BULLETIN OF THE
GREEK MATHEMATICAL SOCIETY
Volume 54, 2007 (143-166)

Robust stabilization of multivariable systems:
Directionality and Super-optimisation

George Halikias, Imad Jaimoukha and Efstathios Milonidis

Received 30 December 2006 Accepted 19 September 2007

Abstract

The paper reviews some new results by the authors in the area of super-
optimal Nehari approximations with applications to robust stabilisation of mul-
tivariable systems. The super-optimal approximation problem is first introduced
and a new matrix dilation method is developed for its solution. This method is
entirely based on concrete state-space realisations, systems theory and linear-
algebraic techniques and is thus directly implementable. In addition, all sim-
plifying assumptions made in previous work (e.g. multiplicity of largest Hankel
singular value, minimality of realisation, solvability of certain matrix Riccati
equations, etc) are removed. Next, applications of super-optimization are con-
sidered for the “maximally robust stabilisation problem” (MRSP) in the case
of unstructured additive uncertainty. The maximum robust stability radius €*
is derived and a “worst-case” direction is identified, along which all boundary
uniformly-destabilizing perturbations are shown to lie, i.e. all perturbations
of norm €* which destabilize the closed-loop system for every optimal (maxi-
mally robust) controller. By imposing a parametric constraint on the projection
of admissible perturbations along this direction (uniformly in frequency), it is
shown that it is possible to extend the robust stability radius in every other
direction, using a subset of all optimal (maximally-robust) controllers, by solv-
ing a super-optimal Nehari approximation problem. A closed-form expression
is obtained for the constrained robust stability radius, p*(§) which depends on
the first two super-optimal levels of the closed-loop system, while the identified
“worst-case” direction corresponds to the maximal Schmidt pair of a Hankel
operator related to the problem. The results rely on the solution of a sequence
of “distance-to-singularity” problems, which when applied to structured uncer-
tainty models, produce a systematic method for breaching the convex upper
bound of the “structured singular value” (u), a problem which is at present the
main bottleneck of effective synthesis in the area of robust control. It is shown
that the proposed method is can be applied to a wide class of NP-hard problems
where convex relaxations are used.

Keywords: Robust control, Additive uncertainty models, Hankel operators, Schmidt
pairs, Super-optimisation, Structured Singular Value, Convex relaxations
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1. Notation

All systems considered are assumed linear, time invariant and finite-dimensional. Let
RP*™(s) denote the space of proper p x m rational matrix functions in s with real
coefficients. Associated with P(s) € RP*™(s) of McMillan degree n is a state-space
realization P(s) = C(sI — A)"'B + D where A € R"*", B € R"*™, C € RP*" and
D e RP*™. For P(s) € R(s)P*™ let P~ (s) := P'(—s) denote the para-hermitian
conjugate of P(s). Let P(s) be partitioned as P;(s), i = 1,2, j = 1,2. Then a state
space realization of P(s) can be written as:

A B By

P(s) = (;;11 ]P;m) =| Ci Du Dy
21 Poo

Cy D31 Dy

and P;; = C;(sI — A)"'B; + D;; is a state-space realization of P;;(s). A lower
linear fractional transformation of P(s) and K(s) is defined as F;(P,K) = P11 +
PioK(I — Py K)~ 1Py where K(s) is of dimension m x p if Py2(s) has dimension
p X m and the indicated inverse exists. Similarly we define the upper linear fractional
transformation of P(s) and K(s) as F (P, K) = Py + Py K(I — P11 K)~" Py, for a
compatible partitioning of P(s) with K(s) and provided that the indicated inverse
exists.

The space R L, consists of all proper real-rational transfer matrix functions which
are analytic on the imaginary axis. RH; and RH_, are the subspaces of RL
consisting of all real-rational proper matrix functions which are analytic in the closed
right-half plane and closed left-half plane, respectively. Thus RLo = RHL & RH,
where @ denotes direct sum of subspaces. The norm ||-||oc denotes either the £o-norm
of a function in L, or the Ho,-norm of a function in H,, depending on context.

The factorizations: P(s) = N(s)M~'(s), P(s) = M~'N(s) are said to be right
and left co-prime factorisations of P(s) (lcf and rcf), respectively, if N,M,N,M &
RHZL satisfy the following Diophantine matrix equation (also known as the “Bezout

identity”): } )
(5 D o

for appropriate functions U, V, U,V € RHL.

2. Background theory: Hankel operators, singular values and Schmidt
vectors

In this section we first give some preliminary definitions related to Hankel operators,
their singular values and their Schmidt vectors and outline some of their properties
related to Nehari and super-optimal approximations. Given G € RLEX™, the Hankel
operator with symbol G is defined as [Fra87], [Pel03], [ZDGY6]:

Tg =Py Mclyy - Hy — Hy, Taf = (PyMg)f=Py(Gf) for feHy
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Here Mg denotes the multiplication operator and P,, P_ denote the orthogonal
projections from Ly to Hy and Hy, respectively. Since G € RL. is analytic on
a vertical strip containing the imaginary axis, we can define its two-sided Laplace
transform, g(t) € La(—00,00), containing both causal and anti-causal parts. Here
Lo(—00,00) denotes the space of all square-integrable functions with support on the
real line. The equivalent definition of the Hankel operator in the time-domain is:

1—‘g : ,CQ(—OO,O] - £2[07OO)7 F(Jf = P—‘r(g * f)7 for f € [’2(_0070]
where * denotes convolution. Thus

0
O A

Clearly, the anti-causal part of the “impulse response” of G(s) does not affect (I'y f)(¢),
and hence it can be assumed without loss of generality that G(s) € RHIL with
G(o0) = 0. Further, due to the isometric isomorphism between the L5 spaces in the
time and frequency domains [ZDG96], ||I'¢| = ||Ty|| and we can use the definitions
of the Hankel operator in the two domains interchangeably. It further follows from
the definition that the Hankel operator may be written as the composition of the
controllability and observability operators, defined via a state-space realization of
G = (A, B, (C), assumed minimal without loss of generality, as
0
V. : Lo]—00,0] = R", You:= / e~ 7 Bu(r)dr

— 00

and
U, : R" = L5]0,00), Uyxg:= CeMrg, t >0

where n = dim(A), i.e. I'¢ = ¥,¥.. Thus I'y may be thought of as the operator
mapping “past” inputs u(t) to “future” outputs y(t) via the initial state x(0) = xq
[Glo84]. The adjoint operator of I' can be shown to be [ZDGYI6]:

Ty :Hy — Hy, T = P_Mg~|n,
and hence [ZDG96],
[ = (W, 0,)" = WIS : £5[0,00) — La(—50,0]
where U¥ and ¥} denote the adjoint operators of ¥, and V,, respectively:
U R — Lo(—00,0], Uizg=DBe 2y, 7<0
and

Uk Lo]0,00) — R, Wry(t) = / AT y(t)dt, t>0
0
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Now
0 ’ o ’
U Urry = (/ e A "BB'e4 Td’T) To = (/ eA" BB e Td7—> o = Pxo
o 0

where P is the controllability gramian of the pair (A4, B), which satisfies the Lyapunov
equation AP + PA’ + BB’ = 0. Thus P is the matrix representation of ¥, U*.
Similarly,

U,z = (eA/tC’CeAtdt) zo = Qxo

where @ is the observability gramian of the pair (A4, C'), which satisfies the Lyapunov
equation A'Q + QA + C'C = 0. Now the operators I';I'; and I'yI'; have matrix
representations ['yT'y = WEWiW, U, and I',I'y = VU, W WIW7, respectively. Thus their
non-zero eigenvalues satisfy:

Ai(T5Tg) = Xi(TgTy) = Ni(UEWi W, W, ) = N\ (W W UpW,) = \i(PQ) := o?(Tq)

The o0;(T'¢)’s are the singular values of I'¢ (Hankel singular values of G). Let these
be ordered as 01y = ... =0, > 0,41 > ... > 0, > 0 where n is the McMillan degree of
G. Then, o1 = ||T'¢| is the Hankel norm of G. Next, let u;(t) € L2(—00,0], u;(t) # 0,
be an eigenvector of I'yI'; corresponding to the eigenvalue o?. Then

T gu; = WEW W, W, = o}u,

Pre-multiplying by ¥. and defining z; = ¥, u; € R" gives PQx; = afxi. Define v; =
(1/0:)Tgu; € L£2]0,00). Then the pair (u;,v;) satisfies I'yu; = o;v; and Lovi = oiu;
and is called a Schmidt pair of I'g. Thus

1 /
ui(t) = U ( Qxl> = a[lB’e_A tQx; € Lo(—00,0]
g;
and

vi(t) = Uox; = CeMa; € Lo [0, )

Let {u1,us,...,u.} and {v1,ve, ..., v, } be a collection of r linearly independent eigen-
vectors of I';I"y and T'yI'7, respectively, corresponding to the eigenvalue o?. Then

Ut)y=[wr ... ur](t) :ale’e*A/tQ[ 1 ... x| € L5 (—00,0]

and
V(t) = [ v ... Uy ](t):C’eAt[xl cer Iy ] eﬁé’”[O,oo)

Taking the (bilateral) Laplace transform shows that
U(s)=—B/(sI + A) '"E€e RHy™ ", 2=07'Q[ 21 22 ... 2, ]

and
V(s)=C(sI — A '@ e HY*", © = [ 1 Ty ... Ty ]
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We can now invoke Nehari’s theorem which states that [Fra87], [Glo84], [Pel03]

inf |G+ Q| = [Tl = o1 (2)
QEH X

It can be shown that the infimum in (2) is attained; further [ZDG96], [Glo84]:
rankg 5)U(s) = rankg 5V (s) := [ < min(p, m,r) (3)

and (G + Q)U(s) = 01V (s) for every (optimal) Q. This may be used to show that
in the scalar case the optimal Nehari extension is unique and is given by Q = G +
o1V (s)/U(s). In the matrix case the equation has motivated the derivation of the
parametrization of all optimal solutions of (2) [Glo84], and also most methods used to
solve the super-optimal distance problem, typically based on the construction of all-
pass diagonalising transformations of G + Q using U(s) and V(s) [HLG93], [LHG89].

3. Super-optimal Nehari extensions

A formal definition of the problem follows. Firstly, define

$°(R) := sup 0;[R(jw)], i=1,2,...,min(p,m).
weER
If p and m are both greater than 1, then we define recursively the first and sub-
sequent super-optimal levels of R as

si(R) : sP(R+Q) i=1,2,...,min(p,m) (4)

= in
QESi—1(R)
and the set of all i-th level super-optimal approximations of R as
Si(R) ={Q € Si-1(R) : s°(R+ Q) =s;(R)} i=1,2,...,min(p, m)

In other words, we seek among all super-optimal approximations at the (i — 1)-th
level S;_1(R) a set for which s;(R) is minimized (it turns out that the infimum in
(4) is always attained). This set is not a singleton in general (apart from the case of
i = min(p, m)), but forms a subset of all (i — 1)-th level super-optimal approximations
of R, S;—1(R). Due to the lexicographic nature of the problem, it is clear that
every element of S;(R) is also an element of S;_1(R), i.e. that the super-optimal
approximation sets nest as:

Note that for i = 1, (4) is taken to be a Nehari extension problem and hence we define
So(R) := HI;P*™. The super-optimal approximation problem ([SODP]) considered
in this paper can be formally defined as follows:
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SODP Problem: Given a G € RH_ ?*™, find the (unique) matrix-function
Qsup € HI P*™ which minimizes the sequence

s(G+Q)=(sT(G+Q),s7(G+Q),...,si(G+Q))
with respect to the lexicographic ordering, where k = min(p, m).

The approach followed here involves the reduction of the lexicographic minimiza-
tion into a hierarchy of ordinary Nehari-extension problems of progressively reduced
input-output dimensions. First the system to be approximated, R(s), is embedded
in an all-pass system H(s) of higher dimensions. This acts as a “generator” of the
optimal solution set of the Nehari extension problem, as all solutions can be obtained
via a LFT of H(s) with the ball of H,, of radius s7 ' (i.e. the set of all stable s;'-
contractions) [Glo84]. Next, a sub-block of the optimal generator H(s) is dilated to
define a new square all-pass system H (s), of lower dimensions compared to those of
H(s). Exploiting the all-pass nature of H(s) and H(s) and the fact that they share a
common block, two diagonalising transformations of H(s) can be defined from certain
sub-blocks of H(s) and H(s).

First, the general solution of the optimal Nehari-extension problem is given under
minimal assumptions:

Theorem 3.1 (Optimal Nehari approximation) Consider R € RH_;P*™ with

g g } where A\(A) CCy.

Then there exists Q, € RH;<p+m*r>X(p+m*r) such that all Q € HI; P*™ such that
IR+ Qlloo = [|R™ ||z = s1 (Nehari optimal approxzimations of R) are given by

realization R = [

Q — -7:l(Qa781_1 BHg_l)X(m_l))

where in which r denotes the multiplicity of the largest Hankel singular value of R™,
1 is defined in (3), and

Qu Qi2) s A Ba Be
Qq = (Q21 sz) =| Ca D Dio (5)
qu Doy 0

The corresponding “error” system is given by

H— <H11 H12) _ ( R+Q11 Qi ) s [ Ay By ] (6)
© o \Ha Hap Q21 Q22 Cy Dpy

where ||Hazl||oo < 81 and Qi € RHL,, fori,j € {1,2}. Further, HH~ = H~H = s3I
and the following set of equations is satisfied
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PyQu = QuPy =31

Dy Dy = Dy Dy = 511
QR+ QuAn +CyCr =0

Ap Py + Py Ay + BgBy =0

DyCx + ByQu =0

DyBy + CyPy =0

Here Py and Qp are the gramians of the realization of H given in (7).

Proof.  See [Glo84]; see also [JLI3] and [HJI98] for a more general setting.

Remark 3.1 The realization of R need not be assumed minimal. However, we require
that A(A) C C4. If R has McMillan degree n, it can be shown [Glo86] that @, given
in (5) has degree n — r; in addition, 0;(Qqs) = di4r(R™), i = 1,2,...,n — r [Glo86],
[Glog4].

Next, using Hos = Qoo € RH;(m_Z)X(p_l) (with ||Q22|| < s1 from Theorem
3.1), we construct an sj-allpass matrix function H, corresponding to a new system
R € RHy ®P=0x(m=0 defined from its (1,1) block. It is shown that H acts as a
s1-suboptimal Nehari generator of }A{, i.e. that the LFT of H with the s?-ball of Ho
generates the set

S(R,s1) ={¥ € Hoo : |[R+ V|| < 51}

Using this structure, it is possible to construct all level-two super-optimal approxi-
mations of R, which lie inside the set of all optimal approximations, @), of R. By
choosing all @ inside the subset, the corresponding “error” systems R + @ will now
minimize the first as well as the second singular values of R (for [ = 1), i.e. this
subset defines the super-optimal approximations of R with respect to the first two
levels. The method can be repeated using a recursive procedure until all degrees of
freedom have been exhausted.

The construction of H is based on the following proposition, first stated at a
transfer function level. A state-space construction of H follows, proving that it acts
as an s1-suboptimal Nehari generator of the anti-stable projection of its (1,1) block.

Proposition 3.1 Let Hay be defined in 3.1 with |Hazlleo < s1. Then,

1 There exists a square transfer matrix Hoy € RHoo such that Hng;1 = S%I —
-1
HQQHQE and H21 € RHoo-

2 There exists a square transfer matric Hio € RHs such that H;ng = S%I —
-1
Hé\éHQQ and H12 € RHoo-



150 G.Halikias, I.Jaimoukha and E. Milonidis

3 The system

7 ( Hy Hio ) — < —HisHy;Hyy  Hio )
Hor Ha ) Ho, Hjo
is in RLoo and is si-allpass. Further, let —H1oH5yHy, = R+ Qq, where
ReRH,, and Q,, € RHL,. Then |R™||u < s1.

Proof.  Follows from parts (1) and (2) of [ZDG96], Corollary 13.22 and [Glo86].
The proof follows from a detailed construction involving elements from the theory of
algebraic Riccati equations and spectral factorization; details are omitted.

Remark 3.2 Since s1 = 01(R"™) the inequality of part (3) says that o1 (R) < o1(R™).
This can actually be strengthened to o1(R) < 0,4 1(R™), where r is the multiplicity
of the largest Hankel singular value of R™.

A detailed state-space construction of H and its properties are given in Theorem
3.2 below.

Theorem 3.2 Consider

Aq Bq2

H22=Q22§{02 0
q

} € RHEMDXCD [0plle < 51

defined in Theorem 3.1. Then there exist unique stabilizing solutions Pay and Q4 to
the following algebraic Riccati equations:

AgP2+ Py Al + By Bly + 57 °P2ClyCia Py = 0
A;QQ + Qqu + Cc/12cq2 + 31_2Q2Bq2B:12Q2 =0
respectively. Define:

(®)

R:=QyP> — s} (9)
Then R is non-singular. Further, there exists a Q, € Hjo’(p+m72l)x(p+m72l) with
realization
Aq Bqa By
Qq = (g“ g;z) =1 Ca 0 sl (10)
21 ng 81] 0
where

_ —1 o/
qu = =5 Bq2Q2

- (11)
Bql = —81 1PQC(;2

so that Q = F1(Q,, sy * BHE=DX"=DY s the set of all s,—suboptimal Nehari exten-
sions of a system R € RH;’(p_l)X(m_l) defined as:

~

R =

o

A
. 12
C (12)
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= —(Ag+ 57 °PaClyCp) = — A} —

The corresponding “error system”

H

Ea+Qa—<

18 s1-allpass and has a realization

=

Hyy
Hoy

Hy,
Hysy

> _ <§+Q11
Qa1

R 0
0 0

Q12)
Q22

/

)<(

w

Qu
Q2

which satisfies the following set of all-pass equations:
A}{QH +QuAL + C’;{C’H =0
Ay Py + PyAY + By B, =0
D, Cy+ByQy =0

DyBy +CyP, =0

DD =D Dy =sI
PuQy=QuPy =511

in which Q and Py, are the gramians of the realization of H given in (15).

51

ClyCo2 P
Qu)

Q22

0 B 0
Aq Bql Bq2
qu 0 81]
ng 81] 0

151

(13)

(14)

(15)

(16)

Proof. The proof is based on [Glo84]; see also [JLI3] and [HJI8] for a more general

setting. Details are omitted.

The following theorem constructs a diagonalising transformation of H and solves

the level-two SODP.

Theorem 3.3 Let H and H be as defined in Theorems 3.1 and 3.2, respectively.

Then: (i) There exist square inner matriz functions V. and W, such that:

R+81(R)—V<

S1Q
0

where a(s) € R is anti-inner. (i) Also,

[R™ | = s1(R) = s2(R)

0 ~
R+ S(R,s1) )W

= s(R) > si11(R) = | R | u

(17)
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Further,
S1(R) =8 (R) = ... = 8/(R) = Fi(Qq, s2 BHP~Dx(m=1))

and

Si1(R) = FilQu, Ful( @y, S1(R))] € S1(R)
where Q, and Q, are defined in Theorems 3.1 and 3.2.

Proof. The proof follows via a rather long arqgument using the all-pass character of
the optimal and sub-optimal generators H and H.

Remark 3.3 Part (i) of the Theorem establishes a connection between S (R), the set
of all optimal Nehari approximations of R with S (R, s1), the set of all s;-suboptimal
approximations of R. Since, (i) V and W~ are square-inner; (i) o € R'¥!(s) is
anti-inner, and (iii) ||R||z < s1, it follows that the first [ super-optimal levels of R
are equal to s; and that the (I + 1)-th super-optimal level of R is equal to |[R™| g
(since the set of all optimal Nehari approximations of R is contained in the set of all
s1-suboptimal approximations of R) The Theorem also shows the recursive character
of the problem which is made explicit in part (ii).

The following Theorem establishes bounds on the super-optimal levels. The proof
is similar to a parallel result in [LHG89], but the assumption involving the multiplicity
of the largest Hankel singular value of R™ is removed.

Theorem 3.4 (Super-optimal level bounds) The (I+1)-th super-optimal level is bounded
above by the (r 4+ 1)-th Hankel singular value of R™, i.e.

o1(R™) = 5111(R) < 011(R™) < 51(R) = s2(R) = ... = 5;(R) = 01 (R")

Proof. Follows by generalizing a parallel result in [LHG89]. The assumption involving
the multiplicity of the largest Hankel singular value of R™ here is removed.

Remark 3.4 The result of Theorem 3.4 may be propagated to establish upper bounds
for the subsequent super-optimal levels s;(R), ¢ > [ + 1.

4. Robust control of multivariable systems

In this section we consider a maximally robust stabilisation problem under unstruc-
tured additive uncertainty. We investigate the set of optimal solutions and show that,
in the multivariable case, super-optimisation can be used to guarantee stabilisation of
a larger class of perturbations relative to an arbitrary optimal controller. This obser-
vation has also been made by Nyman for the co-prime uncertainty case [Nym99], who
identified the extended set of perturbations stabilised by the (unique) super-optimal
controller. His description of this set, however, is rather implicit (as it is formulated
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in the form of a weighted-norm) and thus not really suitable for the further investiga-
tion of its structure, or for control design purposes. Here, we attempt to identify the
stronger robust-stability properties arising by using the super-optimal solution to the
problem in terms of directionality. This arises naturally from the observation that
every boundary (maximum-norm) perturbation which is uniformly destabilising (i.e.
which destabilises the closed-loop system for every maximal robust controller) lies in
a certain direction which is identified. Our approach leads to a simple closed-form
expression for the extended robust-stability radius (for every direction other than the
worst-case direction) and can be easily applied to control design problems involving
both structured and unstructured uncertainty models.

The feedback structure considered is shown in Figure 1. In this diagram G repre-
sents the nominal plant, K the feedback compensator which must be designed and A
an additive perturbation of G.

u, % K(s) \l, G(s) ®

Figure 1: Feedback system with additive uncertainty

Remark 4.1 To simplify the presentation we make the following assumptions: (i)
G € RH,, G(0) =0; (ii) A € B-HY, = {A € RHoo : ||A]loo < €}. Both assumptions
can be easily relaxed at the expense of increased notational complexity and involve no
real loss of generality. The standard assumptions normally made for problems of this
type are: (i) G € RLw, i.e. that G(s) is real-rational, proper and free of poles on the
imaginary axis, and (i)', A € RLoo, (G + A) = n(G) where n(-) denotes number of
poles in the open right-half-plane (counted in a McMillan degree sense). Regarding
(i)', it can be shown [Glo86] that introducing a suitable preliminary feedback trans-
formation cancels completely the stable part of the nominal plant without changing
the nature of the problem. Assumption (i)’ implies that the nominal and perturbed
plant are constrained to have the same number of poles in the open right-half plane
(although not necessarily at the same locations). Clearly condition (ii)’ is satisfied
if (i) and (ii) hold. All results presented in this paper still apply under the more
general assumption (ii)’, provided that condition n(G + A) = n(G) is introduced as
an additional qualification in the definition of several sets.
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Definition 4.1 When A = 0 we will say that the feedback system in Figure 1 is
internally stable if and only if the four transfer functions (u1 us) — (y1 y2) are well-
posed and lie in RHL . This is denoted by writing (G, K) € S, or equivalently K € K,
where IC denotes the set of all stabilising compensators.

We can now define the sub-optimal and optimal robust stabilisation problems:

Definition 4.2 (e-suboptimal robust stabilisation problem): Given ¢ > 0
determine if there exists a non-empty subset of K, such that for each K € K,
(G+ AK) € S for every A € B/HE. If this is the case, we say that G has a
robust-stability radius of at least e.

Definition 4.3 Maximum Robust Stabilisation problem (MRSP): Find ¢* =
sup € such that there exists K € K for which (G + A, K) € S for every A € B/HL
and the corresponding set of all such K, K1 C K.

The corresponding result can be used to solve both the optimal and e-sub-optimal
robust stabilisation problem:

Theorem 4.1 Suppose that (G, K) € S. Then (G+A,K) € S for every A € B.HL,
if and only if | T)|oe < €1 where T = K(I—GK)™'. Hence ¢ = (infgex |T(K)|)~".

Proof. See [Vid85], [Glo86].

The optimization given in Theorem 4.1 can be simplified using the Youla para-
metrisation of all stabilizing controllers [Fra87], [Vid85], [ZDG96]. First bring in left
and right coprime factorisations of G with inner denominators, i.e. G = NM~! =
M~IN such that M~M = MM~ =TI and MM~ = M~M =1. Let U, V, U, V
satisfy VM —UN = I and —NU+ MV = I. Then, the set of all stabilising controllers
K and the corresponding set of all control-sensitivity functions can be written as:

K={{U+MQ)(V+NQ) ™" :QeHL}
and
T={(U+MQM : QeH_}
respectively. Using the fact that M and M are inner, we get
(€)' =mf{|M U+ Q| ; Q e HL}

which is a Nehari approximation problem of the form discussed in section 3 with
R = M~U € RH_,. Further, it may be shown [Glo86] that ||I'r~| g = o0n(Tg~) and
hence from Nehari’s theorem, the maximum robust stability radius is €* = o, (I'g~).
From Theorem 3.3 of the last section we conclude that the set of all optimal (maxi-
mally robust) controllers and the corresponding set of all optimal control-sensitivity
functions can be written as

Ki={{U+MQ)(V+NQ) " :QecSI(R)}
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and

_ Y . sia 0 R
T= (U + M Qes) = ("3 4 lhy )X
respectively, where we have defined Y = MV and X = W~M. Note that Y and X
lie in RL,, and that they are square all-pass.

Remark 4.2 It may be shown that the first row of X and the first row of Y are
associated with the Schmidt pair of the Hankel operator with symbol R™; in fact
earlier solutions to the SODP derive a parallel result to that of the diagonalisation of
Theorem 3.3 by following a sequence of frequency-depending scalings of the Schmidt
vectors of R™.

All optimal compensators in the set K; maximize the robust stability radius for
the class of additive unstructured perturbations, i.e. guarantee that all A € BeHT
do not destabilize the feedback system. Pick any K € Ky; then there must exist A €
OBoHE = {A e HL : ||All« = €*} such that (Ga,K) ¢ S (for otherwise e* would
not be optimal). Such (real-rational) A’s are constructed in [Vid85]. In the sequel
we identify controllers within /C; that guarantee improved robust stability properties
(apart from stabilising all A € B~HZ,. We first give the following definition:

Definition 4.4 A A € dB.HZY is called uniformly destabilising if (G + A, K) ¢ S
for every K € K;.

The next Lemma is ensures that (real-rational) uniformly destabilising perturba-
tions exist on the boundary of B.-HZ1 The proof of the Lemma (which is omitted)
relies on a direct construction of such perturbations using the techniques of [Vid85].
The construction reveals that all frequencies are “equally critical”, in the sense that
such perturbations can be constructed so that the generalised Nyquist stability cri-
terion of the open-loop perturbed system is be violated at an arbitrary frequency
(including zero and infinity). For simplicity we assume from this point that the first
two superoptimal levels of R™ are distinct, i.e. that [ = 1.

Lemma 4.1 There exist (real-rational) uniformly destabilising perturbations on OB HL .

Proof. The proof follows by direct construction similar to that given in [Vid85]. See
[GHJ00] for details.

The next Lemma shows that a necessary condition for a A € 9B~HZL to be
uniformly destabilising is that it is aligned with a particular direction at an arbitrary
frequency.

Lemma 4.2 If A € 0BHZ, is uniformly destabilising, then ||z’ Ayl = €*, where
z' and y denote the first row and column of X and Y, respectively.

Proof. See [GHJ00).
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Remark 4.3 The constraint ||z’ Ay||.c = €* can be interpreted as a projection (uni-
form in frequency) of A(jw) in a direction defined by vectors z and y: For two matri-
ces A, B € CP*™_define the inner product: (A, B) = trace(B*A), with corresponding
norm [|A[|F = (4, 4) = 37 377 lai[*. Then [2'Ayllec = €* can be written as
|2’ (jw)A(jw)y(jw)| = €* for allw € R, or equivalently [(A(jw), z(—jw)y' (—jw))| = €*
for all w € R.

Remark 4.4 Lemma 4.2 shows that all uniformly destabilising perpurbations A are
constrained to have a projection (uniformly in frequency) equal to e* along the fized
direction defined by vectors x and y. This means that it is impossible to extend the
robust stability radius along this direction, using a subset of all maximally robust
controllers Ky (assume that we still want to stabilize all A € B.-HZ1 . Moreover, all
frequencies are equally critical, in the sense that we can construct uniformly desta-
bilising perturbations such that the generalised Nyquist criterion is violated at an
arbitrary frequency.

To motivate the formulation of an optimization problem which allows us to extend
the robust stability radius in all directions (other than the “most critical” direction),
consider the following “distance to singularity” problem:

Let A be a n X n complex non-singular matrix with singular value decomposition
A =UxV* = 3" oyuf with ¥ = diag(o1,02,...,0,), 01 > 02 > ...0p_2 >
On—1 > 0 > 0. What is the minimum norm perturbation ||E|| such that A — E is
singular? It is well known that the unique solution is given by the rank 1 matrix E, =
Ontny so that || E,|| = oy, Thus in this case u} E,vy, = oy, or (upv), E,) = o,. Thus
E, has a projection o, in the most critical direction (u,vy,-). Suppose now that we
constrain the magnitude of the projection of allowable perturbations in this direction,
i.e. impose the restriction that |[(unv’, FE,)| < ¢ for some non-negative constant
¢ < op. Since now the new minimum-norm singularizing perturbation cannot have a
projection of magnitude o, in the most-critical direction, we expect the constrained
optimal distance to singularity v(¢) to be larger than o,; further, the tighter the
constraint (¢ decreases), the more v(¢) should deviate from o,,. The full solution to
the problem is provided by the following Lemma.

Lemma 4.3 Let A be a square non-singular complex matriz which has a singular
value decomposition A = USV* = YU  ouvf, where ¥ = diag(oy,02,...,0,),

7

012092 ...05_92>0p_1 >0, >0. Then all E which minimize
7(¢) = min {||E|| : det(A — E) = 0, [{upvy,, E)| < ¢ < o}

are given by:
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where Py is arbitrary except for the constraint || Ps|| < \/anan_l + ¢(on —on—1) and
v is given by v = /(¢ + on_1)(0n — ¢)e??, 0 € [0,27). The minimum value of ()
is given by the right-hand side of the equation involving the constraint on || Ps||.

Proof. See [LCLST84]. For a number of generalizations to the problem see [JHMGO06].

Remark 4.5 In the above formulation of the problem o, and o, _; are fixed and
so the constrained distance to singularity v(¢) is a function only of ¢. Suppose that
somehow we could influence the level of 0,1, assuming that o, and ¢ are fixed.
Then, in order to maximize vy(¢), we would have to maximize 0,1, i.e. make the gap
On—1 — O, as large as possible, an observation which motivates super-optimization.

Motivated by the above result we proceed as follows: Suppose we impose a struc-
ture on the permissible uncertainty set, by defining the set:

E,p) ={A e BHL |2/ Aylloe < (1—6)e*}
Then we formulate the following optimization problem:

Constrained maximum robust stabilization (CMRS): For a fixed §, 0 <
§ <1, find all K € K that solve: sup{u: (G+A,K) € S for all A € £(8, u)UBHL }
and the corresponding value of the supremum p = p*(0).

Remark 4.6 (i) Note that since we still require that all A € B.-HZ are stabilised,
the set of optimal controllers which solve CMRS must be a subset of K;. (ii) When
0 = 0 the constraint ||z’ Ay|lecc < (1 —J)e* is redundant (i.e. no structure is imposed)
and thus £(0, u) = Be=HI; hence in this case the solution to the CMRS problem is
trivial and is given by 1 and p*(0) = €*.

The solution of the CMRS problem is summarized in the following Theorem which
is the main result of the paper. The Theorem is stated without a proof due to lack
of space. Note that (s1,s2) denote the first two super-optimal levels of R and we
assume that s; > so. Further, K; denotes the set of all optimal (maximally robust)
controllers and Ky the set of all super-optimal controllers with respect to the first two
levels, so that Ko C K.

Theorem 4.2 In previously defined notation:

S1 S92 S1

with equality only in the case 6 = 0. Here s1 and so are the first two (distinct)
super-optimal levels of R with s; = (e*)*.

1 For each ¢ € [0,1],
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2 For each 0 < § <1 the following two statements are equivalent:

(a) (G+A,K) €S for every A € E(6, u* () U B HL,

(b) K € Ko (the set of all super-optimal controllers with respect to the first
two levels).

3 (a) £0,4°(0)) = BoHE.
(b) For each K € K, (G+ A, K) €S for every A € Use(o,1) €0, 17(5)).

4 If 0, < 0,1 are the two smallest Hankel singular value of G, then
1 (0) > \/6omon_1+ (1 =802

Proof. See [GHJ00).

Remark 4.7 (i) As expected the constrained robust stability radius p* () is a strictly
increasing function of § with p*(0) = €*. Moreover, for a fixed § # 0 and s1, p*(d)
is a decreasing function of s;. Thus the structured robust stability radius p*(d)
increases with an increasing gap between the first two super-optimal levels. (ii) For
each 0 # 0 the set of optimal controllers is the same, namely 5. Thus each super-
optimal controller guarantees the stability of all perturbations in the union of the sets
Usepo,1) €(6, #7(6)) which contains the the ball of radius €* as a subset.

" UBB.u*()

Figure 2: Constrained robust stability radii
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Remark 4.8 When the model uncertainty set is unstructured, the above theorem
shows that by using a superoptimal controller (with respect to the first two levels)
guarantees robust stabilization for a larger class of uncertainties (Uée[o,l] E(6, 1*(0)))
compared to the class guaranteed to be stabilised by using an arbitrary optimal con-
troller (Be«HY ). In the case when the uncertainty set is structured, we can give the
following interpretation of the theorem: Consider a normalised structured uncertainty
set BAs = {A €S :|A| €1} € BHw, where S is an arbitrary structure. Suppose
that we can determine the maximum value of § in the interval [0, 1], say ¢*, such that
|’ Aylloc < 1 —6* for all A € BAg. Since there exists a controller K € ICy which
stabilises all A such that (i) ||Allee < p*(0*) and (ii) ||2'Ay|lec < €*(1 — 0*), then
w*(6*) is a lower bound of the robust stability radius relative to structure S, which
is tighter than the “unstructured” bound, i.e. p*(6*) > €*, provided 6* # 0. This
approach can be used to breach the convex upper bound of the structured singular
value under complex block-structured uncertainties (see [JHMGO6] for details).

Example 4.1 Consider the unit-ball of the diagonal structure DHZ,
BDHL = {A = diag(61(s),02(5), ..., 0n(8)) : 6:(s) € RHL, [16:(s)|loe < 1}

Assume that s1(R) > s2(R) > 0 and let z;(s) and y;(s) denote the i-th element od
and y, respectively. Let also a;(s) = x;(s)yi(s), i = 1,2,...,n. Then:

n

max  ||2’Ayllec = max max g di(jw)a; (jw)
A€s]T'BDHE 8i]<s; ' WER S1 17—
1 n

=  max max g e%ia;(jw)
S1 WwER ¢;€[0,27) Pl

,Ymax
max g a;(jw)| ==
81 wER S1

Note that the Cauchy-Schwartz inequality implies that:

Zaz jw) < (ZI%(J’W)F) (Zyi(jwV) =1

and hence Ypax < 1. Setting §* = 1 — ymax, and using Theorem 4.2 shows that

1 6* 1—5* 1 1_ max max
AL,ﬂ(é*)_\/ ( . )_\/ < Yo, ¥ >
S1 \ S2 S1 S1 S9 S1

is a lower bound of the structured robust stability radius relative to DHZ .

](.L)
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5. Breaching the convex bound of the structured singular value

In this section we use the results developed in the last two sections to derive a method
for breaching the convex upper bound of the structured singular value in the case of
block-diagonal complex uncertainty [Sm97], [PD93], [FT88]. The efficient calculation
of the structured singular value is currently one of the main bottlenecks of robust
control.

Let M € C™*™, denote by A a complex block-diagonal (including repeated scalar
blocks) structured uncertainty set and define:

BA={AecA:|A|<1}
The complex structure singular value of M is defined as:
pA (M) =ra(M) =min{A € A : det(I — AM) =0}

where ra (M) is the structured-distance to singularity relative to structure A. It is
well-known that the computation of pa is an NP-hard problem. To get (a convex)
upper bound define complementary structure commuting with A:

D={DecC"™:D=D">0,DA=ADforall A c A}
Then:
< i 1/2 —1/2)._
pa(M) < inf | DYEMD™E] =0
Since
|DY2MD™ 2| <~y ~*D—M'DM >0

calculation of 7y is a convex problem (e.g. solved via Linear Matrix Inequalities).
Suppose the infimising D = Dy > 0 (the case when the infimising D is singular can
also be taken into account). Redefine: M «— ~§ 1D(1)/ M Dy /2 Then if the largest
singular value of M in non-repeated, pua (M) =1 [?]. Hence we assume multiplicities
in the singular values of M. We treat simultaneously the cases when:

(i) M is redefined at output of D-iteration (useful for breaching convex bound).
(ii) General M’s (scaled as M « || M||~1M).

Let M € C™*™ have an ordered singular value decomposition:

I, 0 v/
oot (5 £)(4)
with Yo = diag(omi1,...,0,) where 0,41 < 1. Define A = ¥~ = diag(l,,, A2)
where Ay = diag(am+1,..-,a,) with 1 < apq1 < -+ < a,. Suppose we can establish
(non-trivial) bounds:
¢1 = max{p(V]AU;) : A € BA} < ¢ <1
¢s = max{||V1'AU1|| A€ BA} < d_)Q <1
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Then,

ra(M) =min{||A]| : A € A,det(I — AM) =0}
= min{||Al : A € A,det(A — V'AU) = 0}
> min{[|A]l : p(E1AEL) < o1[| Al | BIAEL]] < 62]| Al det(A — A) = 0}
=1ra(M)

Here E; is the matrix formed my the first m columns of I,,. Clearly, the tightest
possible bound is obtained if we use ¢; and ¢, in place of ¢; and ¢q, respectively.
Hence, to establish the bound r 5 (M) we need (i) to calculate ¢1 and ¢2 (or at least
$1 and ¢, less than or equal to 1), and (ii) solve the optimisation problem:

min{[|A]l : p(E1AE) < @1 || Al | ELAE ]| < ¢2]| A, det(A — A) = 0} (18)

To calculate ¢ (or ¢;) note that:

/ _ A —

Jnax p(ViAUL) = max p(AULVY) = max p(AMo) = ua(Mo)

and hence calculation of ¢; is a reduced-rank p-problem [PD93], [FT88]. Some
progress for solving certain classes of reduced-rank p problems is reported in [Br94].

The calculation of ¢2 can be performed using the following result:

Lemma 5.1 In previous notation,

$3 = max ||[V/AU||* = min v
AeBA DeD, D-ViVi’'>0, vI—-Uy' DU; >0
Furthermore,

inf |[DY2MD7Y?| =1 = ¢y=1
DeD
Proof. See [JHMGO06].

Remark 5.1 The first part of the Lemma shows that the calculation of ¢o reduces
to a convex optimization problem which can be solved via efficient computation tech-
niques (e.g. Linear Matrix Inequalities). The second part shows that if M results
from the output of the D-iteration then ¢o = 1.

The calculation of r o via the solution of optimization problem (18) is a challenging
problem which is addressed in [JHMGOG6]. This is achieved via a lengthy procedure
by solving a sequence of distance-to-singularity problems of increased complexity of
the form:

Ya,, = min{||A]|,det(A — A) =0, E]AFE; € A11}

The sequence of problems solved in [JHMGO6] include:
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(i) Aq1 =C™*" (unconstrained distance to singularity)
(i) A1 ={6€C:]6 <¢},0<¢<1[LCLST84]
(i) Aqq =Cm*™
(iv) Az1 = {Omxm}
(v) A11r ={Anu}[[An] < 1,det(I,, — A1) #0
(vi) Az ={An: [An| < 1,1 ¢ MAn)}

)
(vii) Axr = {A1n: p(A11) < @1, [|[An]| < 2}, 1 < @2

The main result obtained by solving this sequence of problems is stated next:

Theorem 5.1 Assume that 0< (ﬁl < q_Sg <1. Then

ra = min{|Al| : det(4 — A) = 0, p(Ey'AEy) < G| AlLIEVABL | < dol| Al
= minf{y > L: [[(7] = A2 ) T = A7 )7 = @)

and s increasing i 41, where Ag—‘l - is a Toeplitz matriz defined as:

P2
0, j<i
Agll’¢2 (27']) = ¢* . ¢117(£ 2 ¢; 2 ] =
1 —1— 2 — 91 > >
(- b2 Y g 0 7 =1
e.g. form =4,
poa B v
m _ 0 ¢1 (63 ﬂ
P1,02 0 0 ¢ «
0 0 0 ¢
with 2 2 2 2 2 2
a:¢2_¢1 5:_¢1¢2_¢17:(¢1)2¢2_¢1
b2 b2 B2 b2 b2
Furthermore,

b1 <1=ra(M)>1 and rp(M)>1.

Finally, ra(M) = ra (M) if and only if there exists A € A such that
VIAUy = [ra(M)] W/ AT oW,

for some unitary W.

Proof. See [JHMGO06]
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Remark 5.2 The evaluation of 7 (M) is an eigenvalue problem of dimension 4m x
dm. Let a = amay, ¥ = Ag—ll ) and ¥, = W + ¥, Then

a=(yI - W)y T -0)"

0 I 0 0
0 0 I 0

= det | vI — 0 0 0 I =0
a’l —a?V, (a2 -1)V'¥ W,

Thus + is the smallest real eigenvalue larger than 1 of a 4m x 4m matrix.
The results of the section can be summarized in the following algorithm which
may be used to breach the convex upper bound of the structured singular value:
Algorithm 1:

(i) “D-iteration”: 7o := minpep |[DY2MD=/2| (LMI).
(ii) Re-define: M «— 5 'Dy/* M Dy /2.

(iii) Perform SVD of M = U V{ + UsXaVy. Set m=multiplicity of largest singular
value, A = diag(l,, %5 ").
(iv) If m =1 there is no gap, i.e. pa(M) = - Exit.
(v) Find tightest possible bound ¢; of ua (U;V{) (m-rank). If ¢; = 1 no improve-
ment possible - Exit.
(vi) Set ¢o = 1.
(vii) Form Ag—ll 5, and solve corresponding 4m x 4m eigenvalue problem to find:
ra(M) = jia!(M).
(viii) Reverse scaling: fia (M) < yofia(M).
The general method followed in this section for breaching the convex upper bound
resembles similar methods developed by the authors for other problems where convex

relaxations are used. To emphasize these similarities, consider the quadratic integer
programming (QIP) problem and its semi-definite relaxation:

= a 'Qx < i trace(D) = ¥

T T O by TP
where Q = Q' € R™*™. We refer to the maximization on the LHS of this inequality
as the primal problem and to the minimisation on the RHS as the dual. Clearly, the
computational complexity of the primal problem grows exponentially with n since it

requires 2"~ ! evaluations. It can be shown that (see [Mal06], [HJM]):

(i) The optimal solution D = Dy of the dual problem is unique.
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(ii) dimKer(Dg— Q) =1 = y=7

(iii) Let V. € R™™, V'V = I, whose columns span Ker(Dy — Q) (potentially

m < n). Then:
Y= & Ym = L max 2’ VViz=1
T ee{ 11
(iv) Introduce an appropriate row perturbation matrix P so that PV = [V} Vj]/

with det(V1) # 0. Then:
y=7 & Jze{-1,1}" : BVl e {-1,1}" ™
(“certificate” of zero duality gap requiring 2™ function evaluations).

(v) Let A4 smallest positive e-value of Dy — Q. Then:
Y=yl —am)Ap <7y
(vi) For fixed m, solution of

ny, = max a2 VV'z
ze{—1,1}"
is of complexity O(n™) and can be solved efficiently (for low m) using properties
of zonotopes and hyperplane arrangements [AF96).

6. Conclusions

The paper has proposed a concrete linear-algebraic approach for solving the super-
optimal Nehari approximation problem without unnecessary assumptions and has
considered some of its applications in the area of robust multivariable control. It
was shown that the maximum robust stabilisation problem subject to additive un-
structured perturbations can be reduced to a Nehari approximation, the solution of
which gives the maximum robust stability radius and a complete parametrisation of
all optimal (maximally robust) controllers. By analysing the properties of the optimal
solution, a “worst-case” direction was identified in the uncertainty space, along which
all boundary uniformly-destabilizing perturbations were shown to lie. By imposing a
parametric constraint on the projection of admissible perturbations along this direc-
tion (uniformly in frequency), it was shown that it is possible to extend the robust sta-
bility radius in every other direction, using a subset of all optimal (maximally-robust)
controllers. This involves the solution of a two-level super-optimal Nehari approxi-
mation and leads to a closed-form expression of the extended (direction-dependent)
robust stability radius involving the first two super-optimal levels of the system which
is approximated. An alternative interpretation of the main results has allowed us to
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develop a systematic method for breaching the convex upper bound of the structured
singular value in the case of complex block-diagonal uncertainty structures. This re-
lies on a novel convex relaxation technique which is potentially applicable to a wide
class of non-convex optimisation problems.
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