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Abstract

Let p be any prime greater than three. The unique regular oriented tri-
angular map of valency p with automorphism group isomorphic to PSL(2, p)
is constructed combinatorially. In particular, it is shown that the underlying
graph has diameter 3 and if a map automorphism preserves one vertex then it
also preserves all vertices that are of distance 3 from it. All circuits in the map
can be derived from circuits of length six or less. The types of circuits of length
six or less are listed and a two-generator, four-relator unified presentation for
the groups PSL(2,p) as p varies is stated.
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1. Introduction

Oriented maps are defined in terms of transitive group actions, but their definition is
motivated by 2-cell imbeddings of graphs in oriented topological surfaces. (There are
parallel theories for maps imbedded in non-oriented surfaces but as these are not con-
sidered in this paper we shall usually abbreviate the term “oriented map” to “map”).
Automorphisms of a map will be defined later; regular maps are those for which the
automorphism group is transitive. Regular maps are particularly important in that
they represent imbeddings with certain maximal symmetry properties. For example
regular maps necessarily induce imbeddings where the valency and the number of
edges bounding a 2-cell are constants. (However the converse does not hold, see [7,
p- 305].) The study of regular maps offers several research directions, some of which
we mention now. The most obvious examples of representations of regular maps are
the Platonic “solids” of antiquity. These all have genus 0; a program to character-
ize regular maps with particular “low” genus is a natural one to undertake. This is
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carried out in [7] for genus 1. Another line of examination concerning regular maps
is the enumeration of regular maps having an automorphism group of a particular
isomorphism type. This task reduces to the determination of the Md&bius inversion
on the subgroup lattice (see e.g., [5], [6]). A further issue is raised by the fact that
a regular map induces an underlying graph; this rouses the question which specific
graphs can underlie a regular map? Some results of this kind are reviewed in [9]. A
similar aim would be to investigate whether regular maps induce underlying graphs
that satisfy certain specified properties; a particular case is dealt with in this paper.

We define a certain type of maps. An extreme-vertex-fixing map of order r is a
regular map with an underlying graph of diameter r satisfying:

(i) For any vertex v, there is a unique maximal set S, of vertices including v such
that the distance between any two vertices of S, equals r.

(ii) For any vertex v, there is a non-identity automorphism of the map that fixes
each element of S, but no other vertices.

For example, the regular octahedron represents an extreme-vertex-fixing map of or-
der 2, the cube and icosahedron are extreme-vertex-fixing maps of order 3, and the
dodecahedron is an extreme-vertex-fixing map of order 5. (In each case |S| = 2).
Given the existence of the automorphism in (ii), the fixed vertices induce invariance
properties that will help in the analysis of the structure of the map. The purpose of
this paper is to construct an infinite family of extreme-vertex fixing maps of order 3.
Specifically, we shall prove:

Proposition 1.1 For every prime p > 3, the unique regular triangular map with
automorphism group isomorphic to PSL(2,p) and vertices of valency p is an extreme-
vertex fixing map of order 3.

2. Theoretical Background and specific aims

In this section we outline (oriented) map theory as far as we need it. We follow the
treatment (and notation) of [7], rather than that of [2] which is perhaps more widely-
known.

An oriented map M is a set ) together with permutations x and y of € such that
x? is the identity permutation and the group G generated by z and y is transitive on
Q. We denote M by the quadruple (G, 2, z,y) and we term the elements of €2 as the
darts of M. Also we abbreviate “oriented map” by “map”.

Every map is faithfully represented as a 2-cell imbedding of a graph in an oriented
surface and vice-versa. Details of this association may be found in [7]. For this paper,
only an informal outline of how an imbedding induces a map is required. Let G be a
graph imbedding. Then we define {2, i.e., the darts, as the set of pairs (v, e) where e
is an edge of G incident with the vertex v of G. The positioning of the darts in G
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follows these rules: If § = (v, e) is a dart, then x(d) is the other dart on the same edge
e, and y(d) is the next dart (following orientation) in the cycle of darts at the same
vertex v. Having determined the permutations z and y on Q, we define G := (z,y).
As G is connected, it is clear that G acts transitively. Then (G, Q,z,y) is a map.

From the orientation of the surface, any dart 0 is naturally associated with a
unique 2-cell F' (where if § = (v, e), e is part of the boundary of F'). Note that letting
z:=axy~ ! then 2z(d) = x(y~1(5)) is the next dart (following orientation) in the cycle
of darts associated with F'. It is natural to define the vertices, edges and faces of M
as the cycles of the permutations y,x and z on 2 respectively. If the order of z is
three, we call M triangular.

An automorphism of the map M := (G,Q,z,y) is a permutation of Q which
commutes with all elements of G. The automorphism group of M always acts semi-
regularly; if further it acts transitively we term M as regular. Examples of regular
maps are those of the form (G, |G|, z,y), where |G| denotes the underlying set of the
group G and x and y act on |G| by left-hand multiplication in G. (Multiplying g € G
on the right of elements of |G| constitutes an automorphism of M.) In fact every
regular map is isomorphic to a map of this form.

If M is regular and the constant number of darts incident to a vertex is d, M is
said to be of valency d. This paper will give enough information to form an explicit
construction of the unique regular triangular map of valency p with automorphism
group isomorphic to PSL(2,p) (where p is any prime). We shall denote this map as
M(2,p,3). It will be shown that for all p > 3, the underlying graph of M (2, p,3) has
diameter three, and the family of maps M (2,p, 3) are extreme-vertex-fixing maps of
order 3.

A particular two generator set of PSL(2,p) will be associated with the map
M(2,p,3) and, broadly speaking, the relators in these two generators can be “read
off” from the circuits that occur in M(2,p,3). Hence our construction of M (2,p,3)
is a good vehicle to examine presentations of the groups PSL(2,p) in these specific
generators. The small diameter of these maps allow us to consider only relators asso-
ciated with circuits of length six or less. In the paper a list of such circuits is given.
A process of derivation of circuits from others (analogous to derivation of relators
from other relators) allows the deduction of the following unified presentation for the
groups PSL(2, p):

(XY | X2=YP = (XY )P =LY =W (X, Y)Y W(X,Y))

where « is any primitive root of GF(p) (i.e., any generator of the cyclic group
{1,2,...p — 1} under multiplication mod(p)), and

W(X,Y)=XY* XY°X.

The argument for this result is omitted, as other presentations are extant in pre-
vious papers. In [1], for example, a similar two generator, 4 relator presentation is
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given. However this presentation was obtained indirectly by first obtaining a partic-
ular presentation of the group SL(2,Z(?)), where Z(?) = {x/2! : x,t € Z}, and then
by employing an homomorphism onto SL(2, p). The authors of [1] state that it would
be desirable to have a direct demonstration of their presentation. The presentation
stated above was acquired directly. (Any reader interested in the proof may contact
the author.)

3. Some definitions concerning circuits of a map M

For this section, we suppose that M is a map without loops (edges whose vertices
coincide), and given any two vertices there is at most one edge between them (i.e.,
there are no multiple edges). G will be assumed to be finite. Also forthwith we shall
not distinguish a map from its corresponding imbedding.

A path in M is a finite sequence of vertices such that every pair of consecutive
vertices is joined by an edge. The length of a path is the number of vertices in the
sequence minus one. The distance d(v,v’) between two vertices is the minimal length
of the paths linking them. The diameter of M is the maximum distance found in M.

A circuit in M is a cycle of at least two vertices such that every pair of consecutive
vertices of the cycle is joined by an edge and that each vertex appears in the cycle at
most once. For all positive integers n, an n-circuit is a circuit with n vertices in its
cycle. (In the case of n = 2, the cycle involves taking the joining edge twice.)

A circuit Cy in M and a path linking two vertices of Cjy naturally determine two
circuits, C; and Cs say. Then we say that any one circuit from Cy, Cy, Cs is simply
derivable from the other two. Whether a circuit is derivable from a given set E of
circuits {E1, ..., E,}, n > 2, is determined by the following inductive definition:

e if n =2, then C' is derivable from E iff C' is simply derivable from F; and Es,

e if n > 2, then C is derivable from E iff there exists E;, E; € E s.t. 3 circuit F
(simply) derivable from FE; and E;, and C' is derivable from the set EU {F'} \
{Ei7 E7}

Let v1, v2, v3 be successive vertices of a path, with e; joining v; to v and es joining
vg to vg. Let dy be the dart (vg,e1) and dy the dart (vg,e2). Then we define the angle
Zv1v9v3 to be the least natural integer k satisfying yk(dl) = do. If v; and v3 are
understood we will abbreviate Zvjvavs by Zvs. For a circuit C := (vy,...,v,), we
call the cycle of integers (Zv1, ..., Zv,) the cycle of angles of C.

We suppose that M := (G, |G|, z,y) is regular. Two circuits are called equivalent
if they share the same cycle of angles. An (equivalence) class of circuits of M cor-
responds to a conjugacy class of words in the symbols x and y reducing in G to the
identity.

Suppose that P is a presentation of GG in the generators = and y, and that J is a
subset of the relators of P. Let C € J and E = J\ {C}. We suppose also that C' (as
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a circuit of M) is derivable from a set of circuits all elements of which are equivalent
to elements of E. Then P’ obtained from P by deleting the single relator C' is also a
presentation of G.

4. Some information about the groups PSL(2,p), p odd prime

GL(2, p) is the group of invertible 2 x 2 matrices with entries in the finite field GF(p)
of order p, p odd prime. SL(2,p) is the set of elements of GL(2,p) with determinant
1. PSL(2,p) is the quotient of SL(2,p) by its centre, i.e., {I,—I}. The subgroup
structure of PSL(2,p) is described in Chapter 12 of [3]. The order of PSL(2,p) is
p(p? —1)/2.

G :=PSL(2, p) acts doubly transitively on the points of the projective line GF(p)U

{oo} by
a b av +b
i<c d)'v_)cv—kd

The stabilizer of any point in this action is a Frobenius group F', with the complements
cyclic of order (p — 1)/2 and the kernel K cyclic of order p. The normaliser of K in
G is F, the centraliser of any y € K \ {I} in G is K. Further y" is conjugate to y in
G is equivalent to r is a non-zero square in GF(p).

Let g € G; we denote the order of g in G as o(g). An element of G has order 2
if and only if its trace is 0, has order 3 if and only if its trace is £1, and has order
p if and only if its trace is £2 and is not the identity element. By Theorem 3 of [8]
there is exactly one conjugacy class under PGL(2,p) of pairs (z,y) of elements of G
satisfying o(z) = 2, o(y) = p and o(zy~!) = 3. By Theorem 4 of [8], any such pair
(z,y) generates G.

1 0 0 1 1 -1
we deduce that, up to isomorphism, (G, |G|, z,y) is the unique regular map of valency
p with the automorphism group PSL(2,p). We denote this map by M(2,p, 3).

Now taking z := & (0 and y := =+ <1 1), we have zy~! = + (O 1) S0

5. The construction of the map M(2,p, 3)

Proposition 5.1 Let M := (G,|G|,z,y) be a reqular triangular map with G =
PSL(2,q) or PGL(2,q), these being matriz groups over GF(q), q any prime power.
We suppose that ¢ > 3 and the order of y to be d. Then

(i) yiz # Ifor every i € Zg,
(i) y'xy’z=1=1i=7=0 mod d,

(iii) y'zyizyfz =1 =i=j=k =41 mod d.
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(The geometric interpretation of these results is M does not possess loops or multiple
edges, and does not contain 3-circuits except those forming the triangular faces of the
imbedding.)

Proof. In general, the proof may be found in [4, p. 183-191]. For the sole case
which concerns us, i.e., M = M(2,p,3), the results are easily checked by setting

0 —1 1 1
x—:l:(l O),y—:l:(o 1). O

Let M := (G, |G|, x,y) be any regular map. Then the correspondence « : g — gy
for all g in G is an automorphism of M and « fixes the vertex v if and only if for
some i € Z,

alg) =y'g, Vgew.

Thus the fixed vertices of a are determined from the solutions for ¢ in gy = y'g as
1 varies. Let N be the number of fixed vertices of o, M the number of powers of y
conjugate to y, and d the order of y. Then we have:

N = (M.|Cc(y)])/d

where Cg(y) is the centraliser in G of y. Applying the above to M(2,p,3) we have
d=p, M = (p—1)/2 and |C(y)| = p. (Refer to section 4 for these facts.) Hence

Proposition 5.2 For p odd, the automorphism o« : g — gy of M(2,p,3) fixes exactly
(p —1)/2 vertices.

Definitions. Let V be the set of vertices of a graph T" and V' C V. Then the induced
subgraph on V' is the graph with V' as its set of vertices, and there is an edge between
u' v e V(v # ') iff v and v have an edge between them as vertices in T'.

The span S(v) of a vertex v of I" is the induced subgraph on the vertices adjacent
to v in T'; the web W (v) is the induced subgraph on v and its adjacent vertices.

Lemma 5.3 The webs of the fixed vertices under o : g — gy are mutually disjoint
for any M(2,p,3), p prime > 3.

Proof. Let v; # vg be two fixed vertices under . We suppose that the webs of v; and
vy intersect non-trivially; then S(vq) N S(v2) contains at least a vertex. By applying
a repeatedly we see that the vertices of S(v;) are the same as the vertices of S(v).
Further, if S(v1) N S(ve) contains an edge, then S(v;) = S(v2) and M (2,p,3) is of
valency 4 contravening p prime. Suppose now that S(v1)NS(v2) only contains vertices.
Necessarily there are vertices a,b such that (v1,a,b) is a 3-circuit. Then (vs, a,b) is
also a 3-circuit; thus the edge (a,b) is in both S(v;) and S(v2), a contradiction. O

Corollary 5.4 Fach vertex of M(2,p,3) is contained in the web of a unique fized
point of «.



Regular Maps with Automorphism group PSL(2,p) 65

Proof. Each web contains (p + 1) vertices, and there are (p — 1)/2 vertices fixed by
a. By lemma 5.3, there are exactly (p? — 1)/2 vertices contained in some web of the
fixed points of «, accounting for all vertices of M(2,p, 3). a

Now let b be any vertex of M(2,p,3) not fixed by a. Then b € S(u) for some
fixed vertex u of a. For any r € GF(p) \ {0, £1}, let ¢ be the vertex such that Zubc
is 7. Then c is in the span of a fixed point v of o where v # u. Hence we have the
path (u,b,c,v) in M(2,p,3), as we have the path (u,a(d), a(c),v). These combined
form a 6-circuit (u, b, ¢, v, a(c), a(b)) with cycle of angles being (1,r, s, t, —s, —r). (The
“first” angle may be assumed to be 1 because instead of o one might as well have

1

employed any power of a.) The unknowns s and ¢ are easily determined as r—' and

—7r? respectively, by simple matrix algebra using z = =+ (? _01), y== (é 1)

Corollary 5.5 For all primes p > 3, and r € GF(p) \ {0, +1}, the following relation
in PSL(2,p) with generators x and y:
lxy—rxy—r7

Y- lxyr2myT71;vyTac =1

holds and is a 6-circuit of M(2,p,3).

Definition. Let vy and vy be fixed vertices of . Let d and e be darts of v1 and wvg
respectively. Suppose that a(d) = y'd and a(e) = y’e. Then, for any k € GF(p)\ {0},
we say that vo spins kj as vy spins ki.

Using the same notation in the argument for Corollary 5.5, if Zubc is r, then as
u spins once, v spins 12
is linked with (p — 3)/2 other vertices fixed by «; this accounts for all fixed points
of & by Proposition 5.2. If (u,b,c) and (u,b, ') with ¢’ # ¢ both are in S(v), then

Zubc = —r.

. Hence, as r is varied over {2,...,p — 2}, we see that u

Corollary 5.6 Consider M(2,p,3) for any prime p > 3. Every vertex not fived by «
belongs to the span of a unique fized vertex of a, and has exactly two adjacent vertices
in the span of any other fized verter of .

Corollary 5.7 The diameter of the underlying graph of M(2,p,3) for all primes
p > 3 is three.

Proof.  Consider three cases: (i) vy # ve are both fixed vertices of «, (ii) vy is a
fixed vertex, vq is not, (iii) neither v; nor vy are fixed by «. Trivial applications of
Corollary 5.6 yield d(vy,v2) = 3 in case (i) and d(vi,v2) < 3 in case (iii). In case (ii)
it is clear that d(v1,v2) < 4, but applying a suitable power of « ensures that a path
between v, and vs of length two (or one) exists. a
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Note. M(2,3,3) is the tetrahedron and M (2,2, 3) has an underlying graph of three
vertices for which each pair is connected by an edge, so both have diameter 1.

We are now in a position to prove Proposition 1.1:

Theorem 5.8 The map M(2,p,3) for any prime p > 3 is an extreme-vertez fixing
map of order 3.

Proof. Let v be a vertex of M(2,p,3). By regularity, we may suppose that v is fixed
by a. Then by Proposition 5.2, there is a non-identity automorphism that fixes a set
S of vertices including v where |S| = (p-1)/2. By cases (i) and (ii) in the proof of
Corollary 5.7, S forms a maximal set such that the distance between any two elements
is three. Furthermore, by case (ii) , it is also clear that S is the unique maximal set
containing v. O

Theorem 5.9 For any prime p, there is a presentation of PSL(2,p) in x and y such
that all the relators when considered as circuits of M(2,p,3) have length strictly less
than seven.

Proof. The theorem clearly holds for p = 2 or 3, so we may suppose that p > 3. As
the diameter of M (2, p,3) is three, any circuit of length > 8 is derivable from circuits
of length < 7. It remains only to show that any 7-circuit (vq,...,v7) in M(2,p,3) is
derivable from circuits of length < 6. If either d(vy,v4) or d(v1,vs) is less than three
then the 7-circuit is derivable from two circuits of length < 6. From the regularity of
M(2,p,3), we may assume that v is a fixed point of a. If d(vy,v4) = d(v1,v5) = 3
then the adjacent vertices vy and vs are fixed vertices of v implying d(vy4,v5) = 3,
that is a contradiction. O

By Proposition 5.1, the 2-circuits are adjacent vertices with a unique edge connect-
ing them, and the 3-circuits represent the triangular faces of M(2,3,p). We tabulate
below the 4-circuits and 5-circuits, and those 6-circuits which possess vertices v, v’
satisfying d(v,v") = 3. (All other 6-circuits are obviously derivable from circuits of
smaller length and so do not have to be considered). The results are easily obtained
either by using the structure of M(2,3,p) determined above or by using matrix mul-
tiplication with = and y.

Cycle of angles Vr,s € GF(p) excepting:
4-circuits (r, 2r 1 r, 27"71) r#0
5-circuits: Type 1 | (s,s 2 (1 —7),r Y1 —s),r,r ts i (r4+s—1) | r,s#0,L;r+s#1
Type 2 (s,s T 4+7r),r YA +s),rr s r+s+1) | s #0,—L;ir+s#—1
6-circuits: Type 1 (r, rl —sr?, 7 s) r#0,£1;8#0
Type 2 (r,r= Y, —sr?,r~t r s 42771 r#0,£1;s #0

A process of “eliminating” circuits can be performed by identifying them as deriv-
able from the “remaining” circuits such that the presentation stated in section 2 may
be obtained.
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