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Abstract

Concrete interesting scientific and technological applications suggest the inves-
tigation of the scattering problems, concerning the spherical wave excitation
of a layered scatterer by a point-source located in its interior. In this paper
we investigate scattering theorems for the acoustic and electromagnetic exci-
tation of a layered scatterer by an interior point-source. On the scatterer’s
core the resistive- or conductive-transmission boundary conditions are imposed.
Such boundary conditions arise mainly in scattering problems by thin, shell like
structures, modelling lightweight materials. Acoustic and electromagnetic gen-
eral scattering, optical and mixed scattering theorems for the total, primary and
secondary fields are derived.

Keywords: Scattering theorems, layered media, spherical waves, acoustics, electromag-
netics, resistive and conductive boundary conditions

1. Introduction

In scattering theory appear some general relations between the solutions of two scat-
tering problems, due to two distinct waves simultaneously incident on the same scat-
terer. Such relations, commonly referred to as scattering theorems, reduce the solution
of one of the two scattering problems to that of the other. Scattering relations for
acoustic and electromagnetic plane incident waves on homogeneous obstacles first ap-
peared in [1] and [2]. These relations were extended to layered scatterers in [3] and
[4]. On the other hand, scattering relations for acoustic and electromagnetic spherical
waves incident on homogeneous obstacles appeared in [5] and mainly in [6].

The papers mentioned above concern incident waves, generated by a source in the
exterior of the obstacle. However, interesting scientific and technological applications
motivate the study of the scattering problems, where the scatterer is excited by a
spherical wave generated by a source in its interior. These include inverse scattering
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methods for the localization of an object buried in a layered medium [7], implantations
inside the human head for hyperthermia or biotelemetry purposes [8], investigation
of the activity of the human brain, due to its excitation by the electrochemically
generated neurons currents [9], [10], and certain other applications discussed in [11]
and [12].

The investigation of acoustic and electromagnetic scattering theorems for interior
excitation of a layered obstacle by a spherical wave was initiated in our papers [11]
and [12]. In this paper we enrich the techniques and extend the results of [11] and [12]
for scatterers with resistive and conductive cores. Such cores are modelled by employ-
ing the boundary conditions introduced in [13] and [14], which are different to and
non-comparable with those of [11] and [12]. Resistive and conductive boundary condi-
tions arise in scattering problems by thin, shell like structures, modelling lightweight
materials. Representative applications of such boundary conditions involve strips and
flat plates as well as quasi-stationary models in magnetotellurics, investigating the
electromagnetic induction in the earth (for further discussion see [13]-[15]).

The layered scatterer is modelled as a nested body, consisting of a finite num-
ber of homogeneous layers with constant material parameters in each layer. On the
boundary surfaces of the layers, except from the core, transmission conditions are
imposed. Such a scatterer constitutes an appropriate model for the investigation of
specific applications, such as those reported above.

Scattering problems, concerning point-sources located outside the obstacle, deal
with the effects that a discontinuity of the medium of propagation has upon a known
wave. For sources of illumination inside the obstacle, and observation of the field
outside it, we have a radiation and not a scattering problem. In this context, in
order to formulate and prove radiation theorems of the interior excitation problem,
handle the cases of sources inside the scatterers layers and unify the cases of interior
and exterior illumination, we make essential use of Sommerfeld’s method (see [16],
Section 6.32 or [17], Section 9.28).

The layered scatterer is excited by two acoustic point-sources or two magnetic
dipoles, located in any two layers. In Sections 2 and 4 we present the mathematical
formulation of the layered media acoustic and electromagnetic excitation problem
respectively by making essential use of Sommerfeld’s method. In Sections 3 and
5 we establish acoustic and electromagnetic general scattering, optical, and mixed
scattering theorems for the total, primary, and secondary fields. General scattering
theorems are useful in determining low-frequency expansions of the far-field patterns
[18] and in studying the spectrum of the far-field operator [4]. The optical theorem
serves the efficient computation of the cross-section in specific scattering applications.
Mixed scattering theorems relate the solutions of plane and spherical wave incidence
problems and play a central role in inverse scattering methods [19].
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V0=R3\V

Figure 1: Typical cross-section of the layered scatterer V.

2. Mathematical Formulation: Acoustic Waves

The layered scatterer V considered here is identified by a compact subset of R? with
C? boundary S, the interior of which is divided by n—1 surfaces S; (j=2,...,n) into
n annuli-like regions (layers) V; (j=1,...,n) (see Fig. 1). The surfaces S; are sup-
posed C?, oriented by the outward normal unit vector a1, with S; including S;41 and
dist(S;, Sj+1)>0. The layers V; (j=L1,...,n—1), are homogeneous media specified by
real wavenumbers k; and mass densities p;. The scatterer’s core V,, is resistive or
conductive. The exterior Vj of V' is a homogeneous medium with real constants kg
and po.

The scatterer V is excited by a time-harmonic spherical acoustic wave, generated
by a point-source located at a, of layer V; (¢=0,...,n). The field uf", radiated by this
point-source, under the assumptions that the scatterer is absent and that R? is filled
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by the material of V, constitutes the primary field of the Sommerfeld’s method (see
[16], [17] and the discussion of [20]). Suppressing the time dependence exp(—iwt),
this primary spherical field is expressed by

exp(iky|r — ay|)

ug, (r) = ag exp(—ikqay) . reRN\{ag}, (1)

r — ag|
reducing to the plane wave

lim uy’(r) = exp(—ikqdy - 1)

ag—00

of unit amplitude and propagation direction —4,, for point-sources receding to infinity.

The primary field uf excites the scatterer V', generating the secondary fields uj
and quIC in layers Vj (];éq) and V;. Applying Sommerfeld’s method, the total field
ud in V; is defined as the superposition of the primary and the secondary field

ug, (t) = ug) (v) +ugf(r), reVy\{ag}. (2)

Note that the total field in V; (j#¢) coincides with the secondary field ugq.
The total field ufiq satisfies the Helmholtz equation

Au (r) + kjuj, (r) =0, 3)

forreV;if j#qandr e V)\{a,} if j =q.
On the surfaces S; (j#n) the total fields satisfy the transmission boundary con-
ditions

(4)

pj-1 O p; On

The total field on the surface S,, of the core satisfies respectively
the resistive transmission

Hn— 1u2q 1( ) — :unqu(r) =0, resl,

8ug;1(r) B dug (r) N 2ikn_1 =
on on n Yay

or the conductive transmission boundary conditions

2in Oug*(r)

(r)=0, res,

n—1 _ n _ o
Hn—1Ug, (r) ﬂnuaq(r) k.1 On 0, rebdy,
(6)
oun~t(r)  Oul (r
. () q():()’ res,

on on
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Physical interpretations of the parameters p,_1, tun, and 7 in the above boundary
conditions are discussed in [13].

0 satisfies the Sommerfeld radiation condition [21]

Furthermore, ug
q

ol (r)

aq
on

uniformly for all directions £ of R?, i.e. € $? = {x € R3,|x| = 1}.
By combining the techniques of [13] and [22], we see that the above two problems

are well posed.
Besides, the total field ugq in layer V) has the asymptotic expression

- ikougq (r) =o(r™'), r— o0 (7)

Ua, (r) = ga, (B)ho(kor) + O(r™2), 1 — oo, (8)

aq

where ho(z)=exp(iz)/iz is the zero-th order spherical Hankel function of the first
kind. The primary spherical acoustic wave (1) satisfies the radiation condition (7)
and hence has the asymptotic expression

uly (r) = gl (£)ho(kgr) + O(r™2), 1 — oo (9)
In the sequel, the functions ggq and ga, will be referred to as the total and primary
far-field pattern. By [11] we have
_exp(—ikga, - F)
ho(kqaq)
For a point-source in the exterior of the layered scatterer the secondary field u
in V) has also the asymptotic expression

sec
ao

uaet (r) = gact (B)ho(kor) + O(r™?), 1 — 0. (10)

ao

sec

The function g3°¢ will be referred to as the secondary far-field pattern. Now, Egs. (2)
and (8)-(10) imply the total far-field pattern superposition

oo (B) = GBI () + g5 (R).

3. Acoustic Scattering Relations

The layered scatterer V' is excited by two point-sources located at a, € V; and b, € V,,
(p,q=0,...,n) (p>q), generating primary uf’, uf;, secondary ugze, uff: and total fields
ug,, up, inlayers Vg, V.

By Sgr(0) we denote a large sphere centered at 0 with radius R, containing V" and
the points a, and by, and by S:(a,) a small sphere centered at a, with radius e. We
also use the notation, introduced by Twersky in [1]

v ou
{u,v}s;, = /sj (uan — U@n) ds.
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First, we need the relations (see lemmas 3.1 and 4.1 of [11])
g%{ug27uqbp}sg(aq) = 4waq67ikqaqu%p (ag), (11)

27
: 0 0 —
Jim {ug L uy, Ysa0) = ko

[ 58,00, @ds(6) (12)

The overbar denotes complex conjugation.
Now, we establish the total acoustic field general scattering theorem.

Theorem 3.1 The total fields uqbp, uf, and the far-field patterns ggq, ggp, corre-
sponding to the interior excitation of V' by point-sources at a;, € V; and b, € V,,,
satisfy

kopo Ub, (Aq)  kopy ub,(b,) 1 / 0 0 e
’ ! = g9 (t)gp (r)ds(r) + A(ay, by), 13
kqpq ho(kqaq) kppp hO(kpbp) 27'(' 52 aq( ) bp( ) ( ) ( q P) ( )

where
o ikopo n—1 n—1
A(ag,by) = drpys Ua, Uy }s,- (14)
The function A depends on the physical properties of the scatterer’s core. More pre-
cisely, for resistive- and conductive-transmission boundary conditions on S, hold

kopoky— 2
Afag by) = oPokn=1lin / ut (ol ()ds

TPn—1MHE 4

A(atp bp) =

kopon / Oug (r) Oug (r) i

TPn—1kn—1ptn—1 on on

Proof. The main idea lies on two alternative computations of the integral {uZ, uf)p }s,-
First, the total field superposition (2) in V, implies

{ua,, w, Yov, = {uay, up, Yov, +{ugee, uf, }ov,.

Since ufiq and u{ap constitute regular solutions of (3) in V; (j=0,...,¢—1), by applying
successively Green’s second theorem, using in each step the boundary conditions (4),
taking into account that the respective triple integrals vanish, and utilizing (12), we
get
21 p
q .4 _ q 0 (s).0 (4 .
(b ds, = 00 [ o8 0, (0)s00).

In a similar way we obtain

{qua u%p}sq+1 = (pq/pp){qu, uz}:))p}sp'
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By Green’s theorem {u3®®, uy, }ov,=0and {ua,, uy, }ov, coincides with {ua;, uy, }s., (a,)-
Thus, (11) for e; — 0, combined with the above three relations, give

2 p 0 e Pp , pikea
(b Y, = 0 |68 0, ©)ds0) — am" aeomea (a). (15)
q

Second, for the alternative evaluation of {u%,, uf)p} s, superposition (2) in V}, gives

sec
Up

{ua,, up tov, = {ua,, up, tov, + {ua,, up; tov,.

Now, by taking into account that {ua,, up Yo, =0 and that {ui,, ub " Yov, coincides
with {ug,, uﬁi}ssz(bp), (11) for &3 — 0 and the last relation imply
{uk,,up s, = (p/pn—1){ua, 'ug s, — dmbpe”"rtrug (by).

By imposing on the surface S,, the resistive (5) and the conductive transmission
boundary condition (6) and applying the Green’s second theorem in V,, we obtain for
a resistive and conductive core

Aiky_q 12
n—1  n—1 o n—1Hy n
(it s == g e, ey

45 ou? (r) dui® (r
{ug; ! up s, = — " / A, (1) 0, )ds.
4 P k'nflunfl S on on
Now, Eq. (13) follows by (15) combined with the last three relations. O

We also note the interesting primary acoustic field general radiation relation, in-
volving the primary fields and the corresponding far-field patterns, proved in [11].

“b " (ag) upy(bg) 1 .
ho(kgag)  ho(kgbg) — 27 /Szg (£)gp, (£)ds(2). (16)

We prefer the term radiation instead of scattering in order to emphasize that (16)
relates the primary fields radiated by two point-sources under the absence of the
scatterer V.

Now, by combining Egs. (2), (13) and (16), we obtain the following secondary
acoustic field general scattering relation.

Corollary 3.1 The secondary fields ug?® and usec in V, and the total far-field patterns
gaq and gbq satisfy

kopo Ub, (Aq)  kopo uai®(bg)  kopo 2sinc(kylag, — by|)
kqpq hO(kqaq) kqpq hO(kqbq) kqpq hO(kqaq)hO(kqbq)

g 50, ()58, ()(E) + Ala. by, a7)
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The influence of the boundary conditions on the surface S,, of the scatterer’s core
on the statements of theorem 3.1 and corollary 3.1 is actually displayed by the function
A.

In addition, we state the optical theorem and the mixed general scattering theo-
rem.

The optical theorem is derived as a corollary of (17). First, we define the g¢-
excitation, the absorption, and the extinction cross-section

1 . N
7= o [ 168, P (@) (18)
dusy!
od = P / a1 2% gy
K pnflkO Sn R on
08 =0 +00

The absorption cross-section determines the amount of primary field’s power, ab-

sorbed by the scatterer’s core V,,. Clearly, agq > 0 for a resistive or conductive core.
The following optical theorem is derived by (17) for a, = b, and taking into

account the definition (14) of the function A

Theorem 3.2 The extinction cross-section oy~ and the secondary field uy’®,

sponding to the interior excitation of V by a point-source at a, € Vg, are related
by

corre-

0%, = (kypo) (kopy)4ma (Rell (kyaqusc (ag)] + 1). (19)

Apart from its theoretical value, the optical theorem also serves the efficient com-
putation of the cross-section. More precisely, the cross-section can be determined by
(19) with the use of a distinct value of the secondary field, without having to mea-
sure the samples of g5 in $? and perform numerical integration, as dictated by the
definition (18).

Now, by considering one of the two point-sources receding to infinity (ag — 00)
and the other still located in b, € V},, we assume that the scatterer is simultaneously
excited by a plane and a spherical wave and obtain mixed scattering relations. Such
relations play an important role in the point-source inverse scattering method of [19].

An incident plane acoustic wave propagating in the direction d is given by

u'(r;d) = exp(ikod - 1).

By w?(r;d), u*(r;d) and g(#;d) we denote the total field in Vj, the scattered field
in V; and the far-field pattern, all due to the above incident plane wave. Moreover,
we have

ub (r) — uP(r; —49), gag () — g(f;—4a0), ag— 00
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Now, we need the following relation (see [11], lemma 6.3)

lim [ & (F)gp, ()ds(E) = 27[gp, (—80) — g, (B0)e™ ]
ap—o0 [g2 P P P
The following mized total acoustic field general scattering theorem is derived by the
general scattering theorem 3.1 for ag — oo and taking into account the last relation.

Theorem 3.3 A total far-field pattern ggp, corresponding to interior excitation of V.
by a point-source at b, € V), a total field uP in V, and a far-field pattern g, both due
, satisfy

to an incident on V plane wave u'™¢

kopo uP (by; —ao) 0/ = 1 / s A NSO N 7oa :
=gp (—a9) + g(7, —ag)gy, (r)ds(t) + lim A(ag,b,).
kppp hO(kpbp) bp( ) 271_ g2 ( ) bp( ) ( ) ap— 00 ( p)
Finally, we note that the formulations of the reciprocity and mixed reciprocity
theorems are independent of the boundary conditions on the scatterer’s core. Thus,
for this type of relations we refer to theorems 3.2 and 6.1 of [11].

4. Mathematical Formulation: Electromagnetic Waves

The geometrical characteristics of the layered scatterer V' considered hereafter are
those described in Section 2. Concerning the physical characteristics we suppose that
the layers V; (j=1,...,n—1), are homogeneous with real dielectric permittivity €; and
magnetic permeability p;. The scatterer’s core V,, is resistive or conductive. The
exterior V) of V' is homogeneous with real constants ey and .

The scatterer V is excited by a time-harmonic spherical electromagnetic wave,
generated by a dipole located at a; of layer V; (¢=0,...,n). The radiated by the dipole
electric field EL7 constitutes the primary field of the Sommerfeld’s method and is
expressed by

—ik kolr —
By (ripy) = P g (oRURI ) e mia) 20)
ik v — ay|

where Py is a constant unit vector with py - 4 = 0. Relation (20) represents the
electric field radiated by a magnetic dipole with moment p, [18], [21].

The spherical wave (20) reduces to a plane wave with direction of propagation
—4, and polarization py x &, when the dipole recedes to infinity [23]

Jim EZ(r;be) = (b x &) exp(—ikedy - x) = B7(x; —ay, by X a).

The secondary electric fields in V; (j#¢) and V; are denoted by EJ, and Ej.
Applying Sommerfeld’s method, the total electric field EX , in Vp is defined as the
superposition of the primary and the secondary field

E;, (r;pe) = B (r;iDe) + EX°(riDe), € Ve \ {ad). (21)
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The total field in V; (j # £) coincides with the secondary field E, .
The total electric fields EZ , satisfy the vector equation

V x V x B, (r; pe) — kB, (r;pe) =0, (22)

forr € Vj if j # € and r € V;\{a,} if j = £, where k; is the wavenumber in Vj.
On the surfaces S; (j#n) the total fields satisfy the transmission boundary con-
ditions
AXE'(r)-axE,(r)=0, res
(23)
(j/pj—1)n x Vx EL N r) —Ax V xE} (r) =0, res;
The total field on the surface S, of the core satisfies the conductive boundary condition
AXE ' (r) -0 xEl(r)=0, res,
(24)
Ax [AxVxENr)] —nx [AxVxEL(r)] =iwur(r)d x El Y (r), resS,
where the function 7(r) is the integrated conductivity [14], [15]. Note that when
T—00, the boundary conditions (24) reduce to that of a perfect electric conducting

core. Detailed analysis of the conductive boundary condition is contained in [14].
The secondary field EJ, in V; satisfies the Silver-Miiller radiation condition [21]

lim [f x V x By, (r) + ikorEY, (r)] = 0,

T™—00

uniformly for all directions r.
Combination of the techniques of [14] and [24] shows that the above problem is
well posed.
Besides, the fields Egz and EL7 have the asymptotic expressions in the radiation
zone
Eq, (r;b1) = gq, (B b0)ho(kor) + O(r™%), 7 — oo, (25)
EZ7 (r;pe) = g2 (8 De)ho(ker) + O(r™?), r— <.
The functions g% , and gb” will be referred to as the total and primary electric far-field
pattern. By [12] we have

exp(—ikeay - ) .
ho(kgag)

The secondary field E32¢, due to a dipole at ag € Vo, has the asymptotic expression

gh (f;pe) = X Pr),

B (r: be) = 50 (85 Do) ho(kor) + O 2), 7 — oo,

sec
ao

Function g3¢¢ is named the secondary electric far-field pattern. The above relations

imply

sec

g2, (B Pr) = g8 (%; Pe) + 825°(F; Pe).
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5. Electromagnetic Scattering Relations

The layered scatterer V is excited by two magnetic dipoles located at a; € V; and
b,, € V., ({,m=0,...,n) with moments py and q,, (m>{), generating in V;, V,,
primary EZ (r;pr), EY (r;qm), secondary E3¢°(r; pe), Ef°(r; @), and total fields

m ag

E, (r;pe), EJ' (r;qm). We will use the notation [2]
(BB} = / [(ﬁ X E1) - (V x Ey) — ( x Eg) - (V x Ey)|ds.
Sj

First, we state the following useful

Lemma 5.1 The primary ER’ and total field Ef;m in Vy, the total fields Ege and E%m
in Vo, and the corresponding far-field patterns ggz, ggm satisfy

lim {BZ(5D0), By,,, (5am) } g, o,y = —4mi(ae/ke) exp(—ikeae) (V x By, (ag; dm)) - br-

29
: B 0 (.4 _ 5o 0 (a4 P
Rh_I}r(l)O {Egz(v pe)7 Ebm('7 qm)}SR(o) - ko /52 gg( (I‘, pé) b, (I‘, qm)ds(r). (27)
Proof. After lengthy calculations and using (20), we find
{EZ(5D0). Br,, (56m) } g (a)) =
ag exp(—ikgag){ / £V x [(Pe- Vho(kelr — a|))Ef, (r;8m)]ds
Ss(az)

—/ i Vho(kelr — a¢))[pe - (V x Ef,_(r;8m))]ds
Ss(az)

—kf/ - [Ef (1;58m) X Do) ho(ke|r — ag|)ds}
Ss(az)

The first integral on the right-hand side vanishes by Stokes theorem. Hence, by
applying the mean value theorem for surface integrals and letting ¢ — 0, we obtain
(26).
Eq. (27) is verified by letting R — oo and using for the total fields E}, and Ef, the
asymptotic form (25). O
Now, we formulate and prove the total electric field general scattering theorem.

Theorem 5.1 The total fields Ef;m, E.. and far-field patterns ggm, ggz, correspond-
ing to the interior excitation of V' by dipoles at a; € Vy and by, € V,,, are related

by

koo V % By (ar; dm) 5y Koro VX BL(buipe)
ik’?,u,g ho(kgag) ikfnum hO(kmbm) "

+o /2 g2, (£ Do) - gh (F5@m)ds(£) = E(ag, bm; Pe, m), (28)
S
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where "
L po i DU
E(ag, brm; Pe, Gm) = “u : 472 {Ea; (500, B (r5Gm) g - (29)
For a conductive core holds
.. k . n .
E(ag, bm; Pr, Gm) = — Muil 22 [Im(ki) /V EZ, (r;pe) - Ep, (r:@m)dv(r)

n

biomo [ Relr(e)) (8% By, (1:p0) - (8 % By, (1:4,))ds(w)]  (30)

n

Proof. The main idea lies on two alternative computations of {Ea L ER } g - First,
the total field superposition (21) in layer V; implies

4 T sec
{E327E m}aw - {EgZ’Ebm}QVZ + {Eae ’Ebm}a‘/z.
Applying a similar procedure to theorem 3.1 and utilizing (27), we get

R 2% fip . A A .
i . _ 0 (- Y .
{Eaz r; pé Ebm (I‘, qm)}SZ - kO 1o /32 ga, (rapé) b, (r,qm)ds(r).

{EL (r:0), By, (r3Gm) b, = (ne/ i) {52 (r0), EY. (1:Gm) } g,
By Green’s theorem {Eg¢¢, Ef

ay

o }av =0 and {Eaz , Ef)m }BV
Now, (26) for £;1 — 0 and the last three relations give

¢
coincides with {Ea/Z , Ebm }S

El(az).

{Ex (500, Bp (riGm) f g =

21 M 0 (& & Qg ) , R R
; d 4 k E &) - Pe.
kO 1o /S? ga((r,pg) gb ( ) S( ) 2y ke,ue eXp(Z gaz)(v X bm(ag,q )) Pe

Second, the total field superposition (21) in V;, gives

(Ep ~ (By By

m}avm + {Em Esec

ag? }6VL

ES.}
ag’ bm OV ap’

By the above arguments, the last relation implies
{Eq(r;De), B, (r:Gm) } g =

m - n— b ) . .
MM ) {Ea/Z 1 p), By 1 (r; Gm }S —|—4mk exp(— Zk:mbm)(v X Eg;(bm;pg)) < Qm,
and (28) follows. Moreover, by imposing on the conductive core’s surface S,, the
boundary conditions (24) and applying the Gauss divergence theorem in V,,, we get the
expression (30) of function €. O

Now, we note the primary electric field general radiation relation, proved in [12].

VxER(bspe) . VxEp(aga) . 1

; ' = (£ pe) - g2 (B qe)ds(T). (31
ikeho(Kebe) 4= ikeho(keay) P on /52 ga, (5 Pr) gb’f( Qe)ds(t). (31)

By (21), (28) and (31) we get the secondary electric field general scattering relation.
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Corollary 5.1 The secondary fields E3S¢, EZ¢ and far-field patterns ggz, ggz satisfy

ag

V x Egf(as ar) V x Egc(be;pe) 1 / — e A
eeT i B O r; : r;qe)ds(r
ikého(keaz) P Zkgho(kgbg) a 2 g2 gag( pZ) gbz( qé) ( )
1]{”‘5/ 0 (4 % 0 (o A N kepie o
1Pe) - 8, (1 Q0)ds(E) = | E(ac, be; 32
+ 27(_ kouo g2 gaz (r7 p@) gbg (r7 q@) S(r) kouo (ae’ 05 pé7 q@), ( )

Next, we state the optical theorem for interior dipole excitation of a layered scat-
terer. First, we define the ¢-ezcitation, the absorption, and the extinction cross-section

1 - )

ng = k2/ ‘ggz(r7 pg)‘QdS(I‘),
0 2

ot = M| [ (B ) ¢ ¥ < B i) aso)]
Hn—1FRo Sn

02( = U;Z + 02(

The following optical theorem is derived by (32) for a; = by and p; = q¢ and using
the definition (29) of function &.

Theorem 5.2 The extinction cross-section og, and the secondary field E°¢,

sponding to the interior excitation of V by a dipole at a; € Vy, are related by

corre-

oq, = :ZMO 4rad [Re (ik[lho(kgag) (V x E;“(ay; f)g)) ~f)e> + 2].
0Lt 3
Finally, we consider one dipole receding to infinity (ap—o0) and the other still
located in b,,€V;,; hence the scatterer is simultaneously excited by a plane and a
spherical wave.
An incident field with polarization p and direction of propagation dis given by

E™¢(r;d, p) = p exp(ikod - T).

By E™(r; d, p), E*°(r; &,f)) and g(t; 3,13) we denote the total field in V,,, the scat-
tered field in Vj and the far-field pattern, all due to the above incident plane wave.
We have

E,, (r;po) — E™(r; —&0,Po X a0), ga: (¥;Po) — &(T; —80,Po X &p), ag — o

Now, we need the relation (see [12], (6.4)).

lim gho (£5P0)-8h, (F5 @ )ds(£) = 2m(Poxa0)- [gh,, (—80; Am)+&h,, (80; Am)

62ik0 ag]

The following mized total electric field general scattering theorem is derived by the
general scattering theorem 5.1 for agp — oo and using the last equation.
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Theorem 5.3 A total far-field pattern g%m, due to a dipole at by, € V,,,, a total field
E™ in V,, and a far-field pattern g, both due to an incident on V plane wave E™°
satisfy

. A k . A o X
(pO X aO) : glogm(_ao; qm) - k OZO bm eXp(_kabm)(v X Em(b’n’m —ap, po X aO)) dm
1 A A oA o . . L
+ 9 / g(t; —&p, Po X ag) ~ggm (£;Qm)ds(t) = lim E(ag, bym; Po, Qm)-
™ Js2 ap— 00

For electromagnetic reciprocity and mixed reciprocity relations we refer to the-
orems 3.2 and 6.1 of [12]. Immediate consequence of theorems 6.1 of [12] and 5.3
constitutes

Corollary 5.2 The fields and far-field patterns of theorem 5.3 are related by
(Po x &) - [gD) (—&0;@m) — exp(—2ikmbm)8) (805 Gm)]

o /zg(r; —89,Po X &) - gp (F;@m)ds(E) = lim E(ag, bm; Po, @m)-
S

ag—0o0

k . . m JOR « FOR -

i OZO b €xp(—ikimbm )Gm - [V % (E™ (bpm; a9, Po X ag) — E™(by,; —89, Po X ao))]
1 oA A o . . L

+ 9 / g(t; —49, Ppo X ag) - ggm (F;Qm)ds(t) = lim E(ag, by;Po, Qm)-
™ Js2 ag—00

The first of these equations actually represents a non-homogeneous Fredholm in-
tegral equation of the second kind with respect to ggm and integral kernel g.
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