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Abstract

In this paper we extend on lmc algebras without unit, the notion of the nu-
merical range. We prove that some basic properties of the classical numerical
range (which is defining on unital algebras) are valid and for the relative nu-
merical range on algebras without unit. Moreover, we extend and strengthen
on lmc algebras results relatively with the relative numerical range on Banach
algebras (without unit) the definition of which has given by A.K. Gaur and T.
Husain in their paper “relative numerical ranges”, Math. Japonica 36(1991),
127-135.

Keywords: Relative numerical range, relative states, locally m-convex algebra, pseudoi-
sometry.

1. Introduction

By a locally m-convez (: Imc) algebra (E,I" = {pa}acr) we mean a locally convex
space E, the topology of which is defined by an upper directed family of submulti-
plicative seminorms I = {pq }aer (see [1]).

Let (E,I" = {pa}acr) be an Imc algebra with a unit 15 and let E’ be the topo-
logical dual space of E. We consider the following sets,

Ua (1)) ={f € E":|f(2)| <1, = € Ua(1)} (1)

Do(E,pa:1p) = {f € Ua(1))": f(1E) = 1},

D(EalE): UDa<E7poc;1E)7 (2)
acl

where U, (1) = {z € E : po(z) < 1}, a € I. The set D(E,1g) is called the set of
normalized states of E.
On the other hand, we call numerical range of an element a € E, the set

V(E,a) :=a(D(E,1g)) (3)

where a is the generalized Gel’fand transform of the a (cf. [2]).
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Clearly, the definition of V(E,a) is dependent on the identity 1z of E. There are
many lmc algebras which do not possess an identity. It is therefore of some interest,
to make the notion of numerical range identity-free. This is precisely what we wish
to do in this paper. For a similar approach on Banach algebra, see [3], [4] and [5].
Now, let (E,I" = {pa}acr) be an lmc algebra (not necessary with a unit). Let b be
a fixed element of E. We introduce (Definition 2.1) the notion of relative numerical
range V3(E, a) of an element a € E relative to b.
If the lmc algebra F has a unit 1g and b = 1g, po(1g) = 1, a € I, then V4(E, a)
coinside with V(E, a).
Among the results it is show that for a,b € F the set V},(E, a) is bounded if and only
if sup pa(ab) < +o0o and when po(b) = 1, @ € I then V,(E,a) is moreover convex
acly,

(Proposition 2.2).
Furthermore, if ab = b then V4 (E, a) = {1} (Proposition 2.4(i)). A partial converse of
this also holds (Proposition 2.4(ii)). On the other hand, we give on Imc algebras, the
notion of pseudoisometry and we prove that the elements a € F and ¢(a) € F, where
¢ : E — F is a pseudoisometric algebraic omomorphism between lmc algebras F and
F, have the same relative numerical range, relative b and ¢(b) respectively (Theorem
3.1).

Throughout this paper all algebras are complex and the underlying topological
spaces are always assumed to be Hausdorff.

2. Relative numerical ranges
Let (E,I' = {pa}acr) be an lmc algebra (not necessary with a unit), the topology
of which is defined by an upper directed family of submultiplicative semi-norms I" =
{pataci- Let b € E. We consider the following sets.
Do (E, pa,b) ={f € (ua(l))o 1 f(b) = palb)}
= Ua (1)’ N7 ({pa(®)})

D(E7b) = D(E7 {pa}aebb) = U Da(E7pa7b). (5)
acl

(4)

where (Uy(1))° is the set (1) and b the generalized Gel’fand transform of the element
b.

The elements of the set D(E,b) are called the relative states of E at b.
Now, we call relative numerical range of an element a € E relative to b, the set

Vi(E,a) := ab(D(E,b)) = {f(ab) : f € D(E,b)}. (6)
On the other hand, the number

u(E,a) = vp(a) = (S;él;{w A e V(E,a)} (7)
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is called relative numerical radius of a, relative to b.
Now, for the above Imc algebra E, let (Ey)acr be the family of normed algebras in
the Arens-Michael decomposition of E (cf. [6; p. 91]) and let the sets

D(Eq,a0) = D(Eq, || lasba) = {F € E:y e =1, F(ba) = [balla = pa(b)} (8)

where E, = E/N,, N, = kerp,, a € I.
For an f € D,(E,ps,b) we have |f(z)| < pa(z), x € E and f(b) = pa(b). So
N, C ker f from which implies that the linear form

F:E,—C:zo =2+ N,y +— F(z,) = f(2) (9)

is well defined (: 2 + Ny =y + Ny Sz —y e N, = f(z) = f(y)).

Moreover, F(by) = pa(b) = ||balla and |F(z4)| < ||Zallas Ta € Eq so that ||Fll, = 1.
Hence F' € D(E,, || - ||asba)-

On the other hand, for an F' € D(Eq, || - |la,ba) there exists

fiE—C:2+— f(z) := F(z) (10)

such that | (z/pa(@)] = |F(@a/I2alle)] < IFlla - |70/ lzalla]], = 1 and 170)| =
Pa(b), 50 that f € D(E, pa,b).
Hence, the sets Dy (F, pa,b) and D(E,, || - ||a;ba) are isomorphic for every a € I,
so that, by (5) and (6),
Vi(E, @) = | Vi (Fasaa) (11)
acl

for every a € E.

On the other hand, if E~‘a, a € I are the Banach algebras, complesions of F,,
a € I, respectively, then

V;)a(EN‘ouaa) :VE)Q(Eouaa)- (12)

In fact, for F € D(Ea,aa) we have F} = F|g, € D(Eq,a,) and for Fy € D(E,, ay)
the Hahn-Banach theorem guaranties that there exists an F' € D(ECH ao) with F|g, =
Fy € D(E,,a,). So, by the relation (6) we take the relation (12).

Now, we have the following proposition, the proof of which is easy and therefore
omitted.

Proposition 2.1 Let (E, I’ = {pa}tacr) be an lmc algebra and a,b,x € E. Then,
(i) Va(E,a+b) CV,.(F, a)+ V,(F,b)
(ii) Va(E,Aa) = X-V,(FE,a)

(iii) vz(a+b) < wvgz(a) 4 v, (b)
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(iv) vz(Aa) < A vg(a)

Proposition 2.2 Let (E,I' = {pa}tacr) be an Ilmc algebra and a,b € E. Then, we
have the following:

(i) For each a € I the set Do (E, pqa,b) is compact.

(ii) The set Vo(E,a) is bounded if and only if supp,(ab) < +o0o. Moreover, if the
acl
family I' = {pa }acr is finite, then V,(E, a) is a compact subset of C.

(iii) If pa(b) =1, a € I, then the set Vi(E,a) is conver.

Proof. (i) The set Dy (E, pa,b) C E’ is closed, since the sets (Uq(1))° and b~ ({pa (b)})
are such. Moreover, the set D, (FE, ps, b) is equicontinuous since it is contained in the
polar of a neighborhood of 0 € E. So by the Alaoglu-Burbaki theorem it is relatively
compact. Hence Dy (E, pq,b) (o € I) is a compact subset of E'.

(ii) Let (Eq)aer be the family of Banach algebras in the Arens-Michael decomposition
of E. For the Banach algebra F, (« € I) we have

o S Ub,, (Eouaa) S pa(ab) = ||a(xba||(x

where aq = a + Ny, b, = b+ N, (cf. [3; Lemma 2.4(ii)]). So, taking the suprema we
have

o < supup, (Em ao) < supp,(ab)
a€el acl

and by the relations (11) and (12) we get

o< Ub(E,a) < suppa(ab),
acl

from which implies that V,(E,a) is bounded if and only if supp,(ab) < +oco. On
acl

the other hand, if the family of seminorms I' = {p, }aer is finite, then the seminorm

r(z) = maxp, (z), © € E, defines on E the same topology as that the family I" and
ac

D(E,b) = D.(E,p,,b). Since by (i) D,(E,p,,b) is compact, one has that V;(E,a)

has the same property.

(iii) For f,g € D(E,b) there are v, 5 € I such that |f(x)| < po(z) and |g(z)| < ps(z),
re k.

Since the family of seminorms I' = {p, }aer is upper directed, there is a v € I such
that f,g € D,(E,py,b) € D(E,b). Now, if h is a convex combination of f and
g, then by the convexity of D, (E,p+,b) we have h € D,(E,py,b) € D(E,b), ie.
D(E,b) C E' is a convex subset and by (6), V,(E,a) C C is also a convex subset. 0O



Relative numerical ranges in Imc algebras and pseudoisometries 95

A. Gaur and T. Husain have proved (see [3; Lemma 2.4]) that, in case of Banach
algebras the relative numerical range is always bounded. In the following Corollary
2.3, we prove that this is moreover closed. In point of fact we prove that the relative
numerical range is compact. That is we have the following.

Corollary 2.3 Let A be a Banach algebra and b € A. Then,
(i) The set D(A,b) is compact.
(ii) For each a € A the set Vi(A,a) is compact, therefore this is also closed.

(iii) If ||b]| = 1 then V4(A,a) is a (compact and) convex subset of C.

Proposition 2.4 Let (E,I' = {pa}acr) be an lmc algebra and a,b € E. Moreover,
let that po(b) =1, a € 1.

(i) If ab="b then V,(E,a) = {1}.

(ii) If Vo(E,a) = {1} then, either ab=">b or 0 < }\nfcpa(b—Aab) <1 for everya € I.
€

Proof. (i) It follows from the definition.

(ii) Let Vp(E,a) = {1}. If b = Xab for some A € C, then for any f € D(E,b) we
have f(b) = A- f(ab) = A. On the other hand, for f € D(E,b) there is o € I with
f € Do(E,pa,b) so that f(b) = p.(b) = 1. Hence b = ab.

Now, let that b ¢ Cab and let (E,)qcr and (Ea)ael be the families of normed and
Banach algebras respectively, in the Arens-Michael decomposition of E. Then, the
set Dy (E, pa,b) is isomorphic to D(E,,by), bo = b+ kerp,, a € I, (see comments
before of the Proposition 2.1).

On the other hand, for f € D(E,b) we have fo, € D(Eqn,ba), a € I (¢ fo 1 Eq —
C:zq — falza) = f(x)), so that fo(anba) = fa((ab)s) = f(ab) = 1. Hence (see
relation (12)) Vi, (Ea, aa) = Vi, (Ea,aq) = {1} for every a € I. So, by [3; Theorem
2.5 (ii)] we take what we wanted to prove. ad

3. Pseudoisometries and relative numerical ranges

Let (E,I" = {patacr), (F,I'" = {qi}res) be two Imc algebras, b an element of F and
¢ : E — F an algebraic homomorphism.

We say that ¢ is a pseudoisometry at b if for any k € J there exists a € I with
ak(p(2)) < pa(x), x € E and qx(é(b)) = pa(b) and for any § € I there exists | € J
with ps(z) < q(¢(2)), « € E and pg(b) = q(¢(b)).

In this respect we have the following.
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Theorem 3.1 Let (E,I" = {pa}tacr), (F,I" = {qr}res) be two Imc algebras and
b e E. Moreover, let ¢ : E — F be a pseudoisometric algebraic homomorphism at b.
Then,

Vo) (Fs ¢(a)) = Vo(E, a) (13)

Proof. Let A € Vi) (F,¢(a)). Then, there is k € J and g € (Up(1))° C F' with

9(6(b)) = ar(¢(b)), such that A = g(¢(a)p(b)). Define f on E by f(z) = g(¢()),
x € E. Clearly f is linear and

|f (@) = lg9(o(x)) < qr(d(2))] < palz), z€E

for some a € I such that p,(b) = qx(é(b)). Moreover f(b) = po(b) so that f €
Do (E,pa,b) € D(E,b). Hence A = f(ab) € V,(E, a).

Conversely, let A\ € V,(FE,a). Then, there is 8 € I and f € (Us(1))° C E' with
f(b) = pg(b), such that A = f(ab). Define h on ¢(E) < F by

h(o(x)) := f(x), =z € E.

Then, h is well defined. In fact, let ¢(z) = ¢(y), x,y € E. By hypothesis for ¢ there
exists [ € J with ¢;(¢(b)) = pg(b) such, that

If(z)] < pp(z) < qlo()), € E.

So, |f(x) — f(y)] < qi(¢p(x —y)) = 0 from which implies that f(z) = f(y). On the
other hand, since |h(¢(x)) < q(¢(x)), = € E, Hahn-Banach theorem guaranties that,
there is a linear form g on F with g|gzy = h and |g(y)| < q(y), y € F. Hence
g € (1) F' and g(6(5)) = a(6(b)), so that A = g(6(ab)) € Vi (F,6(a)). O

Corollary 3.2 Let (E, I’ = {patacr) be an Imc algebra, F a topological subalgebra
of E and b € F. Then, for every a € F we have

Vo(F,a) =Vy(E ,a). B

Corollary 3.3 Let E, F be two normed algebras and ¢ : E — F an isometric alge-
braic homomorphism. Then, for every a,b € E we have

Vo) (F,¢(a)) = Vo(E,a). ®

The above Corollary 3.3 strengthen the Theorem 2.9 of [3].

Note: The present research is partially supported, by the University of Athens
(E.AK.E).
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