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On the center of galbed algebras

Mart Abel

Abstract
It is shown that every unital Mackey advertibly o-complete strongly galbed
Hausdorff algebra with bounded elements is central, if there is a closed maximal
left or right ideal M of A such that M N Z(A) = {6a}.
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1. Introduction
Let C be the field of complex numbers, N = {0,1,2,...}, k > 0, I* the set of all

C-valued sequences (a,,), for which the series

o0

Dl

v=0

converges, [° the set of all C-valued sequences («,) such that the set {k € N : ay # 0}
is finite [ = I\ [ and
0= 1~

ke(0,1]
Let A be an associative topological algebra over C with separately continuous multi-
plication (in short, a topological algebra).
Remember, that an element a € A is bounded, if there exists A € C\{0} and for
every neighbourhood O of zero in A there exists o > 0 such that

()" neN} € oo

Throughout this paper, let a o b =a + b+ ab.

Definition 1. A sequence (a,),, . of elements of a topological algebra A is advertibly
convergent' in A, if there exists an element a € A such that both (aoay), .y and
(an 0 @), converge to 04.

*This paper has been done by Greek State Scholarship Foundation and Estonian Science Foun-
dation grant 6205 support.
1The term ”advertibly null” is also in use by A. Mallios.
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Definition 2. A topological algebra A is advertibly o-complete if every advertibly
convergent Cauchy sequence of A converges in A.

Definition 3. A sequence (a,), ., of elements of a topological algebra A is Mackey
convergent in A to an element ag € A, if there exists a bounded set B C A and for
every € > 0 an element n, € N such that a,, — ag € €B for any n > n..

Definition 4. A sequence (a,), ., of elements of a topological algebra A is Mackey
advertibly convergent in A, if there exists an element a € A such that both (a o a,,)
and (an o a), .y Mackey converge to 04.

neN

Definition 5. A topological algebra A is Mackey advertibly o-complete if every
Mackey advertibly convergent Cauchy sequence of A converges in A.

Definition 6. A topological algebra A is a galbed algebra, if there exists a sequence
(aun) € 1 such that for each neighbourhood O of zero in A there is another neighbour-
hood U of zero in A such that

n
{Zakak:ao,...,aneU}CO
k=0

for each n € N.
Furthermore, if there exists a sequence (a,) € [ with o # 0 and

o= inf|ozn|% >0
n>0

such that the previous condition is fulfilled, then we say that A is a strongly galbed
algebra. We call « the "module of galbness” of A.2

In case we have already specified the sequence («,) € [, then we talk about («,)-
galbed algebra and strongly (o, )-galbed algebra.

The center of a primitive ring is always an integral domain® (see [7], Lemma 2.1.3,
p. 45) and any commutative integral domain can be the center of a primitive ring*
(see [8], Chapter 11.6, Example 3, p. 36). Herewith, every field is a commutative
integral domain, but any commutative integral domain does not have to be a field.
It is known (see [3]), that if R is a unital primitive locally A-pseudoconvex Hausdorff
algebra or a unital primitive locally pseudoconvex Fréchet Q-algebra, then R is central
(for Banach algebras a similar result has been given in [10], Corollary 2.4.5, see also
[5], p. 127; [9], Theorem 4.2.11, and [6], Theorem 2.6.26 (ii); for k-Banach algebras
in [4], Corollary 9.3.7; for locally m-convex Q-algebras in [12], Corollary 2, and for
locally A-convex algebras in which all maximal ideals are closed in [13], Theorem 3).

2The previous terminology is due to A. Mallios.

3A ring R is an integral domain, if from a,b € R and ab = 0y follows that a = 0 or b = 0g.

4The author would like to express his gratitute to Professor Laszlo Marki for informing him about
this result.
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Some results about the center of topologically primitive galbed algebras can be
found in [1] and (for the special case of exponentially or (27™)-galbed algebras) in [2].
The motivation of the present paper is to generalize the results from [1] for a larger
class of topological algebras.

2. Preliminary results

In this chapter we prove some preliminary results about the convergence of some
series.

Lemma 1. A subset A of a topological vector space L is bounded in L if and only
if for every sequnence (\,) of C and every sequence (zy,) of A from

()\n)—>0

follows that

Proof. See the proof of the statement 5.3 in [11], p. 26-27.

Proposition 1. Let A be a strongly galbed algebra with bounded elements and let
Xo € C,ag € A. Then there ezists a neighbourhood O(Xg) of Ao such that the sequence
(Sn(A)), where

Sp(\) = zn:()\ — Xo)Fao”

k=0

is a Mackey advertibly convergent Cauchy sequence for each A € O(Xg).

Proof. The proof of the fact that (S, ())) is a Cauchy sequence, is done exactly the
same way as in [1], first part of the proof of Proposition 2.2.
It remains to show that (S, (X)) is Mackey advertibly convergent. As in [1], we

can find pp € C\{0} such that
{(%)n :neNJ

is bounded in A. Remember, that (see [1])

O()\O):A0+{)\€C:\A|<ﬁ}

where « is the module of galbness of A. Therefore,

[0 (A — Xo)]" 150
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for every A € O(XAg). Every bounded set is contained in a balanced bounded set.
Thus, there exists a balanced bounded set B in A such that

{(%)n : neN}cB.

Let us fix an arbitrary € > 0. We can suppose that 1 > e. Then there exists such
ne € N that [ug(A — Xo)]" ™" < e for every n > n.. Now

Sn(A) © [(Ao = Nao] = [(Ao = Nao] 0 Su(A) = [(Ao = Nao]" ™" =

= [uo(Xo — N]"H! (%

if n>ne. Thus, (S,(N)) is Mackey advertibly convergent for each A € O(Ao).

Ao — )\)]nﬂ

n+1
) C [uo(ho = N)]"'B = Lt B Ce€B,

€

Corollary 1. Let A be a strongly galbed algebra with bounded elements and let Ao €
C,ap € A. Then there exists a neighbourhood O(\g) of \o such that the sequence
(Sn(A)), where

n

5a(N) = D_(A =) "ao*

k=0
is an advertibly convergent Cauchy sequence for each X\ € O(\g).

Proof. Since every Mackey advertibly convergent sequence is advertibly convergent,
then we obtain the desired result directly from Proposition 1.

One can easily conclude the following;:

Corollary 2. Let A be a strongly galbed algebra with bounded elements and let Ao €
C,ap € A. Then there exists a neighbourhood O(\g) of Ao such that

n

Su(N) =D (A= Xo)*ao"

k=0
is a Cauchy sequence.

Proposition 2. Let A be a unital strongly galbed algebra with bounded elements,
being also Mackey advertibly o-complete or a nil algebra. Moreover, let \g € C and
ag € A. Then there exists a neighbourhood O(Xg) of Ao such that

(ea+ (Mo —Nag) ™" =D (A= Xo)¥af
k=0

for each A € O(\).

Proof. Take (S,())) and O(X\g) as in Proposition 1. Then S, ()) is Mackey advertibly
convergent Cauchy sequence for every A € O()\g). If A is Mackey advertibly o-
complete, then (S, (\)) converges for every A € O(Ag). The case when A is a nil
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algebra is studied in [1], Proposition 2.2. In [1] it is also shown that

(ea+ (Mo —Nag)™t = Z()\ — Xo)kak.
k=0

Proposition 3. Let A be a unital strongly galbed algebra with bounded elements. If
A is an Mackey advertibly o-complete or a nil algebra, then for each ag € A there

exists a number R > 0 such that
>~ K

>

k=0

converges in A, whenever |u| > R.

Proof. Apply Corollary 2.3 in [1] with Proposition 2 above, in place of Proposition
2.2 in [1].

3. Main results

Now we are ready to prove our main results. First of all, remember that in every
central algebra A we have M N Z(A) = {04} for every closed maximal left or right
ideal M of A. In next result we prove the converse for some algebras.

Theorem 1. Let A be a unital Mackey advertibly o-complete strongly galbed Haus-
dorff algebra with bounded elements. If there exists a closed mazimal left or right ideal
M of A such that M N Z(A) = {04}, then A is a central algebra.

Proof. Notice, that in the proof of Theorem 3.1 in [1] we need A to be topologically
primitive only for finding a closed maximal left or right ideal M of A such that
M N Z(A) ={64}. Therefore, we can follow exactly the proof of Theorem 3.1 in [1]
using Proposition 2 from the present paper instead of Proposition 2.2 from [1] and
Proposition 3 from the present paper instead of the Corollary 2.3 from [1].

Corollary 3. Let A be a unital Mackey advertibly o-complete topologically primitive
strongly galbed Hausdorff algebra with bounded elements. Then A is a central algebra.

Proof. The result follows from Theorem 1, since for algebra A being topologically
primitive guarantees the existence of a closed maximal left or right ideal M of A such
that M N Z(A) ={04}.

Concerning the above, we further remark that Proposition 2, Proposition 3, The-
orem 1 and Corollary 3 are also valid in the following particular cases:

a) A is advertibly o-complete;

b) A is o-complete.
An open problem. Does there exist a topological algebra A which is not topologically
primitive but has a closed mazximal left or right ideal M such that M NZ(A) = {04}?

Hereby, the author wants to express his gratitude to Professor Anastasios Mallios
and Professor Mati Abel for suggestions which helped to improve the present paper.
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