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Sharp inequalities for Riesz, Bessel and Yukawa
potential operators

Athanase Cotsiolis and Nikolaos K. Tavoularis

Abstract
We obtain best constants for inequalities with Riesz, Bessel and Yukawa
potential operators. As an application, we give a theorem concerning
conformally invariant higher-order differential operators on the sphere.

1. Introduction

Inequalities of Sobolev type have a wide range of applications and have been exten-
sively studied (see for example [1], [2], [3], [4], [7], [10], [11], [12], [15], [16], [18], [20],
[24]). Sometimes, it is also important to have precise estimates for the constants
appearing in these inequalities. This has been the subject on many papers recently
(cf. [2], [5], [6], [10], [13], [14], [19], [23], [25],[26] and the references therein).

More precisely given an integer k € N, the Sobolev space H*(R") is defined as the
space of those functions f € L? satisfying |V‘f| € L2(R"), 1 < ¢ < k. The Sobolev
imbedding theorem asserts that H*(R") C L4(R") for ¢ = 2n/(n — 2k) when n > 2k.

2n

For example, when k =1, n > 3 and ¢ = ;=*;, we have the inequality

112 < CullVAIl3, € H'(R) (1)

The best value for the constant C,, in the above inequality has been estimated to
be (cf. [2], [23])

L) r/" )

Cp=n"tn"tn-2"" [F(n/?)

where I'(t) is the Gamma function.

Also using the formula % = %F (”T'H) we have
2/n
Co= 2 ur2in—g2np-ttvm 4 p (]
n(n — 2) n(n —2) 2
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where w,, = 2r(*+1/2/T (21) is the volume of S,, which is the sphere of radius 1 in
R,

We have equality in (1) if and only if
flx) = A(p? + (z — 20)?)"»2/2 zeR"

where A € R, pu > 0 are fixed constants and zo € R".
Also a generalization of (1) is the following inequality (cf. [2], [23])

Fllg < CopllVIlps  f e G (R) (3)

where let 1 <p <n and 1/g =1/p—1/n and the best value for the constant C,, , in
the above inequality has been estimated to be (cf. [2])

1/n

1 (np-D\"” I(n+1)
Crp = ( n—p ) F(%)F(n+1—%)wn_1 @

when p > 1, and w,,_1 is the volume of the standard unit sphere of R"™.

We have equality in (3) if and only if
f(z) = A(;ﬁ + |z — $0|p/(p—1))(p—n)/p7 r R
A, 1 and xg as above.
For x = (x1,...,xn), k = (k1,....,kn) € R™, we set (k,z) = k1z1 + ... + 2k, and
|z| = (x,2)"/2. The gradient V£ of a differentiable function f is Vf = ( of of )

Tﬁ’ ) Bz
If f,g € L*(R"), then we set < f,g >= [5. f(z)g(x)dz.
Recall that the Fourier transform of a function f € L(R") is defined by

Fioy = [ 7m0 pa)da
We set ()" (=) = f(=2) = " (). So f = (/)"
Note that (—A) f(k) = (2r|k|)? f(k) where A is the Laplacian in R™ A = (9%/9%x1)
+ ...+ (8%)0%y).
The operators (—A)*/2 were defined in ([21]) by

(~2)"2f(x) = ((2rle)*F(©) " (@)

Also H*P(R™) is the completion of C§°(R™) under the norm ||f||fgspmn) =
11l + 1 (—2)2f1].

Note that [V f]l2 = | (—A)/2 /] and that [V f], # [(~A)"2fll,. By corollary
1 §7.1 in [18], for £ = 1,2, ..., there exist positive number ¢ and C that depend only
on n, £ such that c||[(=A)/2f]|, < ||V f|l, < CJ|(=A)/2f]|,. (see remark in the end
of the theorem 2.1).
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The operators (—A)~%/2, 0 < s < n, are called Riesz potential operators (c.f. [21])
and we have (—A)~%/2(f) = I, * f, where I, is the Riesz potential

1 n/2957 (g /2
Iy(x) = ;|$|‘”+S’ where ¢, = W
s 272

We have shown (c.f. [8] and [9]) the existence of a sharp constant for Sobolev

inequalities with higher fractional derivatives. For ¢ = -22- any function f €

n—2s
H*2(R") = H*(R") satisfies

112 < S(n,s)||(-=A)*2 |13 (5)
Where Sn.s) = 22— L) { L(n) rs/” (6)
ST T () (Tw/y)]

There is equality in inequality (5) if and only if

_mn—2s

f@) =A@+ (x—x0)?) °

with A € R, > 0 and x¢ € R"™.
Let us recall that the operators (I — A)*/? have been defined by (cf. [21])

(I ZA)2f(€) = (1 + (2x[]) )2 (&)

The operators (I — A)~%/2, for s > 0, are called Bessel potential operators (cf.
[11]) and they are given by convolution with the Bessel potential

Gs(z) = L/O 67\30|2/456765(7n+s)/2(%57

where a(s) = T'(s/2)(4mr)"/2.
Also H*(R"™) is the completion of C§°(R™) under the norm

1 ey = 12 = A)*/2 2.

It is well known that H®(R™) is continuously imbedded into LI(R™) if 0 < s < n/2,
2<g<2n/(n—2s)orn=2s,2<g<ooorn<2s 2<qg<oo.

We next remind the Green’s function for —A + pu? with g > 0. It is well known
(c.f. [15]) that for each n > 1 and p > 0 there is a function G that satisfies

(—A+p*)GY =4, (7)

and is given by
Gy(z) = G (z —y), (®)
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G (z) = / by 2 S gy, 9)

0
The function G is called the Yukawa potential, at least for n = 3, and played an
important role in the theory of elementary particles (mesons), for which H. Yukawa
won a Nobel prize.
The Fourier transform of G* is ([15])

Gri(k) = (2 lk))® + 1®) . (10)

2. Main Results

Theorem 2.1 Letn > 2s >0 and p = =22-. Then

n+2s
1£15 < S(n,)II(=A) I3 . f € H*P(R™) (11)
where ).
r(*5*) [T | "
S(n,s) =2"%g"* —~ 2 . ~ . (12)
L (%) [T(3)
We have equality in (11) if and only i f = I, « F with

F(x) = A(p? + (z — 20)?)~("*28)/2 where A € R, u > 0 and xp € R™ are fized
constants.

Proof. We have (—A)*/2f € LP(R™) and therefore (— )‘5/2f exists by the Hausdorff
- Young inequality (Theorem 5.7, [15]).
Also the function

gim ¢, _Jal"m (<)
where ¢, := 7~ */2T'(/2), a > 0, is a LP(R™) - function by the Hardy - Littlewood -
Sobolev inequality (Theorem 4.3, [15]).
We have

~

(k) = LIk ()25 (R) = . (2m)° TR
Moreover (Corollary 5.10, [15]),

/ k]2

Cn—2s /n/n S/Qf ( A)S/Qf(y)|x_y|25_ndl‘dy

By the Hardy - Littlewood - Sobolev inequality we have

(a2 k=

’
2 Cn—2s (n—2s)/2
< —=7
Hf||2 = 0/28(27r)25
14 m=2s

Xr(%_n—Q%) r(3) L AYs/2 112
T (n— 252) lp(n)l 1(=2)*"2 1117 (13)
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and therefore the inequality (11) follows.

Finally, let us observe that in order to have equality in (11) we must have equality
in (13) and as it is well known by the Hardy-Littlewood-Sobolev inequality (Theorem
4.3, [15]), this happens if and only if (=A)%/2f = A(u? + (z — x0)%)~("+29)/2 je.
f =1Isx F for fixed constants A € R, ;x> 0 and xzy € R™.

Remarks (i) We have shown in [9] that ||[V¢f||2 = C||(=A)2f||2 (¢ € N), with

= F(nQZ)]l/Q
c=2" n42m)2 | 22 .
LT erem [r(

(ii) For p = nQ—fz and ¢ =1 we can give the constant C' such that

IVFI; = ClN=2)V2£117

We have that ||f||3 < C2_ ||V f]|2 for p = f—fQ and

2/n
_ —3n I(n+1)
C’?L,2n/(n+2) =(n— 2)(n 2/np@=3m/n ( n+2) w )
2 n—1

is given by (4). Combining this inequality with the fact that c||[(—A)'/2f]|[2
IV fI12 < Cl[(=A)Y2 ]2 (corollary 1 §7.1 in [18]), we have that

IN

1£113 < C LIV A1 < CORII(=A)V2 51,

Also [|f]13 < S(n, D)||(=A)Y2f|2 < S(n,1)L||V f]|2. However, S(n,1) and CZ

are the best constants for the inequalities || f[|3 < S(n,1)[|(—=A)Y2f|2 and ||f||3 <

C2 IV f||2 respectively. Therefore we have that

n—2)/n n\)2 2/n
c= =300 _ vy (”2>(2 Y <wn—1(F(2))> _

cz, n— wn  I(n)

Theorem 2.2 Letn > s >0 and p = -22. Then

o
1fllg < K(n,s)[[(=A)*2f|l, , f € H*P(R™) (14)
where ¢ =p = 2 and
) 1 ]
K(n,s) = (4m) () [F(g)] (15)




104 Athanase Cotsiolis and Nikolaos K. Tavoularis

Proof. Let (—A)¥/?2f =g i.e.
f=(=0)""% (16)

We shall prove that ||(—A)~*/2g]|, < K(n,s)||g||,- Indeed, it follows from Hardy
- Littlewood - Sobolev inequality (Theorem 4.3, [15])

—S 1 sS—n
1(=2)""glly = |I—|=[*"" *gllg

11/ n \'/" o
( ) Cmn/rp)lllal " holigl,  (17)

!
Cs T Wn—1

where l +1l=14 l i.e r = - and hence 7’ = 2. Also ¢’ is the dual index of ¢ i.e.

q —p—nJrS Wehave

s—n N [Wno1 (n—s)/n
et~ [~=] (18)
and combining (17) and (18) we have
r(z-3) 2n
—A)s/2 < __\2 2/ e =7
||( ) g||11— 77"/2291_‘(3/2)0(”7” S’n—‘rs)”ng
ie.
T(n s INE r(z —s/n
||(—A)7S/2g” < (5 ) an—s)/2_~ \2) (5) (5) HQH
qa = n/22 F(S/Z) (n—i—s) F(n) P
and it follows from (16)
1£llg < K(n,9)[[(=2)*2f]],-
Theorem 2.3 For 1 <p < oo, letn>ps>0 andq= n:”;S. Then
1£llg < S(n,p, )II(=A)*2fl, , f € H*P(R™) (19)

where the sharp constant S(n,p, s) satisfies

n S

L(%2-3) n (wn,1>("—8)/" n(p—1) + ps
/2257 (s/2) s \ n np?

S(n,p,s) <
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Proof. We have to prove that ||(—A)~%/2f||, < V(n,p,s)||f|l,- Indeed, it follows
from Hardy - Littlewood - Sobolev inequality

1(=2)=*"2 ]l

1 s—n
— *
1=l £l

11
cs 1!

n 1/r
( ) Clnonfr e ol fll, (1)

Wn—1

where * + % =1+ %, i.e r = —"— and hence 7’ = %. Also ¢’ is the dual index of ¢ i.e.

qJ = np_”erps. It follows from (18) and (21) that

_ 1
1(=2)7"2fl]4 < —Cnn—sp)llfllp. (22)
We can compute a upper bound for C(n,n — s,p). We have,

o1\ (=) n(p — 1
Clnn—sp) < ﬁ(u) n(p—1) +ps

s\ n np?

Combining (22) and (23) the theorem follows.

Remark The constant in the right side of (20) is not the best for the inequality (19)

when g = "2 (p an ) but it is a upper bound for the best constant S(n,p, s).

n—ps = n+gqs )’
2n

s we have

For the case p =

S(n

2n I (%52) (wn,l)(n—S)/n n+2s
)\ n

’n—|—257s) /29T (% 4s

_ _2n
p= n+2s

theorem 2.1 and for the case p = ¢’ (p = 2n In ) by the theorem 2.2.

n+s7q = n—s

However, the best constants are estimated for this case ( ) by the previous

Lemma 2.1 Let f € LP(R™) with p = 2n/(n+s), then [ exists (by Hausdor{f- Young’s
inequality (Theorem 5.7, [15])). The function g := Gas* f is an L*(R™)-function and
hence has a Fourier transform g

~ ~

§(k) = Gas(k) (k) = (1+ (2 |k])?) =" F (k)
Also, we have

1Gas = fII5 < B(n, s)II fII; (24)
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where the best constant B(n, s) is

B 1 251, —s/2 s/2(n_8>(n—s)/2
Blms) = (( B <47r>8/2> G

/ / e~ O+ (5e)* 71 (0 + &) 7*/2ddde (25)

and the integral above converges for 0 < s < 1/2.

Expl—

Equality can occur in the inequality (24) above if and only if f(x) is a multiple of
" (x — xo, J(x — x0))] where xg € R™ and J is any real, symmetric, positive-

definite matmx

Proof. We can find a sequence f!, f2, ... of functions in C§°(R™) such that f7 — f
strongly in LP(R™). The function g is in L?(R").Indeed,

loll3 = / Jgta)Pda

- /n /an(y)/oooe Looyl® 5 5—n/2+s— Ldsdy

N (F(s 47r"/2> /n/ [/
x/n [/0 o lasp? o—E /25— 1d5f(z)dz] e

1 2 ,pc0 poo s
_ - 57n/2+571 —e.—n/2+s—1
<r<s><4w>"/2>/o / // ©
|z—z]2

x [ / e ] F() F(2)dydzddde (26)
‘We have
|z—y|?

o2 a2
/ 677‘!“ - | 677“ d | _ (Cd)n/Q(c_’_d)fn/Qe*ﬂ' —Td (27)
RTL

() )

_ 2 _ 2
cn/2€ melk| dn/Qe wd|k|

2
dz

n/2+51d5f(y)dy:|

Indeed,

/N
®
ofE
*
®
|
3
m.‘i
M)
N~
>
—
Bl
SN—
I

12 wz 2 Vv
<€7rc e >(y) — (ed)"? (677r(c+d)|k| dn/Z) ()
2\ A
= (cd)V? <67w<c+d>|k|) (—y)

= (cd)n/2 (C + d)—’ﬂ/Qei c|+d
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ie.

7N
m‘
3
Oi
N
*
Q\
3
&‘i
N
~~
—
=
Il

n/2 —n/2 —wﬂ
cd)"(c+d) e Tetd

122 Y —2z|2
/e*”Te*7r a dZ
Rn
(cd

If weset Y =z —y and Z = z — y then we will have (27).
Combining (26) and (27) (for ¢ = 47d and d = 47e) we have

||g||§ = ((]_" 47T n/2>/ / —(6+¢) 55 s— 1(5+€) n/2

X [ / / e~ 1F v /46+e) £y f(z)dydz] déde (28)
Applying the Young inequality (Th. 4.2, [15]) we have
eyl - o || —mlel®
/ / e "G f(y) f(2)dydz < Cp g pinl|fIl; [|e” " F7CF (29)
q
fOI'p:’I"_mand + = + —219(]: 2fs
We can calculate
2 n—s (n—s)/2
e TTIeEn || = (47) (/2 (6 4 ) (nm8)/2 ( ) (30)
n
q
and also
$pan/2o8/2

Cpapin = W

Combining (30), (31) and (29)
o dz—ul® — 250/ 255/2 s nes
/ / e A7 (5+e) f(y) (z)dydz < W(zlﬂ-)( )/2(6 + 5)( )/2

o (n—s)/2
(22 e (32)

Combining (28) and (32)

|| HZ - 1 QSnTL/QSS/2 n—s (n—s)/2
glla = (F(S))2 47T)S/2 (n+s)(n+s)/2 n

x / e~ (652)571(8 + £)~*/2dide | |2 (33)
0 0

and therefore g € L*(R").
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Let
gj = G2$ * fj

Since f7 — f, we have ;”3 — ]?Ain ¥’ (R™) (by the Hausdorff-Young inequality).
By the Young inequality we have g7 — g in L?(R"™).
Indeed,
lg’ = gll3 < B(n,s)|| 7 — fI; — 0.

We have g7 (k) = (1+ (2r|k[)2)”° f9(k). Our problem is to show that g(k) =
(1 -+ (2nlk)?) ™" Tk . o

To do this, we pass to a subsequence. Since ¢/ — g in L?(R") and f/ — f in
LP(R™) we have g/(k) — g(k) and fi(k) — A(k) pointwise a.e. (by the theorem of
completeness of LP—spaces). Thus,

g = Jim (14 (@nlk)) 7 FE) = (14 @alk)?) ™ Jim Fi(k)

J

~

(1+ (27[k)?) " F(k)

for almost every k.
By Plancherel’s theorem (Theorem 5.3, [15]) we have

(F,0)= | F@)G(x)de = (k)G(k)dk.

Rn R

For F =G =Gos* f
~ —2s | 7
19I5 = /n (14 @alkD?) 7 [f(R)[Pdk = l|gll3 < B(n,s)||fIl}

By the Young inequality (Theorem 4.2, [15]) we have that equality can occur in
the inequality (29) and therefore in the inequality of the theorem if and only if f(x)
21 (x — xo, J(x — 9))] where g € R™ and J is any real,
symmetric, positive-definite matrix.

is a multiple of Exp[—

Remark Using the Mathematica package we can compute the integral

I:/ / e~ 0% (52)° (6 + ) ~*/?déde
o Jo

For s=1,1=+/7/2

Generally,
s s s
I = F(f)l“ F [7, ,1f7,1}
p) b5 81—
Leos(ms)I (1 — £)T (—=%) T(s) 3s s
- F —, 1+ =1
+2 1"(17378) 215727 +2,
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_1287r1/2cos(37751/2) (—%)F(%) JF, {8’5714_5,1]
2 I'(z-3%) 2
RUENIOIC IR
2 I'(1+%) 2 2

where o Fi[a, (3,7, 2] is the hypergeometric function (Chapter II, [17])

_ I'(y) > Pla+n)D(B+n)2"
2Fifa. B,7,2] = F(a)r(ﬁ);) T(y+n) nl

The series converges in the unit circle |z] < 1. If |z] = 1 the series converges
absolutely for Re(a + 8 —7) < 0. In this case,

Iy —a—p)

F 1] =
2 1[&,,6,'}/7 ] F('Y_a)r('y_ﬁ)7
with  # 0, -1, -2,
Particularly,
s s L(1—-%)r1-2s)
2F1 |:§a8a1_§71:| - F(l* )F( 7%)
and

3s CD(1+3)T(1—-2s)
2b {3 71t 3 ]_ F(1f2§)r(1fs)

So, the integral I converges absolutely for 0 < s < 1/2 and we have

472 cos(ms)T'(1 — 2s)
3ssin(2s) sin(37s) (O(1 — 5))° T (-%)

Theorem 2.4 Let f € H**(R") and ¢ = 22, n > s. Then the following inequality
holds:

1113 < Bn, s)II(Z = A)° f113 (34)

where B(n, s) is the best constant for the inequality (34) and

B 1 25,”175/255/2(,” _ S) s)/2
50:9) = (i) S e

< 47% cos(ms)(1 — 2s)
3ssin(2ms) sin(37s) (O(1 - 5))° T (- )

if 0 < s < 1/2. Equality in the inequality (34) attained if and only if f(x) is a
multiple of Exp|— n+s L (x—xg, J(x—120))] where zg € R™ and J is any real, symmetric,
positive-definite matriz.
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Proof. Let f,g € C§°(R™). Then we have

(f9) = (R = [ [+ nlbl)?) T [+ 2mlk?) g0

n

(R < [ (k) (FPan [+ Qi) GwRak
= =713 [ 1+ k) fgeo P
< I - A) FIEB, 5ol (39)
by the Lemma 2.1, with p = nzfs.

Now setting g = f9~1 € LP(R™) one obtains from (35) that

113" < Bn s)ILFTH I = A)£113

te. |IfIl < B(n,s)|I(I — A)*fl[3-
To have equality in (35) and hence in (34), it is necessary according to the Lemma
2.1 f9=! be a multiple of Exp|—-2(z — xo, J(z — x0))] where zo € R" and J is any

real, symmetric, positive-definite matrix.

Lemma 2.2 Let f € LP(R"™) with p = f—_ﬁl, then ]? exists (by Hausdorff-Young’s

inequality). The function g :== G* x f, where
oo =2 .
GH(x) = / (drt) "/ 2e= 1t g
0

is the Yukawa potential (see Introduction), is an L?(R™)-function and hence has a
Fourier transform g

(k) = Gi(k) f(k) = ((2nlk))? + 12) " Flk).
We have
1G* % 113 < Un, w)|| 112 (36)

/20, 1y(n—1)/2
where U(n, p) = ”(n(fl)%ﬁ is the best constant for the inequality (36).

Equality can occur in the inequality (36) above if and only if f(x) is a multiple of
Emp[f%(x —x0, J(x — zg))] where g € R™ and J is any real, symmetric, positive-
definite matrix.

Proof. The proof is similar to the proof of Lemma 2.1.
We can find a sequence f1, f2, ... of functions in C§°(R™) such that f7 — f strongly
in LP(R™). The function g is in L?(R"). Indeed, we have similarly to the proof of
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Lemma 2.1

lolly = (ame [ [T ety g

[/n /n 2‘:‘7’*5)f )f(z)dydz} dtde (37)

Applying the Young inequality (Theorem 4.2, [15]) we have

_plz=vl? — o =?
[ [ e 5 10 @yt < Cpapall 13 || 7 (38)
n Jen .
forpzr:f—flandl—&- +1=2ie ¢g=_-";andalsoq =n,p =2
We can calculate
© . (n—1)/2
e ot | I gn—Lp(n=1)/2(4 | gy(n=1)/2 <”1) (39)
q n
and also
Cpag.qm = 20"/ (n+ 1)_(n+1)/2 (40)
Combining (37), (39), (40) and (38)
||g||% < 7T'_1/2( )(n—l)/2(n+ 1)—(n+1)/2n1/2
/ / LT e (t 4 )~ 2dtde] | £ (41)
But,
l/2
te—h (t+e) "V 2dtde = —
/ / 2u3
So,
—2
lollp = [ (CnlkD? + ) )

1/2(n _ 1)(11 1)/2 2

and therefore g € L?(R"™).
Using a simple approximation argument as in the proof of the Lemma 2.1 we have

G(k) = (@nlk])? + 12) " F(k).

By Plancherel’s theorem we have

(F,G) = / F(2)G(z)dz = /]R F(k)G(k)dk
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For F=G=G"x f
~ -2 ~
19115 = / | (@mlk)? +p2) " |f(k)[Pdk = ||g]13 < U(n, w)|IfI[7

By the Young inequality we have that equality can occur in the inequality (38)
and therefore in the inequality of the theorem if and only if f(x) is a multiple of
Exp[—-2% (x — w0, J(x — 0))] where x5 € R™ and J is any real, symmetric, positive-
definite matrix.

Theorem 2.5 Let a function f such that [|(—A + p?)f|l2 < co and ¢ = 22, n > 1.
Then the following inequality holds:

111G < U mll(=A + p?) £13 (42)

where

n1/2(n71)(n71)/2 1
CES G

is the best constant for the inequality (42).

There is equality in the inequality above if and only if f(x) is a multiple of
Ea:p[—f—j:l(x — xo,J(x — x0))] where zg € R™ and J is any real, symmetric, positive-
definite matrix.

U(n,p) =

Proof. Let f,g € C§°(R™). Then we have

(o) = F= [ [(@nk)?+ ) F®)] [(nlk)? + )" 50 d

(FoP < [ (k) + ) 1FoPak / (kD) + ) (k) Pk
= A [ (@) ) ) P
< A+ )BT w9l (43)
by the Lemma 2.2, with p = 22

Now setting g = f97! € LP(R™) one obtains from (43) that
IAIZT < U@, wllfHIPI=A + 1) 113

ie [If1I7 < Un, m)ll(=A + p2) f113-

To have equality in (43) and hence in (42), it is necessary according to the Lemma
2.2, f971 be a multiple of Exp[—%(x — x0,J(x — x0))] where o € R™ and J is any
real, symmetric, positive-definite matrix.

Remark We can see that U(n,1) = B(n, 1).
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Theorem 2.6 Let ||[(—A + u?)f|]2 < co. For n =1 the inequality
117 < V(g wll(=A+ 1) fI3 (44)
holds for all 2 < q < oo with a constant V(q, 1) that satisfies

24-3q
3g+2 r (2q—4
2—gq

N (2)

q—2

) (¢—2)/q

Vg, p) < (¢ — 1)~ F/agt=2/a

Proof. We have [, ((27r\k|)2u2)2 |f(k)|2dk < 0o. Let 1 < p < 2 be the dual index of
S T _ —
q>2,ie. 5+5—1:>p—q;11andalsoﬁ—qfqz.
We have that

1Al

| \Fwra
12 2 o\ 2\ P/2 2 2\ P
L (F@P (rli? +2)°)" (el +) "k ()

—~ /2
The function F(k) = (|f(k)[? ((2nlk])* + m)z)p is in L2/P(R) since
1Fll2/p = 1I(=A + p?) fl5 < o0 (46)
The function G(k) = ((27|k[)? + p2) " is in L2/(=P)(R) since
_2p
GG = [ (Crlkl?+ )= a

2—5p
—243p r (2;074)

1
= T (47)
2 2
o r(-%)
Since ﬁ + ﬁ =1 by the Holder inequality, (45) gives
AU < [1E1l2/p1Gll2/(2—p) (48)
Combining (46), (47) and (48)
(2-p)/2p
2-5
il < 1A+ 2l | —omu) 522 (5)
p = Hw 2 2 \/77_ W r (_2717)
p—2
ie.
2]
2+3q 2q
~ 1 3q42 2q—4
1Ay < (A + p®) fll2 (49)
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and therefore f € LP (R).
Applying the sharp Hausdorff-Young inequality (Theorem 5.7, [15]) we have that

1£llg < Collfllp

with 1/p+1/g=1and C, = [pl/qul/q]l/Z.
Also f € L?(R) and by the inversion formula it is f = (f)" where f¥(z) = f(—=),

~

ie. f(z) = f(—x) and also || f||; = || /]|, Therefore

17117 < (=) ag =2/ 1) 2 (50)

Combining (49) and (50) we have that

(¢—2)/q

243
2 ~14+1/q1-2/q | L saie T (ﬂq—@ 2y £[[2
1fllg < (@—1) q — I(=A+p) Iz

which proves the theorem.
Theorem 2.7 We consider the operator semigroups e *U=2)" t > 0 defined by
(=7 ) 1) = e (G0 iy,
We have ||(I — A)® fl|2 < oo if and only if
A =1 [0~ (Fe )]
18 uniformly bounded and we have in which case

sup Ay(f) = lim Ay (f) = ||(T = A)*fI[5.

t>0

Proof. We have that [|(1 — A)*f||3 = [. (1+ (27r|lc|)2)2S |F(k)|2dk and also

25 ~

()= (£ 0877y = [ (= [ Fae 0 fy
[ 1R (1= 0rmn Y g

2s

—t(1+(2m|kD?)
t

We have that lim;_,q 1=¢
function of y > 0.

So if [|(I = A)* f]|2 < oo implies [, (1+ (27T|k|)2)2S |F(k)|2dk < 0o and therefore
Ay (f) is uniformly bounded and sup,~ A¢(f) = lim—o A:(f) = ||(I — A)?* f||3. Con-
versely if A;(f) is uniformly bounded, the theorem of monotone convergence implies
that

=(1+ (27r|k|)2)25 since % is decreasing

sup Au() = lim Au(f) = [ (1 (2alkl)?)* | F(b) P

t>0 n
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So ||(I = A)*fl]2 < oo.

Remark We have announced a similar theorem to Theorem 2.7 in [8] for the
operator semigroups e~ (="t > 0. Obviously, the theorem is valid for the operator
semigroups e~*(=2+1%) ¢ > 0 defined by

o~

(o 1) (k) = et (@m0 o) Fip)

3. An application on the sphere

Let S, = {x € R*"! : |z| = 1} and let gs, the restriction of the Euclidean metric to
Sy. Let also do be the area on S,, and let us denote by w, the volume of S,,. Note

that we have
27T(n+1)/2

W ==
n n+1
r (%)
Intertwining operators on the sphere have been studied by Branson (c.f. [6]) who

showed in particular that the A, are the unique intertwiners on S,, and that they can
be written in terms of the spherical Laplacian Ag, (see also [5] and [19]) as

(B4 (1+5)/2) B n—1\°
A= B =92 B\/AS"*( > )

where s be a positive real number.

Let 7 : R" — S, — {0, ...,0, —1} denote stereographic projection and let J, be the
Jacobian of .

The intertwining operators A, on the sphere (S,,gs,) are essentially the pow-
ers (—A)*/? lifted to the sphere via the stereographic projection 7 : R* — S, —
{0,...,0,—1}, using the formula (c.f. [19])

(ASF) o = |Jﬁ|*(n+s)/(2n)(7A)s/2 (‘Jﬂ|(n75)/(2n) (F o ﬂ.)) Fe LZ(Sn) (51)

Beckner (c.f. [5]) showed that the following inequality

||F||2 < w FAy Fdg (52)
LQ(Sn) ~ F (%) 2s

n

is valid on S,, for s = n/2 —n/q, ¢ > 2. The measure on sphere is the normalized
surface measure which is

dé(x) = 720 (n)/T(n/2)] (1 + |z[*) " da

Alternatively, the proof of the inequality (52) can be given using the inequality
(5) and the stereographic projection. So, we have shown (c.f. [9])

T (n=2s n 2s/n
11,y < (4m) 7" E+§ ] [ Pawras
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where n > 2s.
A function F : S,, — R with F' € L%(S,,) is said to be in H*P(S,,) if and only if

/ |AsF|Pdo < oo
Sn

Theorem 3.1 Letn > s >0 and p= 2. Then

n+s’
||F||q < K(n,s)|[|AsF|l, , F € H¥P(S,) (53)
where q = Tffs and
T (n=s "
K(n,s) _ (4’/T)78/2 (nis) [F(Z) (54)
L (%) [T(3)

Proof. The conformal equivalence between R™ and S, is effected by stereographic
projection w from R™ to S,, — {0, ...,0,—1} with the "north pole” corresponding to
(0,...,0,1). Define 0 = (01,02, ...,0n41) by

2x; 1—|z|?

;i = ———— i =1, .. d = —
; D or 1 ,.on and op41 e

The inverse map of 7 is
%

- %  i=1,..n
1+Un+l

Z;

and the change of measure is given by

2 n
do = |J;|de = | —————= d
0 = Jxlds (1+Ix2> !

where |J;| is the determinant of the Jacobian of m and therefore

2 " n
|Jﬂ—| = (H—W) and |J7T—1| = (1 +Un+1) .

We can lift functions in L?(R™) to the sphere S,,. Simply define
F(0) = [Jea |V f(m (o)) (55)

or

(@) = |Jx| VP (n(x) (56)

and then
I[FllLa(s,) = Ifl|La@n (57)
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Combining (51) and (56), we have that
AP = |Jﬁ|7("+5)/(2”) ((*A)S/2f> (ﬂ_fl(x))

|Jﬂ_71|(n+s)/(2n) ((_A)Q/Qf) (ﬂ__l(x))

and therefore

1A Fllzo,) = 11(=A)"" fll 2o eny (58)
Applying theorem 2.2 and taking into account (57) and (58) the theorem follows.
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