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Abstract

Let ¢ be an odd increasing homeomorphism from R onto R satisfying ¢(0) =
0, f:[0,1] x R x R — R be a function satisfying Carathéodory conditions
and e : [0,1] — R be a function in L'[0,1]. Let &,7; € (0,1), a;, b; € R,
i=1,2, - m—2,3=1,2,-- - n—-20<& <& << Epoa <],
0<71 <72 <+ <Tp_2 <1be given. We study the problem of existence of
solutions for the generalized multi-point boundary value problem

(p(z")) = f(t,z,2") +e, 0 <t <1,

2(0) = Y asel€). 2(1) = 3 byalry) )

in the non-resonance case. We say that this problem is non-resonant if the
associated problem:

(p(z") =0,0<t <1,

2 (0) = Y w6, 2(1) = Y bialry), &)

has the trivial solution as its only solution. This is the case if
m—2 n—2 n—2 m—2
O a)D bm =)A= b)(1 = k).
i=1 j=1 j=1 i=1
Our methods consist in using topological degree and some a priori estimates.
Mathematics subject classification: 34B10, 34B15, 34130, 34.90

Keywords: generalized multi-point boundary value problems, p—Laplace type operator,
non-resonance, a priori estimates, topological degree.
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1. Introduction

Let ¢ be an odd increasing homeomorphism from R onto R satisfying ¢(0) = 0,
f:]0,1] x R x R — R be a function satisfying carathéodory conditions and e :
[0,1] — R be a function in L'[0,1]. Let &,7; € (0,1), a;, bj € R, i =1,2,---,m — 2,
j=12---n—-20<§E << << L0<m << <Th_2<1be
given. We study the problem of existence of solutions for the generalized multi-point
boundary value problem

(p(x)) = f(t,x,2') +e, 0 <t <1,

P(0) = Y alE). (1) = Y bjalr,) ®)

in the non-resonance case. We say that this problem is non-resonant if the associated
problem:

(p(z") =0,0<t <1,
m—2 n—2

2'(0) = Z a;iz (&), (1) = Z bjz(75), (4)
i=1 j=1

has the trivial solution as its only solution. This is the case if

(S )b £ 3 b)(1— Y k).
=1 j=1 j=1 i=1

The study of multi-point boundary value problems for second order ordinary differen-
tial equations was initiated by II'in and Moiseev in [23], [24] motivated by the works
of Bitsadze and Samarskii on nonlocal linear elliptic boundary value problems, [2],
[3], [4] and has been the subject of many papers, see for example, [5], [6], [11], [12],
(13], [14], [15], [16], [17], [18], [19], [20], [21], [22], [25], [30] and [31]. More recently
multipoint boundary value problems involving a p-Lalacian type operator or the more
general operator —(¢(2’))’ has been studied in [1], [7], [8], [9], [10], [26] to mention a
few.

We present in Section 2 some a priori estimates for functions z(¢) that satisfy
the boundary condtions in (3). Our a priori estimates corresponding estimates in
explicitly utilize the non-resonance condition for the boundary value problem (3). In
section 3, we present an existence theorem for the boundary value problem (3) using
degree theory.

2. A Priori Estimates

We shall assume throughout that ¢ is an odd increasing homeomorphism from R onto
R satisfying ¢(0) = 0. We shall also assume that the homeomorphism ¢ satisfies the
following conditions:
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(a) For any constant M > 0,

o(Mz) _
hmzbupOo o) - (M) < 0. (5)
(b) For any 0, 0 < 0 < 1,
a =lim su $(02)
alo) =1i . pm¢()<1. (6)

The boundary value problem (3) is a non-resonant problem if the boundary value
problem (4) has only the trivial solution. This holds if and only if

m—2 n—2 n—2 m—2
(D a)(Q_bym =) # (1= b= aic)- (7)
i=1 j=1 j=1 i=1
We shall assume in the following that &;,7; € (0,1), a;, b; € R,i=1,2,---, m—2,
i=12 - n—20<E <E < <nao<,0<T << < T <1
satisfy the condition (7). We observe that when condition (7) holds then at least one
of 1" 2a;, 1 Z;Zf b; is non-zero. Now, for a € R, we note that a* = max(a,0),
a” = max(—a,0) so that a = a™ —a~ and |a] = at 4+ a~. Let us define oy by the
following:
S v . )
[ SEEEE e 1),if 1072 #0and Y177 b #
01 = min o,ifl—z b;éOandzjfbj_o
1f 1-— Zn 2 b; =0.
(8)
Proposition 1. - Let &,7; € (0,1), a;, b € R, i=1,2, ---, m—2,j =1, 2,
n—2,0<E <b < <o < L,0< T << < T <1,

with (X707 ai)(S17 by — 1) # (1= X5200)(1 = 7% ai&s) be given.  Also
let the function z(t) be such that xz(t), z'(t) be absolutely continuous on [0,1] and
2(0) = 77 (&), (1) = X357 bja(r;). Then

12 oo M 1| 2 Il 9)

where

M = mm{|Z _ +Z|al|)\ (10)

1 Z‘:l |bj( —Tj)|
b. . J ;
EDR G \1—23:3bj|)

n—2
1+Zj:1 | b;(1—1) | 1 }
n—2 )
[1-30050b 1 1o
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with \; = max(§;,1—§;) fori=1,2, -, m—2, pj = max(7;,1 —7;) forj =1, 2,
n—2, and o1 as defined in (8).

Proof.- We first observe that M < oo, since at least one of > " Zai, 1— 27;12 b; is

non-zero.
Next, we see from z(t) = x(§) + f s)ds for i = 1, 2, — 2 and the

m—2

assumption that 2/(0) = > )" " a;2(&) that

m—2 m—2 m—2 t m—2 t

(Z a;)x(t) = Z a;x(&) + Z ai/ 7'(s)ds = 2'(0) + Z az/ z'(s)ds

i=1 i=1 i=1 i i=1 i
Accordingly,

\Zaznx <l \+Z|az||/ s)ds |.

m—2
+ ) Ailai) |2 o s
=1

where \; = max(§,1— &) fori =1, 2, ---, m — 2. It is now immediate that
||517||<>o_IZ ' 1+Z>\|az D" oo - (11)

Now, we shall assume in the following that 1 — Z;:f b; # 0, since we see from (10)
1

that M = D |(1+2 ?a; | \) when 1— 3" "Fb; = 0.
Now, we see from z(l) —z(ry) = fl 2'(s)ds, for 5 =1, 2, - - -, n — 2, and the
assumption z(1) = 7" 2 ba(r;) that (Z;:f b — Dz(1) = 2b; f s)ds. Tt,

then, follows that
SITE b (=) |
z(1)] < =2 3 2" Jloo - (12)
| 1—=225=1 bj |

Next, we use the equations z(t) — z(7;) = th z'(s)ds, for t € [0,1], j =1, 2, - - -,
J
n — 2, and the assumption 2(1) = > 7~} 2, ;2(7) to get

1
z(t) = Zj : bj +Zb /] ), for t € [0,1]. (13)

It, now, follows from (12), (13) and with p; = max(7;,1 —7;) for j =1, 2, -2
that
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n—2 n—2
1 2= 1 b1 =75) |
2 oS e (5 "o + D 1 10 D2 [l - (14)
|Zj:1 bj| ‘1—2]':1 bj| ]:Zl
Similarly. starting from the equation z(t) = z(1) — ftl x'(s)ds, we obtain the
estimate
Yot i1 =) |
2 [leo< (5 w3 + ) 12 oo - (15)
| 1=2251 05|
Next, since z(1) = Z;L;f bjz(7j) we see that

n—2 n—2
2(1)+ Y bya(r) =Y bfa(m).
j=1 j=1

It follows that there must exist x1, x2 in [0, 1] such that

m—2

(14 Y07 )ea) = (X b le) (16

i=1
If, now, one of z(x1), x(x2) is zero, we see using one of the two equations

¢
z(t) = z(xk) +/ 2'(s)ds, k=1,2; t € [0,1] (17)
Tk
that
[ 2 oo <[l 2 [loo - (18)

If both x(x1), x(x2) are non-zero it is easy to see from (16) that x(x1) # z(xz2), since
we have assumed that 1 — Z;l;f bj # 0, so that 1+ Z;l;lz by # Z;L;f bl Tt then
follows easily from (16) and (17) that

|2 [loo<

/
oo 1
<=l (19)

where o7 as defined in (8).
The proposition is now immediate from (11), (14), (15), (18), (19) and the defini-
tion of oy as given in (8).//

Lemma 2. - Let us set

n—2 n—2 m—2
A = (1_ij)++2[bj(1 75)( a;)]* (20)
=1 j=1 i=1
m—2 n—2
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and
B o= (-3 )+ Y- m)(Y el 21
m7]2_ ” n—2 -
+ [ai(1—&)(1— Z bj)]_
Then
A # B,

when the non-resonance assumption (7) holds.

Proof.- We note that

n—2 m—2 m—2 n—2
A-B = 1beJ +Z =) a)l + Y a1 = &)1 = by)]
i—1 i=1 i=1 j=1
n—2 n—2
= 172b1+ Zaz O b= bim)
=1 Jj=1 Jj=1
n—2 m—2 m—2
+(1 = Z b])( a; — aié;)
j=1 i=1 i=1
n—2 m—2 n—2 m—2 n—2 m—2
= 1_Zb3 ( al)(ZbJT])+Zai_(1_Zb])(Z i&i)
J=1 i=1 J=1 i=1 J=1 i=1
n—2 m—2 m—2 n—2
= (1_ij)<1_ Zai&) ( az)(zbﬂ—] -1)
j=1 i=1 i=1 j=1

7 0,

in view of the non-resonance assumption (7). Hence A # B. This completes the proof
of the lemma.//
Let us define o* by

o = min{%7§} c0,1), (22)

where A, B are as defined in Lemma 2.. Accordingly, we see that

a(c™) = lim sup $lo"2)

z—00 ¢( )

in view of our assumption (6). Let € > 0 be such that &(c*) +¢ < 1 and the constant
C. be such that

<1,

d(0"z) < (a(o™) +e)p(z) + C., for every z € R. (23)
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Proposition 3. - Let &,7; € (0,1), a;, b € R, i=1,2, ---, m—2,j =1, 2,

,n—2,0< & <& << e <,0< T <Ty < < Thoo < 1,
with (15 a) (X2 by — 1) # (1 - Z;:f b;)(1 = Y7 ails) be given.  Also
let the function x(t) be such that x(t), x'(t) be absolutely continuous on [0,1] with
(6(x'))' € L}(0,1) and &/(0) = X057 asa(€:), w(1) = X23=2 bya(ry). Then

1 C
! <— Ny _— 24
I 6) 1% Tg =2 | O oy g @D
where € and C. are as in (23).
Proof.- For j = 1,2, - - -, n— 2 we see using mean value theorem that there exist A;
in [0,1] such that
z(1) —a(r;) = (1 = 73)2’' (),
and we see using z(1) = Zn b, ;(75) that
n—2 n—2
O b= Da(1) =D b1 — ) (A)). (25)
j=1 j=1
Also, for i =1, 2, - - -, m — 2 we see using mean value theorem that there exist x; in
[0, 1] such that
(1 ) = (&) = (1 - &)2'(xi),
and we see using 2/(0) = Y. % a;x(&;) that
m—2 m—2
(Z at)x(l) Z az 1 - gz z) (26)
i=1 i=1
Now, we see from equations (25), (26) that
m—2 n—2
(Y a) Qb1 =m)a'(Ay)
i=1 j=1
n—2 m—2

(b~ D0+ 3 a2/
7]1:2 n—2 m—2
(3 by = D2 (0) + (3 b = DY sl = €)' (xi).

It follows that

m—2 n—2
(D a)Q b1 —7)' ()
i=1 j=1
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Using, next, the intermediate value theorem we see that there exist vy, v2 in [0, 1]
such that

Az'(v1) — Ba'(v2) = 0, (27)
where A, B are as defined in (20), (21). Suppose, now, one of z’(v1), 2'(ve) is zero.
We then see from one of the following equations

t

P(a'(t)) = p(a"(vr)) +/ (¢(2) (s)ds, k= 1,2; t € [0,1] (28)
that
| ¢(@") lloo<Il (&(2)) L1 (0,1) - (29)

Let us, next, suppose that both a’(v1), 2’(ve) are non-zero. Since, now, A # B, in
view of Lemma 2. we see from equation (27) that

2’ (v1) # 2 (vg).

We now use the equations

oo (1)) :<mam»+/kwfwwm5

— oG )+ [ 66 ),

k

along with the definition of o*, as given in (22), (23) and the estimate (29) to obtain
the estimate (24). This completes the proof of the proposition.

3. Existence Theorem

Let ¢ be an odd increasing homeomorphism from R onto R satisfying ¢(0) = 0, f :

[0,1] x Rx R — R be a function satisfying carathéodory conditions and e : [0,1] — R

be a function in L'[0,1]. Let &,7; € (0,1), a;, bj € R, i=1,2,--,m—2,j =1,

2, —2,0<§E <6< <n2o0<,0< << < Tpog < 1 with
-2 -2 —2 —2 .

(o ) (255 by — 1) # (1= 30070 05) (1 = 32007 aiéy) be given.

Theorem 4. - Let f : [0,1] x R x R — R be a function satisfying carathéodory’s
conditions such that there exist non-negative functions dy(t), da(t), and r(t) in L*(0,1)
such that

(£, u,0)] < di()d(|ul) + da () d(|v]) + (D),
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for a. e. t €[0,1] and all u, v € R. Suppose, further,
a(M)||di][Lro,1) + [ldallLr0,1) <1 —a(o”) (30)
where M is as defined in Proposition 1., a(M) is as defined in (5), o* and a(c*) are

as defined in (22), (23). Then, for every given function e(t) € L'[0, 1], the boundary
value problem (3) has at least one solution x(t) € C1[0,1].

Proof.- We consider the family of boundary value problems

(p(z")) = Af(t,z,2') + Xe, 0 <t <1, A€ [0,1]
m—2 n—2
(0)= > ax(&), x(1) =Y bia(r)). (31)
i=1 j=1

Also, we define an operator ¥ : C1[0,1] x [0,1] — C'[0,1] by setting for (z,\) €
C0,1] x [0,1]

Y N (1) = / o1 / (F(rx(r). 2 (1) + er))dr)ds
+(2'(0) — Z a;ix(&;) Zb z(74)) (32)

Let us, suppose that z(t) € C[0,1] is a solution to the operator equation, for some
A€ 0,1],

x = Uz, N

n / 6~ (0(a(0) + A / (F(r,2(r), 2/ (7)) + e(r))dr)ds

m—2 n—2
+(@'(0) = Y agw(&)) + (1) = Y bjx(r)) (33)
i=1 j=1
Evaluating the equation (33) at ¢ = 0 we see that x(¢) satisfies the boundary condition
m—2
2'(0) = Z a;iz (&)
i=1
Next, we differentiate the equation (33) with respect to ¢ to get
¢
Pt = 67O +A [ ((raln)a (7)) + er)dr
0
n—2
j=1
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Evaluating,now, the equation (34) at t = 0 we see that x(t) satisfies the boundary
condition

n—2
2(1) =Y bjx(r)),
j=1
and on differentiating the equation (34) with respect to t we get
(o)) = Af(t,x,2") + e, 0 <t < 1, A €]0,1].

Thus we see that if z(t) € C1[0,1] is a solution to the operator equation x = ¥(x, \)
for some A € [0,1] then z(¢) is a solution to the boundary value problems (31) for
the corresponding A € [0, 1]. Conversely, it is easy to see that if z(t) € C'[0,1] is a
solution to the boundary value problems (31) for some X € [0, 1] then z(t) € C*[0, 1]
is a solution to the operator equation z = ¥(x, A) for the corresponding A € [0, 1].

Next, it is easy to show, following standard arguments, that ¥ : C1[0, 1] x [0, 1] —
C'[0,1] is a completely continuous operator.

We shall next show that there is a constant R > 0, independent of A € [0,1],
such that if z(t) € C'[0,1] is a solution to (33), equivalently to the boundary value
problems (31), for some A € [0, 1] then ||z||c1}0,1) < R.

We note first that if z:(t) € C[0, 1] satisfies

x = U(xz,0), (35)

then z(t) = 0 for all ¢ € [0,1]. Indeed, from the definition of ¥ or from the boundary
value problem (31), it follows that z(¢) = z(0) + 2/(0)¢. It then follows from the
two boundary conditions in (31) and the non-resonance assumption (7) we find that
z(0) = 2’(0) = 0, implying that z(¢) = 0 for all ¢ € [0, 1].

We shall assume, in the following, that A € (0,1]. We shall also assume that o*,
as defined in (22) is positive, since the proof for the case o* = 0 is simpler. Let us
choose € > 0 such that a(c*) +e < 1 and

(@(M) +&)lldllLr(0.1) + l[d2l[Lr0,1) <1 —a(07) —¢, (36)

which is possible to do, in view of our assumption (30). Here M is as defined in
Propostion 1. and a(M) is as defined in (5) so that for the € > 0, chosen above, there
exists a constant C > 0 such that

d(Mz) < (a(M) +€)p(2) + CL, for every z € R. (37)

Also, from Proposition 3. we see that there is a constant C2 > 0, for the chosen ¢ > 0,
such that
1

1@ (=) 10,1) + CZ. (38)
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We, now, see from the equation in (31), using our assumptions on the function f,
Propostion 1., and estimates (37), (38) that

(@) Iz = dlllzlloc)lldrllLro,1) + B2 l|oo) 2]l (0,1

+I7llz10,1) + llellz1(o,1)

< SM|'|oo)lld1 10,1y + A([12"| o)l L1 (0.1)

Hrllzro,1) + llellzro,)
((a(M) +e)lldi[L1(0,1) + 1ld2llL1(0,1))B(]|2"[| )
+I7llzr0,0) + llellzro,n) + C'51||dl||L1(071)
(a(M) +e)lldil|rr0,1) + [ld2
- 1—a(o*)—¢

IN

[
D \1(@(@)) |11 0.1) + Ce,

where Ce = [|r||z1(0,1) + llellz1(o,1) + Cllldul|L1(0,1) + CZ[(a(M) + €)ldal|L1(0,1) +
l|d2|[z1(0,1y]- It, now, follows from (36) that there exists a constant Ry, independent
of X € [0,1], such that if z(t) € C[0,1] is a solution to the boundary value problems
(31) for some A € [0, 1] then

I1(@(x")"l|L1(0,1) < Ro.
This combined with (38) and (9) give that there exists a constant R > 0 such that
l|zllcipo,1) < R.

This then implies that deg; ¢(I — ¥(-,A), B(0, R),0) is well-defined for all A € [0, 1],
where B(0, R) is the ball with center 0 and radius R in C1[0, R].
Let, now, X denote the two-dimensional subspace of C[0,1] given by

X ={A+ Bt |for A, BeR}. (39)

Let us define the isomorphism 4 : R2 — X by

i<g>=i<g>€X,for(g>eR2, (40)

where
z< A (t) = A+ Bt, for t € [0, 1]. (41)
5)

Also, we define a 2 x 2 matrix A by setting

27-7512 a; 2@12 a;& — 1
A= i=1 ¢ i=1 . 42
( —(1=2000h) X b - 1 1)



82 Chaitan P. Gupta

We note that det A =(327%,% i) (3727 bymy — 1) = (1= 727 b)) (1= 2077 ais) # 0,
in view of the non-resonance assumption (7).
Next, we define a function G : R? — R? by setting

A A
o(5) = #(5)
(Sl a)A - (1-50 " ai)B (43)
(=20 b)) A+ (I b —1)B )

j=

for(g)ERQ.

We note that for v(t) = A+ Bt € X we have

(=¥ (.0)) =¢G< )
B

and it follows that
G=i"to((I—-9(0))|x oi.

Now, we see from the homotopy invariance property of the Leray-Schauder degree
that
degLS(I - \11(7 1)7 B(Ov R)a O) = degLS(I - \I"(v O)a B(Oa R)’ 0)
= degg({ —¥(-,0)|x,X NB(0,R),0)
= degyp(G,B(0,R),0),

where B(0, R) denotes the ball of radius R in R? with center at the origin. Finally,
we have, using standard results for Brouwer degree, (see [27], [28], [29]) that

1,if det A > 0
degp (G, B(0, R),0) = { _1.if detA < 0.

Next, we see from the non-resonance assumption (7) that

m—2 n—2 n—2 m—2
det A :(Z ai)(z bjtj—1) —(1— Z bj)(1— Z a;&;) # 0,
i=1 j=1 j=1 i=1

and hence deg; o(I—-¥(-,1), B(0, R),0) # 0. Accordingly, there exists z(t) € B(0, R) C
C'[0,1] such that
x=U(z,1),

equivalently z(t) is a solution to the boundary value (3). This completes the proof of
the theorem.//
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