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Abstract

This paper approaches the Hermite interpolation problem using fractal in-
terpolation procedures. We generalise some theorems provided by Barnsley and
others regarding the differentiability of fractal interpolation functions, when
recurrent iterated function systems are used. In addition, we generalise the
construction given by Navascués and Sebastidn in [11] and we provide a con-
struction of smooth (C') fractal surfaces using C* Hermite Fractal Interpolation
Functions.
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1. Introduction

The most commonly used technique for the construction of fractal sets, defined in
a complete metric space X, is the use of Iterated Function Systems (IFS). IFS are
sets of contractive mappings that take effect on H(X), the space containing all the
non-empty compact subsets of X equipped with the Hausdorff metric h. This method
was introduced by Barnsley and Demko in [3] and generalised by Barnsley, Elton and
Hardin in [4] to include Recurrent Iterated Function Systems (RIFS), using stochastic
matrices with probabilities. IFS and RIFS are able to produce very complicated sets
using only a handful of mappings.

A special construction of IFS, presented in [5] and [4], produces continuous func-
tions whose fractal dimension is greater than 1. These are called Fractal Interpolation
Functions (FIF) and were used especially in signal processing. Recently it was shown
that FIF generalise Hermite interpolation polynomials (see [11]). In spite of the fact
that this construction was extensively studied (see for example [1], [2], [9]) it has
remained restricted in the case of 1-dimensional data points. Several attempts were
made to generalise the notion on R?, but only in very specific cases (see [10]). The
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most general construction involving Fractal Interpolation Surfaces was published re-
cently (see [7]), but still it involves interpolation points that are confined in some
manner.

In [8] FIF were used to construct Fractal Interpolation Surfaces on arbitrary points
defined on grids. In this paper, our intention is to provide a similar construction that
gives rise to smooth (i.e. C') surfaces.

2. Iterated Function Systems

An Tterated Function System {X;w1_n} is defined as a pair of a complete metric space
(X, p) together with a finite set of continuous contractive mappings w; : X — X, with
respective contraction factors s; for ¢ = 1,2,..., N (N > 2). The attractor of an IFS
is the unique set E for which E = limy_., W¥(A4g) for every starting compact set

Ay, where
N

W(A) = [ Jwi(A) for all A € H(X),

i=1

and H(X) is the complete metric space of all nonempty compact subsets of X with
respect to the Hausdorff metric h (for the definition of the Hausdorff metric and
properties of (H(X), h) see [6]). A simple example of an IFS defined on R? is the one
that produces the well-known Sierpinski’s Triangle (see figure 1(b)), which consists of
the three mappings:

z\ (05 O T z\ (05 0 AN 0
Yily) = Vo o05)\y) Y2 ly) 7o 05)\y) T \50
we (T = 05 0 AN 50

3\y) Vo 05)\y 0)"

The attractor of the following IFS looks like a natural fern (see 1(a)).

z\ (0 O x+0 x70.850.04x+0
Yy )= \o 0.16) \y 0)° Y2 \y) T\ ~0.04 085)\y) " \16
we (T = 0.2 -0.26\ [z n 0 we (T = —0.15 0.28\ [z n 0
S\y) ~\023 022 Y 1.6)° S\y) o026 024)\y 0.44 )"

As we mentioned earlier, a more general concept, that allows the construction of
even more complicated sets, is that of the Recurrent Iterated Function System, or

RIFS for short, which consists of the IFS {X;w;_n} together with an irreducible
row-stochastic matrix P = (p,. )" (puu € [0,1] 1 v,u=1,...,N), such that

N
> pup=1, v=1,... N (1)
pn=1
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Figure 1: Two known attractors that arise from IFS. (a) a fern, (b) Sierpinski’s
Triangle.

The recurrent structure is given by the (irreducible) connection matriz C' = (c,,, )N
which is defined by

)

|1 if pu,, >0
=10, ifpu,=0

where v,y = 1,2,..., N. The transition probability for a certain discrete time Markov
process is p,,,, which gives the probability of transfer into state p given that the
process is in state v. Condition (1) says that whichever state the system is in (say
v), a set of probabilities is available that sum to one and describe the possible states
to which the system transits at the next step.

In this case the construction of the contractive map W needs a little more effort.
First, we define the mappings

Wey s M) = MY, winn W00 = {6 20200
) ji —

for all A € H(X) and the metric space

equipped with the metric

Al Bl
A B2
. s . :max{h(Ai,Bi);i:1,2,...,N}.

>

AN By
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Then (7:[(X ) iL} is a complete metric space. The map W is now defined by

Ay Wi Wi ... Win Ay
Ay War  Wa ... Wan Ay

W :H(X)—-H(X): W
An Wni Wno ... Wi An
U wi(4))

JEI(1)

U wa(4))

— | jer@

U wn(4))

JEI(N)

where I(i) = {j : p;; > 0}, for ¢ = 1,2,..., N. If w; are contractions, then W is a
contraction and there is E = (Ey, Es, ..., Ex)t € H(X) such that W (E) = E and
El' = Uje](i) wi(Ej), for i = 1, 2, ceny N.

Let A € H(X). We define the sequences { Ay, }nen in H(X) and {4, }nen in H(X)
as follows: Ag = (A4, 4,...,A), A, = W(A,_) and A, = X, (A,);, for n € N,
where A, = ((An)1,(An)2,...,(An)N). Then, the set G = vazl E; is called the
attractor of the RIFS {X; w;_n, P}. Evidently

G = lim A,.

n—oo

We emphasize that the attractor of a RIFS depends not only from the corresponding
IFS, but also from the stochastic matrix. For example, the following IFS equipped
with different stochastic matrices produces different attractors (see figure 2).

w0 (- B
W D0 () w06 0@

3. Fractal Interpolation Functions

In this section we briefly describe the construction of fractal interpolation functions
based on RIFSs as we will use it in our method. Let X = [0,1] x R and A =
{(zi,yi;) : 1 =0,1,..., N} be an interpolation set with N+1 interpolation points such
that 0 = 29 < 21 < -+ < zxy = 1. The interpolation points divide [0,1] into N
intervals I; = [z;—1,x;], ¢ = 1,..., N, which we call domains. In addition, let A=
{(&;,9;) : 5 =0,1,...,M} be a subset of A, such that 0 =&y < & < --- < & = 1.
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Figure 2: The attractors of the IFS defined by equations 3-4, equipped with various
stochastic matrices.

We also assume that for every 7 = 0,1,..., M — 1 there is at least one ¢ such that
#j < x; < #j11. Thus, the points of A divide [0,1] into M intervals J; = [#;_1, &;],
j = 1,..., M, which we call regions. Finally, let J be a labelling map such that
J:{1,2,...,N} = {1,2,...,M} with J(:) = j. Let @; —x;_1 = d;, i = 1,2,..., N,
and £, —2;1 =, =1,2,..., M. It is evident that each region contains an integer
number of domains. In the special case where the interpolation points are equidistant
(that is ; —x;-1 = 6,1 =1,2,...,N,and &; — &j_1 = ¢, j = 1,2,..., M), each
region contains exactly « = ¢/§ € N domains.
We define N mappings of the form:

w; (;”) - (FL(QE“”";)> . fori=1,2,...,N, (5)

where L;(x) = a;x+b;, Fi(r,y) = siy+qi(z) and ¢;(z) is a polynomial. Each map w;
is constrained to map the endpoints of the region Jy(;) to the endpoints of the domain
I; (see figure 3). That is,

w; (gfj‘l) = (‘”i”) . w (xﬂ) = (‘E) , fori=1,2,...,N. (6)
Yi—1 Yi—1 Yj Yi

Vertical segments are mapped to vertical segments scaled by the factor s;. The
parameter s; is called the vertical scaling factor or the contraction factor of the map
W; .

It is easy to show that if |s;] < 1, then there is a metric d equivalent to the
Euclidean metric, such that w; is a contraction (i.e., there is §; : 0 < §; < 1 such that
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Figure 3: In the above figure, the set A consists of five interpolation points, while the
set A consists of three points. The stochastic matrix, the connection matrix and the
connection vector are shown below the figure.

d(wz(f)7wz(g)) < §zd (57 27)7 ?7 7 € R27 see [6])

The N x N stochastic matrix (pp, )" is defined by the labelling function J as

follows:
o ,),1 ’ if I, C J,]](m)
Prm = 0, otherwise. ’
where 7, is the number of positive entries of the line n, n=1,2,..., N.

This means that p,, is positive, if the transformation L,,,, maps the region containing
the nth domain (i.e. I,) to the mth domain (i.e. I;,). If we take a point in I, xR, n =
1,..., N, we say that we are in state n. The number p,,, shows the probability of
applying the map w,, to that point, so that the system transits to state m. Sometimes,
it is more efficient to describe the matrix P through the connection matrix C or the
connection vector V', which are defined as follows:

c _ 1, pmn>0
M1 0, otherwise
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Figure 4: The two FIFs shown above interpolate the points of the same set A (con-
sisting of six points). The difference is due to the selection of two distinct stochastic
matrices.

Next, we consider (C([zo,zn]), | - [|oco), Where ||¢]|co = max{|¢(z)|, = € [z0,zN]
and the complete metric subspace Fa = {g € C([xo,zn]) : g(z;) = vy, fori =
0,1,...,N}. The Read-Bajraktarevic operator TA,A : Fa — Fa is defined as follows

? K2

(Taa9)(@) = F; (L;7'(x),9 (L;' (%)), forxzel,i=1,2,...,N.

It is easy to verify that T, ag is well defined and that T, i is a contraction with
respect to the || - ||cc metric. ,According to the Banach ﬁxéd—point theorem, there
exists a unique f € Fa such that T\ 3 f = f. If fo is any interpolation function and
fn= TZ,AfO’ where TZ,A = TA,AOTA,,AO' --oT, A, then (fn)en converges uniformly
to f. The graph of the function f is the attractor of the RIFS {X,wi_n, (pi;)"}
associated with the interpolation points (see [6]). Note that f interpolates the points
of A for any selection of the parameters of the polynomials p; that satisfies (6). We
will refer to a function of this nature as Recurrent Fractal Interpolation Function
(RFIF). In the case where all the elements of the stochastic matrix are equal to 1 (i.e.
we have an IFS instead of a RIFS), the function will be simply referred to as Fractal
Interpolation Function (FIF). We emphasize that a RFIF satisfies

f(Li(z)) = sif () + qi(z) (7)

forallz € I;,1=1,2,...,N.
The most extensively studied case is that, where ¢;(x) = ¢;x + f;, = € I;, which
means that w; are affine:

w<y>_<F(gf§/)>_<c S><z>+<;> fori=1,2,....,N. (8)



186 P. Bouboulis, L. Dalla and M. Kostaki-Kosta

The FIF that corresponds to the above RIFS is called affine FIF.

From eq. (6) four linear equations arise, which can always be solved for a;, ¢;, e;, f;
in terms of the coordinates of the interpolation points and the vertical scaling fac-
tor s;. Thus, once the vertical scaling factor s; for each map has been chosen, the
remaining parameters may be easily computed (see [6]).

3.1. The integral of a RFIF

In [2] it is shown that the integral of a FIF defined from an IFS is also a FIF defined
from a different IFS. Here we will show that the same is true in the case of the RFIF.
The following theorems are extensions of the ones presented in [2].

Proposition 3.1 Let f be a RFIF constructed from the RIFS {R?; wi_n, P}, where

% (3) = (aw'¥ote)

with |s;| < a;, i = 1,2,...,N, and associated with the interpolation points A =
{(xs,y:) :1=0,1,...,N} the points A = {(£,79;) :  =0,1,..., M} and the labelling
map J as given above. If

F(2) = o+ / " f(tyt,

then the function f is the RFIF constructed from the RIFS {R%; w,_n, P}, with

7 (3) = ()

where 5; = a; - S;,

x

Gi(x) = Ji1 — aisifi—1 + ai/ qi(t)dt

Tj—1
and P is defined by the function J as mentioned above. fori=1,2,...,N, j = J(i)
and y:j = 71(j), where I(j) = i iff x; = &;. The function f is associated with the

interpolation points A = {(x4,7) : i = 0,1,..., N} the points A = {(&j,7;) : j =
0,1,...,M} and the labelling map J. The value §o is arbitrary, while the values

Ui, --.,YN are computed as solutions of the linear system
~ ~ i‘]
Ui = Pi—1 + aisi(Y; — Yj—1) + ai/ (1),
Tj—1
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Proof.

5 L;(x) Ti_ 1 L;(x)
F(Li()) = G0 + / F()dt = o + / F(tydt + / F(t)dt

0 Zxo mifl

— i+ / F(t)dt.

i—1

Substituting with ¢t = L;(u), dt = a;du we have that
f(Li(@)) = §im1 + ai/ f(Li(u))du, with j = J(3).
Tj—1

In addition, if we use the relation (7), we have that

FEie) = s ras [ S0+ [ ato

j—1

x Tj—1 xr
= gl‘,1 + aisi/ f(t)dt — a;8; / f(t)dt + a; / qi(t)dt
xo Zo Zj1

= Jie1 + aisi(f(x) — Jo) — aisi(Yj—1 — Go) + ai[ qi(t)dt

f(Li(x) = aisif(x) + Fio1 — aisivj—1 + ai/ q;(t)dt, 9)

Tj—1

for all x € I;. Thus f is a RFIF as stated by the theorem. Substituting z = Z; in (9)
we obtain the linear system

Lj

Yi = Yi-1 + aisi(ﬁj - ﬁj—1) + ai[ (1),

Tj—1

Corollary 3.1 Let f, f be two RFIF produced by the RIFS {R?; wi_p, P} and
{R?; 11 _p, P} respectively, where

() (). #6)- ()

with |s;| <1, [8;| < a; fori =1,2,...,N, and associated with the points of the sets
A, A and A, 1 and the labelling map J as described above. Then f’ = f, if and only
if

i =a;s; and q(x) =aiqi(z), forall z€l;, i=1,2,...,N. (10)
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Proof. The if part is immediate from the proposition 3.1. For the converse we have:

fla) = flxica) = §i — Gia
= Fi(2;,95) — Fi(&j-1,Y;-1)
= a;5:Y; + Gi(T5) — aisiyj—1 — Gi(ZTj-1)
Z;

= aisi@j - ijfl) + ai[ qi(t)dt.

Tj—1

Thus y;, yi—1, 9 =1,2,..., N, satisfy the relations of proposition 3.1. Therefore f’ is
the RFIF constructed from the RFIS {R?, @w;_n, P}. Due to (10), f' = f. O

For a function g we symbolize ¢(® = ¢ and ¢(®) as its k-th order derivative. In
addition, we consider C™([0, 1]) as the space of the functions that have continuous
n-th order derivative, equipped with the norm || f|| = || flloo + | /[loc + - + | /|| -
The following theorem may be easily deduced from proposition 3.1.

Theorem 3.1 Consider the RIFS {R? w;_x, P}, whose attractor is the graph of a
RFIF associated with the data points A, A and the labelling map J, where

()2
“\v siy +qi(r))’
|si| < al, ¢; € C™([0,1]), fori=1,2,...,N. We define

(k)
iy +¢q; ' (x
Fk,i(xa y) = k ( ) :

a;

If for any k =0,1,...,n, each one of the 2N x 2N linear systems

. (k) /
. . iYk,j—1 +q; (Tj-1

Yr,io1 = Fioi(@j-1,065-1) = 7 akl (% )>

i

N (k) /-
N o Y, + q; (Zj
Yr,i = Fri(%5,0,j) = o akl ( J)7
i

with Jr.; = Y1), 1) =4 iff &5 = x4, j =J() i = 1,2,..., N, has a unique solution
for yri, then the RFIF f € C™([0,1]) and f*) is the RFIF defined by the RIFS

{R?; wy1-n, P}, where
-
M \y Fri(x,y))”

fork=1,....n.



Construction of Smooth Fractal Surfaces Using Hermite Fractal Interpolation Functions 189

3.2. Hermite Fractal Interpolation Functions

Consider an interval [a,b]. The Hermite interpolation problem is the search for a
polynomial g of degree 2p + 1 which satisfy

¢ (a) = ax, q®(b) = by,

where ay, by are given real numbers for £ = 0,1,...,p. It has been proven that
this problem has always a unique solution. The corresponding polynomial ¢ is called
Hermite interpolation polynomial. A more general definition is that of the Hermite
interpolation function. Let D = {zy < z1 < --- < zy} be a given partition of
an interval [xg,xn], where as usual I; = [z;—1,x;]. Then the space of the Hermite
interpolation functions of order p, denoted as H%H (p € N), is defined as follows

H = {¢: [vo,2n] = R; ¢ € CP([xo, xn]), é|1, € Popyr, i=1,2,..., N},

where the space Py is composed from the polynomials of degree at most 2p + 1.
In order to approximate a given function y € C?([xg, zy]) with a function ¢ € H?Ll,
it is sufficient to choose the polynomials ¢; = ¢|;, such that

qz(k) (@i-1) = y™ (i), Pz(‘k) (i) = y™ (@2).

The following theorem generalizes the concept of Hermite interpolation using RFIF.
We note that in [11] Navascués and Sebastidn gave a similar theorem using FIF's.
Their work may be considered as a special case of theorem 3.2.

Theorem 3.2 Consider ro < 1 < --- < xn a partition of the interval [zg,zN],
(NeN N>2),and o <31 < -+ < 2y, (M e N) a subset of it, such that
&0 = x0, &y = Tn. Consider, also, a mapping J : {0,1,...,N} — {0,1,..., M},
a set of numbers Dy = {yr; : k =0,1,...,p, i = 0,1,...,N} and a; = (x; —
xi—1)/(&; — &j-1), |lai| < 1. If the real numbers si,s2,...,sny satisfy |s;| < a¥,
1=1,2,..., N, then there is a unique RFIF f € CP such that

f(k) (961) = Yk,i

forallk=0,1,...,p,1=0,1,...,N. The function f is constructed as the attractor
of a RIFS {R?; wi_n, P} with

#(5) = (' ¥ote)

where q; are polynomials of degree at most 2p + 1.

Proof. Again, we define the mapping I : {0,1,...,M} — {0,1,...,N} as follows:
I(j) = 4, iff &; = x;. Using this mapping we construct the set D, = {gi;; k =
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0,1,...,p,j =0,1,..., M}, such that gx ; = yx 1(j)- The coefficients of the polynomial
q; are computed as solutions of the linear system

- (k) /o
% 1 SiYk,j—1 +¢q; (Tj—
Fk,i(xj—hyk,j,l): iYk,j—1 i ( j 1)

CL? = Yk,i—1,
. (k) / ~
L Sillk,j T 4; (T
Fri(@,005) = "7 ) _ Yk,is
a;
for k=0,1,...,p,t=1,2,..., N. We may rewrite this linear system as
_ SiUk,j—
(@0 L7 )M (@i1) = ynio1 — v 7 h
a;
_ iUk,
(g5 0 L )M () =y — V5
a;
k=0,1,...,p,i=1,2,...,N. Thus (g; OLi_l) is an Hermite polynomial of degree p,
forall i =1,2,..., N. This fact ensures that the linear system has a unique solution.

In addition, the conditions of theorem 3.1 are satisfied, therefore f € C?([zg,xn]"). O

We note that in the special case where s; = 0,7 =1,2,..., N, the RFIF f, is identical

to the classical Hermite interpolation function (the proof is straightforward).

125
12 A \ 120 /\
15 N\ / ‘\ 15 //\ /’ \
\ / ,
al | , \ [\ )
\ / \ 1 \
105 \\ el \ \ / |
\ / \ ™\ 105 \
10 \ / A\

| t \
s . . . . . . . . . s
0 0.1 0.2 03 0.4 05 0.6 0.7 0.8 0.9

vV
L L L L L L L L
1 0 0.1 0.2 0.3 0.4 0.5 0.6 07
(a)

Figure 5: Two Hermite RFIF that interpolate the same set of data using (a) non zero
contraction factors, (b) zero contractions factors.

4. Fractal Interpolation Surfaces derived from RFIF

The construction of fractal surfaces has drawn the attention of many researchers.

Massopust was the first who gave a valid construction in [10], using data points
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placed on a triangular domain. A lot of other attempts followed, however most of
them need strongly restricted data (for example the interpolation points that are
placed on the boundary of the domain need to be colinear). The most general case
was given in [7]. Here, we describe a method that uses Hermite Fractal Interpolation
Functions of order 3 to construct C! Fractal Interpolation Surfaces on a rectangular
grid of arbitrary interpolation points.
Consider the interpolation points A = {(z;,y;,2;) :4=0,1,...N;5=0,1,...,M} C
0,1] x[0,1] xRwithO =2z <21 < - <zy=L0=ygp <y < ---<ymuw=1
and z; — i1 = 03,4 = 0,1,...,N—1,y; —yj_1 = 06;, 5 =0,1,...,M — 1. Let
S = {s1,50,...,5n}, S = {51,50,...,5m} be two sets of contraction factors and let
P = (pnm)™, P = (pum)™ be two stochastic matrices with dimensions N x N and
M x M, respectively. Also, let A = {(&x, 1, %0) : k = 0,1,...K;l = 0,1,..., L}
be a subset of A such that 29 = 0, &x = 1, 9o = 0, gy = 1 and & — Tp_1 =
Uk, 1 — Qi1 = Uy, k= 0,1,...,K, 1 =0,1,...,L. Let J and J be defined as in
section 3 associated with the matrices P and P, respectively, with J(i) = k, J(j) =
. The points {xg,zx1,...,2n} divide [0,1] into N domains Iy, Is, ..., In, while the
points {yo, y1,- .., yan | divide [0, 1] into M domains I, I, ..., Iy. Consequently, the
points {&g,Z1,...,2x} divide [0,1] into K regions Ji,Ja, ..., Jk, while the points
{%0,01,---,9r} divide [0,1] into L regions Ji,Ja, ..., Jr. In addition, we define the
mappings

I:{0,1,...,K} —{0,1,...,N}

I:{0,1,...,L} —{0,1,..., M}
such that Ty = zyx) and g, = Yiq)-
We consider arbitrary continuous functions wu;, that interpolate the sets Ami =
{(xi,y5,25) + 5 = 0,1,...,M}, for ¢ = 0,1,...,N. Then, for y € [0,1], we con-
struct an affine RIFS associated with the interpolation points A, = {(x;, y, ui(y)) :
i=0,1,...,N}, Ay ={&, ¥, urk)(y)), k =0,1,..., K}, the set of contraction factors
S together with the matrix P, which produce an affine RFIF f, : [0,1] — R (see
figure 6). We define the function

F :[0,1] x [0,1] — R such that F(z,y) = f,(x).

Similarly, we consider arbitrary continuous functions v;, that interpolate the sets
Ay, = {(zi,y5,25) 1 =0,1,...,N} for j =0,1,..., M. As before, for z € [0,1] we
construct an affine RIFS associated with the interpolation points A, = {(z, y;,v;(x)) :
j=0,1,...,M}, A, = {(x,gl,vﬁ(l) (2)),1 =0,1,..., L}, the set of contraction factors
S together with the matrix P, which produce an affine FIF f, : [0,1] — R. Thus, we
define the function

F:10,1] x [0,p] — R such that F(z,y) = f.(y).

The functions F, F are continuous functions that interpolate the data set A (see [8]).
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Figure 6: An example of the construction of the function F' is shown. (a) The points
of A, where N = M =8, p=1. (b) The nine interpolation functions ug, u1, ..., us,
(c) One of the FIFs f, (green line), (d) The graph of the function F.

Using a similar method we may proceed in a construction of fractal interpolation
surfaces of class C'. In this case, we consider arbitrary C' functions u;, that inter-
polate the sets A,, = {(@i,yj,2i5) : j=0,1,...,M}, for i =0,1,...,N. We, also,
consider some other arbitrary continuous functions u; defined on [0, 1] that satisfy
the Lipschitz condition. These functions will be used as the z-partial derivative of
the constructed surface. Then, for y € [0, 1], we construct a Hermite RFIF of order 1
associated with the interpolation points A, = {(z;,y, ui(y), v} (y)) : ¢ =0,1,..., N},

K3

Ay = {(ik,y,un(k)(y),u]’f(k)(y)) : k=0,1,..., K}, the set of contraction factors S
together with the matrix P. The corresponding RIFS is {R?; wy,1—N, P}, where wy ;

are of the form
NEARE a;r + b;
Wiy, )~ siz+qyi(z))’

fori=1,2,..., N, as defined in section 3.2. We define the function

F :]0,1] x [0,1] — R such that F(z,y) = fy(x).
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We can easily show that F is a C! function. To this end we construct a RIFS whose
attractor is identical to F'.

We begin with the set A = {(x;,y;,2;) :4=0,1,...N;j=0,1,...,M} C [0,1] x
0,]]xRwithO=2¢p <21 <---<ay=1,0=gyo<y1 < - <ym =1. We define a
subset A’ of A as follows, A/ = {@r, Y5, 210),5) : k=0,1,...K;5=0,1,... M}. The
corresponding domains are D; = [x;-1, ;] X [yo,ym], ¢ = 1,2,..., N and the regions
are Ry = [Zx—1, Zx] X [Y0,ynm]. The mappings w, are constructed as follows

T a;x + b; L;(z)
w; Yy | = Yy = Yy ,
z 52+ Qi(z,y) siz + Qi(z,y)

for i = 1,2,...,N, (z,y) € D, such that Q;(z,y) = g¢y,i(z), where ¢, ; are the
polynomials that are used in the RIFS whose attractor is the Hermite RFIF f,. The
fact that g, ; are Hermite type polynomials of order 3 such that

Qy,i(Tic1) = ui—1(y) — sivr—1(y),
qy,i(®i) = ui(y) — siur(y),

* Sluzfl(y)
qg/;,i(xi—l) =uj 4 (y) — @ )
1
. siug(y)
q;z(xl) = u;(y) — ' ;‘ )
3

where k = J(i), for all y € [0, 1], ensures that Q; is a C! function for alli = 1,2,..., N.
We define the set F = {f € C*([0,1]?) : f 2ix[01] = Ui, gi wix[01] = Up, 1 =
0,1,...,N} and the operator T : F — F such that Tf(x,y) = s;f(L;*(x),y) +
Qi(Li_l(x),y), for all (z,y) € D;, i =1,2,..., N. We may easily show that T is well
defined (based on the construction of f, and the fact that @; are C! ) and that it is
a contraction. Therefore, it has a unique fixed point which is identical to F'. Hence
Fis a C" function.

In figure 7 we used sets of the form A = {(zi,y;, 2,2 ;,25) i =0,1,...N;j =
0,1,..., M}, where the values z;;,#;; are the values of the z and y partial deriv-
atives. We constructed the functions u; as Hermite RFIF that are associated with
the data sets {(zi,y;,2i,5,2;5) : 5 = 0,1,...,M}, for i = 0,1,... N. The functions
u; were constructed as the linear interpolation functions passing through the points
{(@i,y,27;) 5 =0,1,..., M}, fori =0,1,... N.
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Figure 7: An example of the construction of the smooth function F' is shown. (a) The
nine interpolation functions wg,u1,...,us, (b) One of the FIFs f, (green line), (c)
The graph of the C! surface, (d) Another example of a C*, surface using a different
set of data.
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