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Abstract
The aim of this paper is to study the behavior of solutions of a certain

nonlinear retarded Volterra integrodifferential equation by using the integral
inequality recently established by the present author.
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1. Introduction

Consider the initial value problem ( IVP for short ) for a retarded Volterra integrod-
ifferential equation of the form

t

) =At)z(t)+F t,x(tfh(t)),/k‘(t,s,x(sfh(s)))ds , (1.1)
0
x (0) = xo, (1.2)

where t € I = [0, 5], , k, F are the elements of R™ an n-dimensional Euclidean space,
prime denote differentation with respect to t and A(t) is a continuous n x n matrix.
We assume that for 0 < s < ¢, k€ C(I?x R",R"), F € C(I x R" x R", R") and
h € C (I, Ry) be nonincreasing, h(0) =0 ,t—h(t) > 0,t—h(t) € C* (I,I),}h (t) <1
fort e 1.

In [4,5] the authors have studied the global existence of solutions of the slightly
different versions of equation (1.1) by using the Leray-Schauder Alternative. The
same method can be used to establish the global existence of IVP (1.1)-(1.2) on I
(see also [1-3]). It frequently happeans that a method which works very effectively to
establish the existence of solutions does yield other properties of the solutions in ready
fashion and one needs some new ideas and methods in analysis. The main purpose
of this paper is to study the boundedness, uniqueness and continuous dependence of
the solutions of IVP (1.1)-(1.2) via the integral inequality recently established by the
present author in [6].
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2. Main Results

Let Ry = [0,00),J = [to,d),I = [0,] be the given subsets of R , the set of real
numbers. The symbol ||.|| will be used to denote any convenient norm on R" as well
as a corresponding consistent matrix norm. We regard (1.1) as a perturbed equation
of the linear system

y' () =AMy (), y(0)=u0. (2.1)

Let Y () be the fundamental matrix of (2.1) which is the identity matrix at ¢ = 0. It
is known that the solution of IVP (1.1)-(1.2) is equivalent to the integral equation

z(t) =Y () Y1 (0)zo
+ [ Y)Y () F s,x(s—h(s)),/k(s,r,m(t—h(T))) dr |ds. (2.2)
0 0

Throughout, we assume that the fundamental matrix Y (¢) of the linear system (2.1)
satisfies the estimate

[Y &)Y (@)|| < MeU=9, 0<s<t<p, (2.3)

where M, w are positive constants.
The following inequality established in [6] will be used in the proofs of our results.

Lemma (Pachpatte [6]). Let u(t),a(t) € C(J,Ry), b(t,s) € C(J% Ry), to <
s<t<danda(t) e C(J,J) be nondecreasing with o (t) <t on J and ¢ > 0 be a
constant. If

u(t) <c+ a(s)u(s)+ / b(s,0)u(o)do| ds
a(to) a(to)
fort € J, then
a(t) s
u(t) < c exp / a(s)+ / b(s,0)do| ds |,
a(to) a(to)

forte J.
Our first result deals with the estimate on the solution of IVP (1.1)-(1.2).

Theorem 1 Assume that
[k (t, s, 2)[| <b(ts) ||z, (2.4)

1 (&, 2, w)l| < a (@) l2]] + ull, (2.5)
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where a (t) € C(I,Ry),b(t,s) € C(I?,Ry) for 0 < s <t <[ and let

max 1
L= _ 2.
tel 1-n(t) (2.6)

If 2(¢) is any solution of IVP (1.1)-(1.2), then
t—h(t) ¢
o @) < Mol exp | ~wt+ [ |a@+ [bleoaolac]. )

0 0

where
a(€)=MLe*"a(¢+h(s)),

b(¢,0) =M L* eV~ (¢ 4 h(s),0+h(T)),
for&,o,s,71€1,0<0<¢ and M,w are as in (2.3).

Proof. Let z(t) be a solution of IVP (1.1)-(1.2), then it satisfies the equation (2.2).
From (2.2), (2.3), (2.4) and (2.5) we have

lz(@)]l < Me™"||lzo]| + /Me’“(t’s) la(S)III(S —h(s))ll
0

+ / b(s, 7)||lx(m — h(T))||dT] ds. (2.8)
0

Rewriting (2.8), making the change of variables and using (2.6) we have

t—h(t) 1S
@I <M faoll+ [ {a© e el + [B(E0)e o (@) do| de. 29)
0 0
Now a suitable application of the inequality given in Lemma to (2.9) yields
t=h(t) ¢
etz (8] < M ||zoll exp / a () + /5(5,0)110 g | . (2.10)
0 0

Rewriting (2.10) we get the required estimate in (2.7). The proof is complete.
Next, we establish the uniqueness of solutions of IVP (1.1)-(1.2).
Theorem 2 Suppose that the functions k, F in (1.1) satisfy the conditions
1k (t,s,2) =k (t,s,9)| <b(t,s) ||z —yl, (2.11)
|F(t,2,2) = F(ty.9)ll < a®)llz—yll + [z -7, (2.12)

where a(t),b(s,t) are as defined in Theorem 1. Let L,a,b be as in Theorem 1. Then
IVP (1.1)-(1.2) has at most one solution on I.
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Proof. Let z; (t) and x2 (t) be two solutions of IVP (1.1)-(1.2) on I, then we have

1 (t) — 22 (1) :/Y(t)Y*1 (s) | F | s,21 (sfh(s)),/k(s,T,xl (r—h(r)))dr
0 0
—F | s,22 (s—h(s)),/k(s,T,x2 (tr—=nh(7)))dr || ds. (2.13)
0

From (2.13), (2.3), (2.11), (2.12) we have

t

1 () — 22 ($)]] < Me—“t/e‘“ [a(s) lz1 (s = P (5)) — 22 (s = h(s))l
0

S

—l—/b(s, ) le1 (1 = h (7)) — 22 (1 = h(7))| d7| ds. (2.14)

Rewriting (2.14), making the change of variables on the right hand side and using
(2.6) we get

t—h(t)
el (t) — z2(t)] < / [a($)e” S |z1(§) — 22
5 0
+/B(£,a)e“”||x1(a) — zo(0)||do]dE. (2.15)
0

A suitable application of the inequality in Lemma ( with ¢ =0 ) to (2.15) yields
et (1) — 2 (8)] < 0.

Therefore x; (t) = x5 (t), i.e. there is at most one solution of IVP (1.1)-(1.2) on I.
The following theorem shows the continuous dependence of solutions of IVP (1.1)-
(1.2) on given initial conditions.

Theorem 3 Let x1 (t) and x2 (t) be the solutions of (1.1) with the given initial con-
ditions
21 (0) = z10, (2.16)

and
X9 (O) = 20, (217)
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respectively. Suppose that the functions k and F satisfy the conditions (2.11) and
(2.12) in Theorem 2. Let L,a,b, M,w be as in Theorem 1. Then
t—h(t

) 13

1 (8) — 22 (B)]] < M |Jro — w20l exp | —wi + / a<f>+/6<§,a>da g | |
0 0

(2.18)

fortel.

Proof. By using the facts that x; (t) and x2 (f) are the solutions of IVP (1.1)-(1.16)
and IVP (1.1)-(1.17) respectively, we have

Iy (t) ) (t) =Y (t) Y_l (0) {1'10 - (EQ()}

0

+ [ Y)Y (s) {F (s,xl (s=h(s), | k(s,7,21 (1 —h(7))) dr)
j i

S

—F | s,za(s—h(s)), / k(s,T,xo (T —h(7)))dr || ds. (2.19)
0

From (2.19), (2.3), (2.11), (2.12) we have

|1 () — 22 (8)]] < Me™ " |10 — 2a0]|

et / Me“* [a(s) 21 (s = h(s)) =22 (s = h(s))]
0

S

—l—/b(s,r) lz1 (7 — h (7)) —z2 (T — h(7))| dT | ds. (2.20)

Rewriting (2.20), making the change of variables on the right hand side and using
(2.6) we have

t—h(t)

ety () — z2 (1) < M [lz1o — 220l + / [@ (&) e Jlas (&) — 22 (€)]]

0

¢
+ / 5(6,0)e* a1 (o) — 2 (o) da] d. (2.21)
0
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Now a suitable application of the inequality given in Lemma to (2.21) yields

t—h(t ¢

¢!l (8) — 22 ()] < M [lz10 — @20]] exp / / o) do | dé
0
(2.22)
Rewriting (2.22) we get the required estimate in (2.18), which shows the continuous
dependence of solutions of equation (1.1) on given initiai conditions.

We next consider the following retarded integrodifferential equations

Zt)=At)z(t)+ F t,m(t—h(t)),/k:(t,s,a:(s—h(s)))ds,u , (2.23)
0

Zt)=At)z({t)+F |t,x(t—h k(t,s,z(s—h(s))ds,po |,  (2.24)

o\

with the given initial condition (1.2), where A, k,h are as in equation (1.1), F €
C (I xR"x R"x R,R") and p, 1o are real parameters.

The following theorem shows the dependency of solutions of IVP (2.23)-(1.2) and
(2.24)-(1.2) on parameters.

Theorem 4 Suppose that

”k (tvs’xl) —k (t787x2)|| < b(tvs) ”xl - x2|| ’ (2'25)
|1F (2, 21, 22, p) = F (w1, wa, p)|| < a(t) [[22 — wil| + [lz2 — wel], (2.26)
HF(t7Z17Z27/’6) - F(tawlan’MO)H < m(t) ”M - MOH ) (2'27)

where a(t),b(t,s) are as in Theorem 1 , m € C(I,Ry) and

/Me“”m( )ds < N, (2.28)
0

where N > 0 is a constant. Let L,a,b, M,w be as in Theorem 1. If 1 (t) and xo (t)
are the solutions of IVP (2.23)-(1.2) and IVP (2.24)-(1.2) respectively, then

t—h(t) ¢
|21 (1) — 22 (B)[| < N | — pol exp | —wt + / d(£)+/5(£,0)d0 ¢ |, (2.29)
0 0

fortel.
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Proof. Let z (t) = x1 (t) — x2 (¢) for t € I. Since x; (t) and x5 (¢) are the solutions of
IVP (2.23)-(1.2) and (2.24)-(1.2) respectively, we have
z2(t) =z (t) — x2 ()

t s

:/Y(t)Y_l(s) F S,(El(S—h(S)),/k(&T,(El(T—h(T)))dT,,u

0 0

—F | s, 29 (s—h(s)),/k(s,T,wg (T —h(1)))dr,p
0

S

+F (s,xg (sfh(s)),/k(s,T,xQ (r—"h(1))dr,u

0

—F | s,za(s—h(s)) ,/k (s,m,xo (T — h(7)))dr, u()) ds. (2.30)

0
From (2.30), (2.3), (2.25), (2.26), (2.27) we have

t

Iz < 6’“”/M6‘“5 [a(S) 12 (s = h (s))]l +/b(s,7)|2(7h(7))lldT] ds
0

0

¢
+|u—uo|e_wt/Me“’sm (s)ds. (2.31)
0

Rewriting (2.31), making the change of variables on the right hand side and using
(2.6) we get

t—h(t) ¢
etz (O < N |p = pol + / a(€) et |z ()l +/5(£70)6“ 1z (o) |do | dE.
0 0
(2.32)
By a suitable application of the inequality given in Lemma to (2.32) yields
t—h(t) ¢
O <Nl wlew | [ |a©+ [beaof]. @3
0 0

Rewriting (2.33) we get the required estimate in (2.29) , which shows the dependency
of solutions of IVP (2.23)-(1.2) and IVP (2.24)-(1.2) on parameters.
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