3) on the boundary
G, here v3 is the unit normal to the surface. The radius-vector, which describes the
points of the domain {2, can be given in the form R = R(&;,&2,&3) € (2.

s

véza:éz
o - "
4 : O A\73 Q
n——— 1 m
() Vi€ GS &
Qi
&

Let us put the {25 domain into curvilinear orthogonal coordinates a = (a1, g, ag).
The radius vector, which describes the points of the domain (25, can be given in the
form:

_ _ _ h h

T'(Oll,OlQ,O{g) = 7‘0(041,042) + Oég’fl(al,OlQ) S Q;, (041,042) € (), aszé€ |:— 9 2:|,
where 7g-radius-vector which determines surface {25, -the unit normal to this surface.
At each point of the 25 the main orthogonal basis (e1, €2, 7) is determined. Here é;
and ey are unit vectors which are directed along the aq, as directions respectively.
The unit vectors o1, U2 coincide with vectors €1,é3. The normal n to the middle
surface coincides with v3 and form a3 axis. The 25 domain has Lipschitzian boundary
I' = I UT%. Let us determine an orthogonal pair of the unit vectors t = (f1,%2) at the
points of the middle surface boundary. Here £;-the outward normal to the boundary;
ta-the tangent vector.

The free vibration problem of the continuum within the 2; domain can be written
in terms of the 3-D linear elasticity theory. Three equations are of the following form
6, 7]:

3 3
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1=1,2,3; k#i; £€8)
IE’i:—WQplUi, 7,21,3

Here H; are the Lame’s coefficients of the curvilinear coordinate system, o;; are the
components of the stress tensor, the three components of displacement along the
directions &7, &2, &3 are respectively U;. w-circle frequency, p1-density of the material.

The generalized Hook’s law describes constitutive equations that related stress
and strains e;; (i, j=1, 3) for a linear elastic material:

3 3
0i5 = ZZ ikl €kl 7’7.]:1735 (2)
k=1 [l=1

here Cjji; are elastic constants. For the important and frequently occurring case of
isotropic homogeneous materials, nonzero components Cj;x; simplify to the following:

El(l—vl) C. _ El(’l)l) Clirir — El
(L+v)(1=20)" 7 1o —20) T 214 v)

ik=1,3, i#k,

Cisii =

where E1,v; are Young’s modulus and Poisson’s ratio of the elastic body.
One can write down the strain- displacement relations:

3

1 9U; 1 O0H; .
i — ) k ) ‘97
e H; 0¢; +21H‘ kUk #i, €€

L _Hj 0U  H 09U
YT 2H,0¢ H; ' 2H; 0¢; H;'
El(l—vl) C. _ El(’l)l) Cirir — El
L+v)(1—20)" 7 o)1 —20) T 214 v)
ik=1,3, i#k,

i,j=1,3.

Cisii =

The free vibration problem of the continuum within the {2, domain can be written
in terms of the Timoshenko’s shell theory. Five equations are of the following form
(8]:

0(A; ) _ o(A)T; | 0(AS) - 9(A)S

AiAjaaj AZA](“)OQ AiAj(“)aj AiAjaaj
I(A2Q1)  0(A1Q2) _ _

k1Ty + ko'l — A Apdar A Aydan D3 (4)

o(A;M;)  9(4y) 0(A;H) HO(A;)

O(AkiH)  kjHO(A)

ki Qi = Di;
+ Q + AiAjaaj AiAj(“)aj p

- M; :~7l; ) b> .7b 172
Ql + AlAj8a1 AZAJaOll J + AiAjﬁaj AiAjaOlj s b 7& Byt d #
. _ 2 - h _ o b .
pi =p; —w hpui; g =—_p; —wo o poyk; 0 =1,3; k=1,2.
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Here A;, Ay are the Lame’s coefficients, ki, ko are the principal curvatures of the
2, surface; Ty, S, Qr, My, H (k = 1,2) denote the stresses and moments, p; are the
components of the surface loads on which are related to the a; coordinates, pa-density
of the material.

The stresses-moments and strains €11, €22, €12, €13, €23, X11, X22, X12 relationship for
the case of isotropic materials can be expressed in the terms of the Timoshenko’s shells

theory:
1—w
Ty = B(egk + voey), S=B 9 19, Q = Geps, My, = D(xwr + vaxu),
1—1]2 Egh E2h3 5
H=D i B= = G = FEsh(1 5
9 X12; 1—1}%7 1_[[}%7 192 2 ( +’U2), ()

k#1 k=12

Let w1, uo, w are the displacement components of the middle-surface points in the
a1, g, ag directions and 71,2 are rotation angular of a normal vector to the middle-
surface in aq, ag directions. The normal element, which is on the perpendicular to the
middle surface will be not perpendicular to the middle surface after its deformation,
it rotate on some angular do not bend and do not changing its length.

The strain components are expressed below in terms of the middle surface dis-

placements:
8(ul) 8(141) A1 8 (31 A2 6 uz
i = i + kiw; = ;
c Alaa, + AiAjaaj Ui w12 A2 8042 A1 + Al 80[1 A2
_ O(w) : _ 0n) o(Ai)
€43 = kzuz + AlaOll +’72a Xii = Alaal + Al-Ajﬁaj Vi3

9 o kl 8’U,1 _ kg 8(A1)u k2 8u2 _ kl 8(A2)
X12 _A2 8042 A1A2 8042 ! A1 8@1 A1A2 8041

Al 0 Y1 A2 0 Y2 .o . .
; =1,2 . 6
+A2 8012 Al Al 8&1 A2a 1,7 )4y Z#] ()

U2

On the boundaries of the (21, {25 domains we can write down the kinematics and
static boundary conditions respectively:

Uy, =0; i=1,3; &€ Gy; (7)
Ouvvs =0; 1=1,3; &€ Ga; (8)
u, =0; w=0; v, =0 k=12, aecly; (9)

Ty =0, Q=0; My =0; k=12 a€ly. (10)
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Here

3 3 3
Uy, = E Ukvik; 0v0;, = E E OkBVikV;3}
k=1

k=1 6=1

2 2
Ugy, = Z ugteg; Ve, = Z Vtks;
p=1 p=1

2
Ty, =Y 13Tk — 2t11t125 — tuntia(ky + ko) H;
k=1
2
T, = Ztlktszk + (tiitan + ti2t21)S + (kitiator + kotiotor ) H;
k=1

2
Q =t1nQ1 +t12Q2; My, = Zt%kMk — 2t11t12H,;
k=1
2
M, = Z tiktar My + (t11taz + tiator) H;
k=1

where the components v;; = cos(v;, §;); tr; = cos(tk, ;) are direction cosines of the
vectors v;.

Let us introduce into consideration a junction conditions on the surface G3. These
correlations express the continuity of the displacements of the medium and static
equilibrium conditions:

h
Uvi = U; — 277,7 Us = w, 1=1,2, G3 = Q;a (11)
Uvjvg(U17U27 US) = _p;; .] = 1a3a G3 = Q; (12)

Lets bring together all those relations (1)-(6), boundary conditions (7)-(10) and
junction conditions (11)-(12) that will be needed for a D-adaptive (combined) model
problem.

3. The variation statement of the problem

Let us denote and define:

V= W(£),V2(8),V5(€)); v = (v1(),v2(a), vs(a), vala),vs(@)); V= (V,0)

3

Dy ={v:ve W)’ Vi€)=0,i=1,3, € G},

Dy = {v:v € [W2(1)(92)]5, vi(a) =0,1i=1,5, « GFl},
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h

= {(V,U) :VeD,ve Dy, V,, = Vi~ o Vi3, Va=w3; j=1,2; £€Gs;a € (22}.

For solving variation problem we need to find (w, U ), here w - scalier, and UeD
(week solution [5]), which satisfied relations (13).

AU, V) = MU, V) + B(U, V). (13)
Here 3 5
A, V)= AU Vi) + Y aj(u,v;)
=1 Jj=1
5
M(U,V) = > my(u,v;
i=1 Jj=1
B(U,V) = ZB U, Vi) Zb(uvj)
j=1
°. v, oH, Vi OH;
A, / ( ’ i, 0, T 2 i, o, )dQ’
W, ZHﬁagﬁ pi ;HZH,C o, " ;Hin og M
MUV =p [ vitide,
2
Bl(U? V) :/ VviO'yleng,
G3
for i=1,3, k#i;
B Tza(vz) vaja(Aj) SA;0 (v
ai(u, vi) _/Qz (Aiﬁozj * A;AjOa; - AjOa; \ A;
— vk Q; - s
vikiQ Ajaaj AiAj(“)aj
Mia(vi+3) 'Ui+3Mja(Aj) AiHO Vit3
az+3(u7vl+3 /Qz (UH_?)QZ + A18a1 + AZAJ&JQ * Ajaaj ) dQ’
2
Qn0(v3)
a U,U = knTn'U + dQ?
3(u, v3) /{22 (T; ( 3 A0y,

viud2, mg(w,vs) :pgh/ v3wds?2,
£22

mi(u,v;) = ch/

£22

h3
mi+3(U,Uz‘+3):pi2 /Q Vi+37idS2,
2
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bk(u,vk) :/ kak_d.g,
25

h

fi_:_avivy f?,_:_avgv37 fi:»g:zo—vivgy
k=1,5, i,7=1,2; i#j; YV =(V,u)€eD.

for each function V = (V,v) € D.
Let us add all the equations (13) and consider now the sum and show that it is
equal zero.

3 5
Bz(U,‘/z) + bj(u,vj) =0, V V e D. (14)
b >

i=1 j=1

Taking into account the fact that V' € D and (11)-(12), we can now easily show that
this sum equals zero

3 3 2 3
h
/ E V’Ui U’U,;’Ugng - / < E Ujgvjvg - E U3+k‘ 2 U’Uk’Ug) d‘Q2 - / E V’Ui UvivgdGS
G3 i=1 25 j=1 G

k=1 3 4=1

3
— [ Vi 0u0,dGs = 0.
Gs =1

Hence, taking (14) into consideration we get

AU, V) —w?M(V,V) =0. (15)

4. The application of the finite element method to the combined model

Let us consider the free vibration combined problem, which deals with rotation
bodies with thin coating. Cylindrical coordinates (r, ¢, z) are naturally suited to such
problems, with the z-axis being the axis of rotational symmetry and y-axis being
circular axis. We shall put the shell (coating) domain into (a1, ¢) coordinates. For
the combined problem the displacement, strain and stress vectors can be written in
the form

U= (Ura Uza Utp7 Uy, U2, W, 1, ’72)7
£ = (€Tr7 €ppyr €22, Erp; €rz, €pz, €11, €22,€12, €13, €23, K11, K22, 512);
g = (UT‘T‘a Oppy022y0rp; Orz; Opz, &117 &223 &12a &137 5’23)'
We shall seek a solution of the problem by means of a semianalitical FEM. Ac-
cording to this technique the trigonometric functions sinmep, cosmyp defined at the

[0, 27], are selected as basic functions along the circular coordinate ¢. These functions
constitute an orthogonal system in the energy metric of the operators of the elasticity
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theory and Timoshenko’s shell theory. As to other variables, quadratic approxima-
tions of the finite element method are used. Due to the orthogonally of the basic
functions at the [0, 2], the problem decomposes into L problems (m =0,1,2,... L),
and we shall call m a harmonic number. For solving such kind of problem, we will
use the method of the iteration in the subspace [4].

5. Conclusions

Let us consider cylinder with coating, which occupies the 2 € R® domain where
2 = UL, (fig.1). On the boundary Fl(l) stiff fastening conditions are given. We can
write down the free vibration problem within the in terms of the 3-D linear elasticity
theory and the Timoshenko’s shell theory equations within the {25 domain, which is
a middle surface of the 25 domain, as it shown in Fig.2 (25 (h = 0.02m).

Z
goe h
|
I
Q, I Q,
R, |/ b
Rz |
I
I
] T
EtlI
Fig. 2

Values of geometric parameters of the body are selected as:
b=10m; R; =4m; Ry =6m.
The material properties data of the cylinder and coating are given below:
By =3.6 x10° N/m?, vy =0.475, p; = 1150 N/m?.
By = a2 x 1012N/m?, vy = 0.3, ps = 32000N/m?>.

We will investigate vibration characteristics A = w/2¢ for m = 0.6. From the
Table 1 one can see that the lowest frequency is for m = 4. Table 2 show the
depending of the free vibration frequencies on thickness (h) for m = 4.
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Table 1

m=0 m=1 m=2 m=3 m=4 m=5 m==6
4.70048 4.70291 4.88357 3.82197 3.52410 4.04589 4.87468
5.15320 5.43938 5.31822 5.48262 6.15703 6.96269 7.46961

5.70793 6.15503 6.52176 6.50162 6.99359 7.59788 7.87409

Table 2
b, =0.05 by =0.03 bz =0.02 by =0.01 b, =0.005 b; =0.001

4.137652 3.705769 3.524100 3.314059 3.202108 3.094666
6.115694 6.112317 6.157032 6.099259 5.990738 4.342801

6.929431 6.930078 6.993585 6.858809 6.107997 5.941217
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