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Abstract

A Riemannian manifold (M, p) is called Einstein if the metric p satisfies
the condition Ric(p) = c - p for some constant c. We investigate G-invariant
Einstein metrics with additional symmetries, on some homogeneous spaces G/H
of classical groups. As a consequence, we obtain new invariant Einstein metrics
on some quaternionic Stiefel manifolds Sp(n)/Sp(l). Furthermore, we show that
for any positive integer p there exists a quaternionic Stiefel manifold Sp(n)/Sp(l)
which admits at least p Sp(n)-invariant Einstein metrics.
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Introduction

A Riemannian manifold (M, p) is called Einstein if the metric p satisfies the condition
Ric(p) = ¢- p for some real constant c. We refer to [3] and [13] for a an exposition and
various results on homogeneous Einstein manifolds. It is difficult to obtain general
existence. Among the first important attempts are the works of G. Jensen [7] and
M. Wang, W. Ziller [14]. Recently, a new existence approach was introduced by
C. Béhm, M. Wang, and W. Ziller [4], [5].

The structure of the set of invariant Einstein metrics on a given homogeneous
space is still not very well understood in general. The situation is only clear for
few classes of homogeneous spaces, such as isotropy irreducible homogeneous spaces,
low dimensional examples, certain flag manifolds, and some other special types of
homogeneous spaces ([1], [3], [9], [10], [12]). For an arbitrary compact homogeneous
space G/H it is not clear if the set of invariant Einstein metrics (up to isometry and
up to scaling) is finite or not (cf. [15]). A finiteness conjecture states that this set is
in fact finite if the isotropy representation of G/H consists of pairwise inequivalent
irreducible components ([4, p. 683]).
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Let G be a compact Lie group and H a closed subgroup so that G acts almost
effectively on G/H. In this paper we use a technique developed in [2] to investigate
G-invariant metrics on G/H with additional symmetries. More precisely, let K be
a closed subgroup of G with H C K C @G, and suppose that K = L’ x H', where
{er} x H = H. Tt is clear that K C Ng(H ), the normalizer of H in G. If we denote
L = L' x {eg}, then the group G = G x L acts on G/H by (a,b) - gH = agb—*H,
and the isotropy subgroup at eH is H = {(a,b) : ab~* € H}.

The set MC of G-invariant metrics on G/H is a subset of MP, the set of G-
invariant metrics on G//H. Therefore, it would be simpler to search for invariant
Einstein metrics on M©. In this way we obtain existence results for Einstein metrics
for certain quotients.

We apply this method for the quaternionic Stiefel manifolds V (H") = Sp(n)/Sp(n—
k) of orthonormal k frames in the quaternionic inner product space H". The case
of the real Stiefel manifolds V;(R™) was treated in [2]. In [8] G. Jensen proved that
Sp(n)/Sp(n — k) admits at least two Sp(n)-invariant Einstein metrics. Note that,
according to W. Ziller [16], the simplest case S*"~1 = Sp(n)/Sp(n — 1) admits ex-
actly two invariant Einstein metrics. For k > 2 there is no obstruction for existence
of more than two homogeneous invariant Einstein metrics on the quaternionic Stiefel
manifolds Sp(n)/Sp(n — k).

In particular we prove the following:

Theorem 1. If s > 1 and I > k > 1 then the quaternionic Stiefel manifold Sp(sk +
1)/Sp(l) admits at least four Sp(sk+1) x (Sp(k))®-invariant Einstein metrics, two of
which are Jensen’s metrics.

We also prove the following:

Theorem 2. For any positive integer p there exists a quaternionic Stiefel manifold
Sp(n)/Sp(l) which admits at least p Sp(n)-invariant Einstein metrics.

The paper is organized as follows: In Section 1 we review the basic construction
for searching for invariant Einstein metrics with additional symmetries on G/H, as
introduced in [2]. Metrics with this property for some homogeneous spaces of the
group Sp(n), are described in Section 2, Lemma 2.. In Section 3 we compute the
scalar curvature for these metrics (Proposition 1.), and the variational approach to
the Einstein metrics is given in Proposition 3.. In Section 4, as an application of our
construction, we obtain Jensen’s invariant Einstein metrics on the quaternionic Stiefel
manifold Sp(k1 + k2)/Sp(k2). In Section 5 we investigate Sp(k1 + k2 + k3) x Sp(k1) X
Sp(ky)-invariant Einstein metrics on Sp(k1 + ko + k3)/Sp(k3). Another construction
for searching for invariant Einstein metrics on Sp(sk +1)/Sp(l) is given in Section 6.
Finally, in Section 7 the proofs of the main results are given.
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1. The main construction

We review the method described in [2]. Let G be a compact Lie group and H a closed
subgroup so that G acts almost effectively on G/H. Let g, h be the Lie algebras of
G and H, and let g = h @ p be a reductive decomposition of g with respect to some
Ad(G)-invariant inner product of g. The orthogonal complement p can be identified
with the tangent space T,yG/H. Any G-invariant metric p of G/H corresponds to
an Ad(H)-invariant inner product (-,-) on p and vice-versa. For G semisimple, the
negative of the Killing form B of g is an Ad(G)-invariant inner product on g, therefore
we can choose the above decomposition with respect to this form. We will use such a
decomposition later on. Moreover, the restriction (-,-) = —Bl|, is an Ad(G)-invariant
inner product on p, which generates a G-invariant metric on G/H called standard.

The normalizer Ng(H) of H in G acts on G/H by (a,gH) — ga~'H. For a fixed
a this action induces a G-equivariant diffeomorphism ¢, : G/H — G/H. Note that
if a € H this diffeomorphism is trivial, so the action of the gauge group Ng(H)/H is
well defined. However, it is simpler from technical point of view to use the action of
Ng(H). Let p be a G-invariant metric of G/H with corresponding inner product (-, -).
Then the diffeomorphism ¢, is an isometry of (G/H, p) if and only if the operator
Ad(a)|, is orthogonal with respect to (-, ).

Let K be a closed subgroup of G with H C K C G such that K = L’ x H’', where
{er/} x H = H, and consider L = L' x {ey/}. Tt is clear that K C Ng(H). The
group G = G x L acts on G/H by (a,b) - gH = agb~ H, and the isotropy H at eH
is isomorphic to K (see details in [3]).

The set ME of G-invariant metrics on G/H is finite dimensional. We consider
the subset M& ¥ of M% corresponding to Ad(K )-invariant inner products on p (and
not only Ad(H )-invariant).

Let p € M%K and a € K. The above diffeomorphism ¢, is an isometry of
(G/H,p). The action épn (G/H, p) is isometric, so any metric form M%¥ can be
identified a metric in M and vice-versa. Therefore, we may think of M& as M@K,
which is a subset of M.
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Since metrics in MY ¥ correspond to Ad(K)-invariant inner products on p, we
call these metrics Ad(K)-invariant metrics on G/H.

The aim of the present work is to apply the above construction for Sp(n), and
prove existence of Einstein metrics in the set M %X for various choices of the subgroup
K=L xH'.

Let n € N and ki, ko,..., ks, kst1,...,kst¢ be natural numbers such that k; +
oot ks =L ksy1 4+ +ksye =m, l+m=n. Let G = Sp(n) and K = L' x H', where
L' = Sp(k1) x -+ x Sp(ks) and H' = Sp(ks41) X -+ x Sp(kt4s). The embedding of
K in G is the standard one.

We note that for s = 0 we obtain a flag manifold of symplectic groups. Invariant
Einstein metrics on the spaces Sp(k1+ka+ks)/Sp(k1) x Sp(k2) x Sp(ks), were studied
in [10], [11].

2. Ad(K)-invariant metrics on the space G/H

Let p, be the subalgebra sp(k;) in g, 1 < ¢ < s+ t. We note that for 1 < i < s
the submodule p, of p is Ad(K)-invariant and Ad(K)-irreducible submodule. For
1 <i < j < s+t we denote by p(; ;) the Ad(K)-invariant and Ad(K)-irreducible
submodule of p which is determined by the equality sp(k;+k;) = sp(k;i)Gasp(kj)Gap(iﬂj)7
where p; ;y is orthogonal to sp(k;) ® sp(k;)) with respect to the Killing form B.

Denote by d; and d(; j) the dimensions of the modules p; and p; ;) respectively.
It is easy to obtain that d; = 21{3? + ki, dgg) = 4kik;.

We have a decomposition of p into a sum of Ad(K)-invariant and Ad(K)-irreducible

submodules: .
b= @Pi EB ED P,y - (1)
i=1

1<i<j<s+t

Lemma 1. (/2]) There are no pairwise Ad(K)-isomorphic submodules among the p;
(i=1,....8)and p; ;) 1<i<j<s+t)

Proof. Tt is clear that p; and p; act nontrivially on Pi.j), and that each p; acts
nontrivially on itself. Therefore, there are no pairwise Ad(K )-isomorphic submodules.
O

By the previous lemma we have a complete description of the Ad(K)-invariant
metrics on G/H. Let p be any Ad(K)-invariant metric on G/H with corresponding
Ad(K)-invariant inner product (-, ) on p.

Lemma 2. Any Ad(K)-invariant inner product on p has the form

(-,) = sz ey Y, Z i) - (e

1<i<j<s+t

P i (2)



Invariant Finstein metrics on quaternionic Stiefel manifolds 5

for positive constants x; > 0 and x(; j) > 0, where (-,-) = —B|,. Therefore, the set of
Ad(K)-invariant metrics on G/H depends on (s +1t)(s+t—1)/2+ s parameters.

Note that in the case of pairwise Ad(K)-isomorphic modules p,, and ps the set of
Ad(K)-invariant metrics have a more complicated structure ([14]).

3. The scalar curvature and the Einstein condition

Let {e/,} be an orthonormal basis of p,, with respect to (-,-), where 1 < j < d, (here
a means any of the symbols of type i or (k,i)). We define the numbers (cf. [14])
[a3v] by the relation
aB] = D ([eheh] eb)
i,j,k

where ¢, j, and k vary from 1 to dq,dg, and d., respectively. The symbols [a(7] are
symmetric with respect to all three indices, as follows from the Ad(G)-invariance of
<.’ >

For any Lie algebra q we shall use the symbol By for the Killing form of q. If
a simple algebra q is a subalgebra of a Lie algebra t, then we denote by of a real
number which satisfies the equality By = af - B|q. We will need the following:

Lemma 3. ([2]) Let q C t be arbitrary subalgebras in g with q simple. Consider in q
an orthonormal (with respect to —B,) basis {f;} (1 < j < dim(q)). Then

dim(q)
> (=Bellfi, fil, f)* = af, i=1,...,dim(q),
j,k=1
dim(q)
> (=Belfi fi], f1))? = af - dim(q),
i,5,k=1

where oy is determined by the equation By = of - Bylg.

Using this lemma we obtain an explicit expression for [aGv]. It is clear that the
only non-zero symbols (up to permutation of indices) are

[aaal], [a(a,b)(a,b)],  [b(a;b)(a,b)],
where 1 < a <b<s+t, and [(a,b)(b,c)(a,b)], with 1 <a<b<c<s+t.

Lemma 4. The following relations hold:

ka(ka +1)(2kq + 1) kaky(2kq + 1)

jaaa] = Pl PV T D) g, py) = Bl et D),
(e 8)(a0)) = D) (00,00, ) = P
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Proof. For the standard embedding sp(k) C sp(n) we have aZiE:)) = HL (see eg.

[6])-

The first equality [eaa] = ko (ka tllj_(% aD follows from Lemma 3.. In fact, d, =
. sp(ka
dim(sp(ka)) = 2k2 + k, and asign)) = %:—11_

To prove the second equality we consider the subalgebra sp(k, + kp) C sp(n). It is
clear that [p,, py] = 0, [Pa,P(a,)] C P(ap)- According to Lemma 3. we have that

(katky) _ Ka(2kq + 1) (ko +ky + 1)

laaa) + [a(a, b)(a,b)] = dim(p,) - a37(35 nt 1 ’

which proves the second equality. The third equality can be obtained analogously.

To prove the forth equality we consider the subalgebra sp(k, + ky + k.) C sp(n). It
is clear that

dim(p(a,p)) - @208 T = 2 ([(a, b)a(a, b)] + [(a, b)b(a, b)] + [(a,0) (b, c)(a, ),

from which we obtain the last equality.

According to [14], the scalar curvature S of (-,-) is given by

SN =532 LY e

9
x Tl
a Y o,By B

where a, 5 and v are arbitrary symbols of the type ¢ (1 <4 < s) or of the type (i, j)
(1<i<j<s+1t).
For the metric (2) this formula takes the following form.

Proposition 1. The scalar curvature S of an Ad(K)-invariant metric (2) has the

form
)2k, +1) 1 kokp
S = Z 4(n + 1) ) E +2 1§a<Zb§s+t T(a,b)
D T C VY N A R L YIS
A(n+1) 1<a<s, a+1<b<s+t T(a,p) A(n+1) 1<a<b<s T(a,b)
- ST kakoke ( Hab) | Fad | Feo ) NE)
ntl, i<t T(a,)T(be)  T(ab)T(be)  L(ab)T(ac)

Denote by M the set of all G-invariant metrics with a fixed volume element on
the space G/H. The following variational principle for invariant Einstein metrics is
well known.
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Proposition 2. ([3]) Let G/H be a homogeneous space, where G and H are compact.
Then the G-invariant Finstein metrics on the homogeneous space G/H are precisely
the critical points of the scalar curvature functional S restricted to MY.

For the general construction as described in Section 1, the above variational prin-
ciple implies the following;:

Proposition 3. ([2]) Let M be the subset of MEE with fized volume element.
Then a metric in M?’K is Einstein if and only if it is a critical point of the scalar
curvature functional S restricted to ./\/lf’K.

Proof. The set MfK is precisely the set of G-invariant metrics with fixed volume
element on G/H. |

The volume condition for the metric (2) takes the form

S
Ha:f : H :z:i(};) = constant . (4)
i=1 1<i<j<s+t

By using Proposition 3. the problem of searching for Ad(K)-invariant Einstein
metrics on G/H reduces to a Lagrange-type problem for the scalar curvature func-
tional S under the restriction (4).

4. Jensen’s metrics

As a first simple illustration of Proposition 3. we will show that Jensen’s metrics ([8])
on the quaternionic Stiefel manifold Sp(k1 + k2)/Sp(k2) can be obtained. We apply
Proposition 1., formula (3) for s = 1 and ¢ = 1. Then the scalar curvature reduces to
o ]{31(1{31 + 1)(2]{31 + 1) 1 ]{31]{32 1 I

— 2 ko (2ky + 1)

S
4(n+ 1) €1 X192 4(n+ 1) $122

The volume condition (4) is V = 2% 293? = constant. By use of Lagrange method we

obtain the equation
2(](11 + 1)1‘?2 — 4(k1 + kg + 1)9319312 + (le + 2](12 + 1)1‘? = 0,

which has two solutions

., _2(k1+k2+1)ﬁ:\/§\/1+kz1+2k2+2k1k2+2k§x
12 = 20k + 1) 1

These solutions are Sp(ky + k2) X Sp(ki)-invariant Einstein metrics on Sp(k; +
k2)/Sp(k2), which were found in [8]. Note that if k; = 1 the above solutions sim-
plify to z12 = %zl and x5 = 2162%3931, which are Einstein metrics on the sphere
S4k243 — Y (HF2H1) (cf. [8, Example p. 612-613]). Also, the Einstein metric for the

case iy = %9:1 is the metric of constant curvature on S*2+3.
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5. New examples of Einstein metrics

In this section we will investigate Sp(k1 +k2+ks) x Sp(k1) x Sp(k2)—invariant Einstein
metrics on the space Sp(k1 +ka+ks3)/Sp(ks). Here L' = Sp(k1) x Sp(kz). By Lemma
2. these metrics depend on 5 parameters.

We apply Proposition 1. for s = 2 and ¢ = 1 for the space Sp(k1 +ka+ks)/Sp(ks).
By the Lagrange method we obtain the following system of equations:

w203 ((kn + Dadoaty + kardads + ksatohy) = 210ty (ke + Dadaeds + mizdads + ksadels ),

2z13 ((kz + 1)zia233 + k123733 + kswgwﬁ) = T2T23 (4(l€1 + k2 + k3 + 1)z12213223
—(le + 1)1‘1%13%23 — (ka + 1)1‘2%13‘T23 + 2]413%?2 — 2]631‘121‘%3 — 2/€35L‘125L‘§3),

T13 (4(k1 + k2 4+ k3 + Dxiozisxas — (2k1 + 1)z1213723
—(2k2 + 1) 22213723 + 2ksaty — 2ksz1223s — 2]"33131213%3) =

T12 (4(k1 + ko 4 k3 + 1) z12213223 — (2k1 + 1)z1212203 + 2ko2ts — 2kow13270 — 2’62131317%3)»

23 (4(k1 + ko + k3 4 Dz1ox13z23 — (2k1 + 1)T1@12@03 + ko — 2kow13x3y — 2kax1323s ) =
2
1

T13 (4(k1 + ko + k3 + Daiaziszes — (2k2 + Daewioris + 2k125s — 2k12232T, — 2k12032 3)
5

=

If 213 = x23 = 2z then the above system (5) reduces to the following:

2(k1—ka)z12+(2ka+1)zo

T = 2k1 1 )
ZTo = (kg +1)2%215
(2ka+k1+1)22+kza2,’

2
223y (ko +1)(2ke + 1) (ke — kl)((2k2 +2k1 4+ 1)2% + 216355%2) ((kz + k)2 + ksﬁz) =0,

2(k3 + k1ks)xty — 4ks(ks 4 ko 4+ k1 + 1) zaly + (2kF 4 2k3 + 4k1 ko
+4kiks 4 10kaks + 2k1 + 3ko + 6ks 4 1)2%23, — (8koks + 4kiks + 12koks + 4 + 4k
+8ky + 12ko + 8k3 + 4k?)23x10 + (2k% 4 10kaky + 6k + 8ka + 8k3 4+ 2)2* = 0.
(6)
From the third equation of (6) we get that a solution exists only when k1 = ko.
Let k1 = ko =k, ks =1, x1 = 20 = x, x15 = 1, £13 = x23 = 2. Then the original
system (5) reduces to:

22(x — 1)(((3k Fl)a—k—1)22 + lx) —0,

7
z((4kz+2m—8k—4)22+(8k+4l+4)z—(2k+1)a:—2k—2l):O. )

If z = 1 we obtain Jensen’s solutions, so assume that x # 1. Then from the first

equation of the system (7) we get x = ( (k+1)22

(€S EE In particular, 0 < z < 1 for any



Invariant Finstein metrics on quaternionic Stiefel manifolds 9

positive z. Substituting this expression to the second equation of (7) we obtain the
equation Fg,(z) = 0, where

Fsp(2) = 2(10k% + 7k + 1)2* — 4(6k* + 3kl + 5k + [ + 1)23 ®)
+(8k% + 14kl + 5k + 61 + 1)22 — 41(2k + 1+ 1)z + 21(k + 1).

If the equation Fsp,(z) = 0 has a solution z > 0, then we get a new Sp(2k + 1) x
Sp(k) x Sp(k)-invariant Einstein metric. Some results of calculation are presented in
Table 1. However, we can show that there exists an infinite series of new homogeneous
Einstein manifolds, as the next proposition shows

Proposition 4. Ifl > k > 1 then the quaternionic Stiefel manifold Sp(2k+1)/Sp(l)
admits at least four Sp(2k + 1) x Sp(k) x Sp(k)-invariant Einstein metrics.

Proof. We consider the polynomial (8). Then Fs,(0) = 2i(k +1) > 0, Fsp(z) — o0
as z — oo, and Fsp(1) = 4k* — 4kl —k — 21 —1—2(> < 0 for | > k, so Fs,(z) =0
has two positive solutions. From the above discussion these solutions are Einstein
metrics, which are different from Jensen’s Einstein metrics. Thus the result follows.

O

Note that Proposition 4. is a special case of Theorem 1. stated in the Introduction.

1|2|:
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N
o
o
~
o
©
=
o
=
=
-
©
-
©
-
N
ol
=
ol
o
-
3
il
®
.
©
M
<

00| ~1| | e s [ cof vo || =~ 2

©

-
o

-
o

=
)

-
w

—
N

-
o

=
o)

-
3

-
©

=
©

20| o] 1o nof vof o] o] v ro] o f pof o] pof ro] o f pof o] o R0 R
20| o] 1o nof vof o] o] v ro] o f pof o] pof ro] o f pof o] o R0 R
2| 10 1] 1o] 1of 1o o] 1| 10| o f pof o) Bof R0 Mo f pof o o o] ©
2| 10 1] 1o] 1of 1o o] 1| 10| o f pof o) Bof R0 Mo f pof o o o] ©
2| 10 1] ro] pof o] o] 1] R0 o f pof o) pof R0 Mo f pof M| | O] ©
2| 10 [ o] pof o] o] 1| R0 o f pof o) pof R0 v f rof M| | O] ©
2| 100 1] o] pof o] o] 1| R0 o f pof o) M| o o[ o[ | of o] @
2| o] 1o o] pof o] o] 1| R0 o f pof o) pof o] o[ o[ | of o] @
2| 0] 1] o] pof o] o] 1| R0 o f pof o) M| o o[ o[ | of o] @
2| 0] [ o] pof o] o] 1] R0 o f pof o | R0 o[ | o] of O] @
20| o] 1o nof vof o] o] v ro] o pof o) pof b0 o[ o o] of o] ©
20| o] 1o nof vof o) o] v ro| o pof vo) | b0 o[ of o] of o] ©
20| o] 1o nof vof o) o] v ro| o pof vo) | b0 o[ of o] of o] ©
20| o] 1o pof vof o) o] v ro| o pof vo) | b0 o[ of o| of o] ©
2| o] 1o o] vof o] o] pof ro| o pof v | o o o o| o o] ©
2| o] 1o o] vof o] o] pof ro| o pof v | o o o o| o o] ©
2| o] 1o o] vof o) o] pof ro| o f rof vo| | o of o o o o] @

N
=]

Table 1. The number of positive solutions of the equation Fs,(z) = 0 for various
(k,1). (New Sp(2k +1) x Sp(k) x Sp(k)-invariant Einstein metrics on
Sp(2k+1)/Sp(1)).

6. Another construction for searching for Einstein metrics

As shown on Section 5 we can find by our method new invariant Finstein metrics on
Sp(k1 + ko + k3)/Sp(ks3), only when k1 = ka. It would be reasonable to extend this
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idea to thecaset =1l and ky = ko =---=ks =k (s > 2), ksy1 = 1. Thenn = sk+1.
If we choose L' = (Sp(k))?), then by Lemma 2. the set of Sp(n) x (Sp(k))*-invariant
metrics depends on (s + 3s)/2 parameters, which makes the problem difficult for big
values s.

However, if we choose L’ = Ngpsx)(Sp(k))?, the normalizer of (Sp(k))* in Sp(sk),
(this is an extension of (Sp(k))® by a discrete subgroup), then the number of para-
meters of corresponding Sp(n) x L-invariant metrics reduces to three. More precisely,
the following lemma holds:

Lemma 5. If L' is chosen as above, and K = L' x H', where H = Sp(l), then
we have a decomposition of p into a sum of Ad(K)-invariant and Ad(K)-irreducible
submodules

p=p P ®ps, (9)
where p; = ©i_; p;, 52~ = Di<i<j<s Pij), and Py = ®i, Plstry (cf (1)) The
submodules py,py and ps are pairwise inequivalent, therefore any Ad(K)-invariant
inner product of p is given by

)=,y G, 20 G0, (10)

Proof. For any 1 <i < j < s any two of the submodules p, and p; are interchanged
by Ad(a), for some a € L. Similarly, any two of p; 1y and p(; 41y (1 < 4,5 < s)
i 3 1<i<j<s 1<i<j <s).
Therefore decomposition (9) follows. The other statements are obvious. |

are interchanged, and any two of p(; ; and p

Next, we compute the scalar curvature for metric (10).

Proposition 5. The scalar curvature S of an Ad(K)-invariant metric (10) has the
form

LD S = b+ )b+ 1)+ 1+ 25— DR((s+ Dk +2) T+ 8(ks + 1+ 1) S
- ((s —Dk(2k+1) - % + (2k + 1)1 - :—2 +2(s — 1)kl - j—2> (11)

2k+1)ky23(s—1)k224skl

with volume condition x5( = constant.

Proof. Metric (10) is a special case of metric (2) for which the scalar curvature was
obtained in Proposition 1.. We apply these expressions for t =1, ky = --- = ks = k,
ksyi=lLandz, =2 (1<a<s),zap=y (1<a<b<s), zes41 =2 (1 <a<ys)

to obtain .

kalka +1)(2ka +1) 1 sk(k+1)(2k+1) 1
D A(n+1) ‘7. 4An+1) 7

a=1
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kak kok kok 1 1
D D M D D e AR A

1<acb<stt (@b jcapcs T(ab)  jcqlspmgt1 T(arb)
Tq Tq
> kakp(2ka +1)—— = > kaks(2ka +1)—
X X
1<a<s, a+1<b<s+t (a,b) 1<a<b<s (a,b)
Zq s(s—1)k2*(2k+1) =z T
+ > kaky(2ka + = 5 ot sk(2k + 1)1 =5
1<a<s,b=s+1 (a,b)
T s(s — Dk2(2k + 1 T
ST kaky(2ky + 1) — = ( )2( )-—2;
1<a<b<s T(a,b) Y
So 0 kakoke ( Hah) 4 Fed e > =
1§a<b<c§s+t m(avc)x(bvc) x(a,b)x(b,c) m(avb)x(avc)

xa xac ’IC
3 kakbkc( (@h) o Fao) (b,>>

1§a<b<c§s m(avc)x(bvc) m(avb)x(bvc) m(a,b)x(a,c)

'Ia xac ':Z:C
+ Y kakbkc( @h 4 _ed 09 >_

oot T(a,)Tbe)  T(ab)Tbe)  T(ab)T(ac)

—1)(s—2)k* 1 —1)k2 2
S - 2K 1 sle- DR (2}
2 Y 2 22y
so equation (11) is easily obtained. The dimensions of py,p, and ps are sk(2k +
1),2s(s — 1)k? and 4skl respectively. Thus the volume conditions are obtained, and
the proof is completed. O

In order to find the critical points of the scalar curvature S for the above two

cases, note that the expression % - S and the volume are of the form
a b ¢ x x Y
F(mayvz)zg—"_;—’_;_dﬁ_ez_g_fz_gv G(x7y’z):l,pyqz7‘ (12)

respectively, where the constants a, b, ¢, d, e, f, p, ¢ and r are positive, and

pb—qa qe
d="—2+—, f= 13
q+2p P (13)

We need to consider the following problem: Find all the critical points (with posi-
tive coordinates) of F'(x,y,z) under the constraint G(z,y, z) = constant. This is a
Lagrange-type problem, and it is easy to obtain the following lemma (see details in

[2]):
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Lemma 6. The critical points of the function F(z,y,z) with positive x,y,z under
the restriction G(z,y,z) = constant satisfy the following equations:
1) If x =y, then

r(a+d)z* — pcrz + e(2p + 2q + r)2* = 0;

2) If x £y, then
. aqyz?
 pfy?+d(g+2p)2?

(2d(q + 2p) + bq)drz* — (q + 2p)edqyz® + (2d(r + q)(q + 2p) + (r + 2p)aq) fy*2*—
cfpay’z + (r+2¢) fpy* = 0.
If in addition d(q + 2p) > agq, then y > x.

Now let
P(u) = (2d(q + 2p) + bq)dru® — (q + 2p)cdqu® 4 (2d(r + q)(q + 2p) + (v + 2p)aq) fu*—

cfpqu+ (r +2q) f*p. (14)

It is clear that the equation P(z/y) = 0 is equivalent to the last one of Lemma 6..
The following simple lemma will be used for the proof of the main theorems

Lemma 7. If P(1) <0 then equation P(u) =0 has at least two positive solutions.

Proof. Tt is evident from the facts that P(0) = (r 4+ 2¢)f*p > 0 and P(u) —
-+o0o0 when © — +00. O

7. Proof of the main results

Proof of Theorem 1. We use Lemma 6. for values of a,b,c,d, e, f,p,q and r taken
from the symplectic case of Proposition 5.. If = y then we obtain the two Jensen’s
solutions as derived in Section 4. If z # y then for the polynomial (14) we have that

P(1) = 852k (2k + 1) (s — 1)%(2sk? — 25kl — k — 21 — 1 — 21?).

It it easy to check that 2sk? — 2skl —k — 20 —1 — 21> < 0 for | > k, s > 2, thus
P(1) < 0. By Lemma 7. the equation P(u) = 0 has at least two positive solutions,
so obtain at least two new invariant Einstein metrics. Since in this case it is also
d(q + 2p) > agq, then y > x for these new metrics. O

Proof of Theorem 2. Fix a positive integer p and choose positive integers n,l such
that n—1 has at least p different prime factors a1, as,...,a, witha;, <l (i =1,...,p).
Take k any of the a;’s, and positive integer s so that n — [ = sk. For this choice of
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k

,1, s we use Theorem 1., and obtain that the homogenous space Sp(n)/Sp(l) admits

at least two Sp(n) x (Sp(k))°—invariant Einstein metrics which are not invariant under
the group Sp(n) x Sp(n — 1), that is they are not Jensen’s metrics. It is easy to see
that for different choices of k = a; we obtain pairwise different metrics (because they

h

ave different full motion groups). Therefore, we obtain at least 2p pairwise different

Sp(n)-invariant Einstein metrics on the quaternionic Stiefel manifold Sp(n)/Sp(l). O
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