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Introduction

In this note we first prove an explicit formula for the kth prime (Theorem 1),
which improves a previous result of S. Regimbal [2]. Then we determine the smallest
prime which is greater than a given natural number (Theorem 2), using a method
which extends a previous idea of R. Ernvall [1].

Theorem 1. Let k be a natural number. Then

k2 1
=3 m,
m=2

where [ ] is the integral part function.

Proof. The proof of Theorem has its origin to Regimbal’s proof. We have:

- (3 8,

Let

o -5 (2]

d=1
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A natural number n > 1 is composite if and only if it has a divisor d such that
1 < d < [y/n]. Therefore

| 1 if n is a prime
f(n){ 0 if n is composite.

We also define the function h by h(0) = h(1) = 0 and h(n) = [1/f(n)] for n > 1.
Then h is the characteristic function for the set of all prime numbers.

Let 7(m) be the number of primes < m. Then

Also
w(m), if n is a prime
if m is composite.

If £ is a natural number, then

[1+|khl<m>w(m>]:{ itk hme(on).

Therefore

1 ool m if m is the kth prime
1+ | k — h(m)m(m) | 1 0, otherwise.

J. Rosser and L. Schoenfeld [2] have proved that pr < k(log+loglogk) for k > 5.
Hence, pr < k? for k > 3. Consequently

Pk = f: [1+ = hl(m)w(m) I} "

m=2

which proves the Theorem. O

Theorem 2. (The Smallest Prime Greater than a Given Positive Integer)

Let m be a natural number with m = 2. Let p1,pa,...,p, be the primes not exceeding

m. Let
2m\ |, 4 an S )

c = /D1t - pek, where a; = Y ([2m/pg] — 2[m/pi]) for each i = 1,2,... k,
m s=1

(or let ¢ = (2m)!/p}* ---pb*, where b; = > [2m/pf] for each i =

1<s<([(log 2m)/(log pi)]
1,2,...,k). Lett = c/(c c!). Letr be the height of c in t, i.e. c"|t but "t { t.
Then, the smallest prime greater than m is equal to the natural number

c/(t/c",c).
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Consequently, if p1,p2, ..., Pk, --. is the sequence of all primes, then
Pk+1 = c/(t/cr, C)7
where ¢, t, r etc are defined as above, by putting m = py,.

Proof. Let q1,...,q, be all possible prime numbers in increasing order such that
m < q; < 2m for any i = 1,2,...,n. It is easily seen that ¢ = q1q2---qn. Let a; be
the height of ¢; in ¢!. Then

ai =Y [c/¢f] <> /g <e (1)
s=1 s=1
Also, the following hold true:
[¢/qiv1] = ¢/qis1 < c/gi=[c/q;] for 1Zi<n-1 (2)
lc/qi1) £ [c/q;] for s=2,3,.... 3)

From (1), (2) and (3) we obtain:
c>a1 >ag > >ap > 0.

Hence (¢ ¢c!) = g7* -+ - q¢%~. Thus t = ¢f* - - - ¢&", where e; = ¢ — a; and consequently:

0<e <--- < ey Moreover, ¢||t implies r = ey. Therefore t/c¢” = ¢52~“* -+ - ¢S~
and (t/c",¢) = qa...qn, where ¢/(t/c",c) = ¢1. Finally,

Pry1 = ¢/(t/c",c),
which ends the proof. a
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