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The Atiyah-Singer index theorem for the spin
complex and the gravitational chiral anomaly in
d = 4k for a massless spin-1/2 field

Agapitos Hatzinikitas

Abstract
We show that the index of the Dirac operator over a closed, orientable,
curved, even-dimensional manifold is given by the integrated chiral anomaly
for a one-dimensional linear sigma model with N = 1 rigid supersymmetry.
We follow the path integral approach extended for curved manifolds with a
Lagrangian including both bosonic and fermionic degrees of freedom.
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1. Introduction

Let M be a Riemannian manifold of dimension dimM = d. M is said to be closed if
it is compact and has no boundary. A complex vector bundle V' on M is said to be a
hermitian bundle if it is endowed with a (fibre) metric and a compatible connection.
Let now Vi be two Hermitian vector bundles of fibre dimension di, C*°(V.) is the
vector space of smooth (C*) sections of V3 and

D:C®(Vy) — C=(V.) (1)

be a differential operator which locally can be written as

D=3 a""" @)Dy, -+ Dy +ala). (2)
1=1
The v’s take values from 1,---,d, D,’s are defined by
0
D, :=—1 3
Uy (3)

and a"*"""’s; a are d4 x d_ dimensional matrix-valued functions of x. The adjoint of
D is a differential operator

D C®(V2) — ™ (V4) (4)
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of the same order. Let si be arbitrary sections of Vi then DT is defined by the
following expression

/(s_,Ds+)_dQ:/ (DTs_,5,)1dQ (5)
M

M

where (.,.)+ are the Hermitian inner products on Vi ! and df2 denotes the volume
form of M. The adjoint operator D depends not only on the original operator D,
but also on the geometric structures of the base manifold and the vector bundles.

Let us consider a linear operator
P C%(Vy) = C=(V) (6)
the kernel and the cokernel are defined respectively by

ker(P) = {sy € C®(V4): P(sy) =0}
coker(P) = C>(V_)/im(P). (7)

Operators whose kernel and cokernel are finite dimensional are called Fredholm oper-
ators. For a Fredholm operator one defines the analytic index by

Index(P) = dim(ker(P)) — dim(coker(P)). (8)

Elliptic operators on a compact manifold are Fredholm operators and one using the
relation coker(D) = ker(D') can reexpress the analytic index as

Index(D) := dim(ker(D)) — dim(coker(D)). (9)
Define A, = DD and A_ = DD then one can show that
ker(D) = ker(AL) ker(D') = ker(A_). (10)

Let C : C*®(V,) — C°°(V_) be an elliptic complex 2 and o — X be the symbol
bundle of D. Then the topological index of C' (alternative of D) is defined by

Indexiop. (D) := /Ech(a) AT*[td(TM* @ C)] (11)

1If h denotes the hermitian metric on V then for any two sections s1, sz of V their inner product
is given by (s1,$2) := f/vl s (x)hij(x)s? (x)d2.
2Let Vo, Vi, -+, Vi be a sequence of hermitian vector bundles over M. Then the sequence C :
Dy
C*>® (Vo) Do C> (V1) Dy TR C°(V}) is said to be a complex if im(D;) C ker(D;t1),Vi =
0,-+-,k — 2. The D;’s are arbitrary differential operators such that D; : C°(V;) — C*>°(Vi41)
Vi=0, -, k—1.
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where 7% denotes the pullback operation defined by the projection map 7 : ¥ — M
and ch and td are the Chern character and Todd class defined by 3

- 1
Ch(V) = Zefti:n+cl+§(c%_262)+...
i=1
td(V) = ﬁL_l-‘r}C @)t (12)
A T

The Atiyah-Singer index theorem states that the analytic index (8) and the topo-
logical index (12) are indentical [1]. The motivation for defining the topological index
is to give a closed expression for the analytic index in terms of some differential
geometric quantities.

Among the classical complexes whose indices give important topological informa-
tion about the associated structures the spin complex is perhaps the most subtle and
interesting. To begin with we construct (if it exists) the spin bundle of an oriented
compact Riemannian manifold M of dimension d. For all x € M one can use TM}
to construct the associated Clifford algebra C(T'M}) 4 . These may be viewed as the
fibres of a global bundle structure over M which is called the Clifford bundle of M.
By lifting the transition functions of the Clifford bundle from So(d) to Spin(d) we
construct the associated principal bundle which is called the spin bundle S. If the
transition functions can be consistently defined then the manifold is a spin manifold.

Now we restrict ourselves to a four-dimensional spin manifold with Euclidean
signature. Denote the set of sections of the spin bundle by A(M) =T'(M,S(M)). A
Dirac spinor ¥ € A(M) is an irreducible representation of the Clifford algebra but
not that of Spin(d). Irreducible representations of Spin(d) are obtained by splitting

A(M), according to the eigenvalues of y4+1 = (—i)g*ylv2 coyd B

into two eigenspaces
I'(A)=A"(M)a A~ (M) (13)

with local coordinates (z¢,¥1) and v+ = £U* for U+ € A*(M). Define now
the projection operators P* = % (1 + 'yd‘H) having the property PT¥* = U+, In

3The Chern classes of a complex hermitian vector bundle over a closed Riemannian manifold M
are defined by ¢1 (V) := ZZ xt, ca(V) == Zi<j i Nxj, o en(V)i=x1 A2 A Ao,

4Let E be an inner product space with an orthonormal basis {e;}. The Clifford algebra C(E) of E
is generated by e; according to the Clifford multiplication rule {e;, e;} = e;xej+ejxe; = —2(es,€5) =
—20;; where * and (,) denote the Clifford multiplication and the inner product respectively.

5We have chosen a hermitian representation of the Clifford algebra C(E) spanned by {e; = 7o}
satisfying {vya,v3} = 20a3. In Euclidean four-dimensional space-time such a representation is given
by v = [221 —601‘]7 ya = [(1) (1]}, 5 = [(1) 701} where o;, i = 1,2,3 are the usual SO(3)
generators.
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curved space-time the Dirac operator (which is an elliptic operator) is given by ©

DU =~ (2)(0; + wi(z))V = E (2)7*(0; + wi(x))P (14)
where w; is the one-form spin connection with components w; = tw;asv*7y?. 7 Ap-
plying Atiyah-Singer index theorem one finds that

Ind(D) = dim(ker(D)) — dim(ker(DT)) =ny—n_= /A(./\/l)|top (15)

where D = PP*, Dt = PP~ ny is the number of zero energy modes of % chirality
respectively and the subscript “top” means that only the highest rank form in the
power series expansion of (16) is integrated. The so-called Dirac’s A-genus density is
given by

l
A:H% (16)

where Q; = Q;,,dz* A dx¥ are the 2-form skew eigenvalues of the block diagonalized
curvature 2-form

1 v . 0 ,
Q:ziRidex“/\d:v ::dzag[_ﬂi 0}, 1=1,---,1 (17)

considered as a matrix in the Lie algebra of SO(21). The A-genus density is invariant
under 2; — —€; and all permutations of the 2;’s so it can be expanded as
l

; 22n _ 2 Q:\ "
&= e Eer G (3)

i=1

l l
11 1 1 7
= 1— == 024 — | = DCAQZ 4+ — 02 A02
2262 ZjL24 362 1/\ J+36O; 1/\ 2 +

i=1 i<j
_ 1 11 L 177 45 1 n
- 22 67 T a1 360”1 T 9072
(18)
where p;’s are polynomials of order 27 in §;’s, the so-called Pontryagin classes, given
by

l
P1 = Z Q%
i=1

SThe vielbein ef(z) and its inverse E = e~ !, defined by E},(z) = §,39% (z)ef(:p) and satisfying

E, (:v)e?(z) =2, E&(w)e? (z) = 5; are used to change tensor quantities referred to coordinate
frames to tangent frames, and vice versa.

"We use Greek letters (a, 3, --) as orthonormal tangent frame indices and Latin letters (3,7, )
as coordinate frame indices.
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e 2 2
pr = Y AQ
i<j
ps = >, UAQGAQ,
i<j<k
poi= QU AQA-AQL (19)

Any such polynomial can be expanded in terms of the basis functions

Tr (4(;)% =2(~1) ZI: (%@)Qj (20)

a=1

which are 4j-forms. The first symmetric invariant is the 4-form p; = — g Tr(Q?).
The next non-zero invariant is py = 57 [(Tr(2?))? — 27'7(Q*)]. In four dimensions
only the 4-form p; contributes to the chiral anomaly giving the result

1

2. The Fujikawa Approach

In Quantum Field Theory the index of an operator is usually related to the nonconser-
vation of currents signaling the breakdown of a symmetry at quantum level. 8. In the
case of the Feynman triangle diagram with a massless chiral fermion running in the
triangle and coupled with two energy momentum tensors and one axial current, one
finds, by imosing energy-momentum conservation in both energy-momentum chan-
nels, that chirality is not conserved. The index of the associated operator in this case
can be shown to be given in d = 4k dimensions by [2]

Index(D) = % /M d*x\/90; T,
= % //v( dglx\/géii% Ty (fyd+1e_ﬁlpz(52l(x - y)) . (22)
Consider the generating functional for the Green functions in Euclidean space
Z[e] = / [DY] [DY] e~ #5E(eTT) (23)

with Euclidean Lagrangian density Lp = |dete?|¥(x)EL (x)y*D;¥(x). The covariant
derivative D; is given by D; = 0; + w; where w; is the spin connection.

80ne of the most prominent decays in particle physics which created a puzzling situation for some
time, whose solution led to the discovery of the anomaly, is the neutral pion decay into two photons
0
T = .
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The contribution to the topological index stems from the fact that the path integral
measure [DV] [DV] is not invariant under infinitesimal local axial U(1) transforma-
tions described by

U(z) — W'(a) = U(o) + ia(2) 70 U(a). (24)

This can be proved by expanding the ¥, U in terms of the eigenfunctions “of the
Hermitian operator /), namely

U(z) = Z an ¥, (2); V() = Z Tl ()b, (25)

where ay,,b,, denote independent elements of the Grassmann algebra. Under the
infinitesimal chiral rotation (24) the coefficients a transform according to

(l;L = Z Onmam, C’n,m — /dzlxe(m)\lll(x)eia(z)vd*'l\Ilm(m)

~  Oum +i/dlee(x)a(x)\I/L(a:)’de\I/m(:v) +0(a?) (26)

and the path integral measure transforms with the inverse determinant as follows '°

(DY) [DY] = [ [ dandb, — [DV'] [DV'] = []da,db,
= (det Con) [ [ damdbr,  (27)

where
(det Cm'n,)71 _ e—ifdmwe(a:)a(m)zk \Pz(w)mprl\l/k(m). (28)
The sum in the exponential of (28) is ill-defined
Z Ul (2)7a41 Un(2) = Tr(va41)5%(0) (29)
k

where we used the completeness relation of the eigenfunctions {¥,(z)}. Fujikawa
regularized the previous sum by introducing a Gaussian cut-off M

/dmw@(l’) (Z \I]L(I)'YdJrl‘I/k(x))
k

= lim Z/dmxe(x)\I/L(x)7d+1e_(’\k/M)2\I/k(x)
k

R

M—o0

/dzlxe(x) éin}) Try_y (’yd_s_le*'@]p2 6 (x — y)) ; (30)

9The set of eigenfunctions {¥,(z)} is orthonormal and complete, namely, they obey
(Un (@), U (2)) = [ dH2 W] (@)U (2) = nm and Y, Cn ()W (y) = 6% (z — y).

10Tn the derivation of the determinant of the matrix Cpy,, we use the identity det(Cnm) =
eTrIn(Cnm) and expand the logarithm In(1 4 a) = a 4+ O(a?).
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where only the g = ﬁ—independen‘c terms contribute to the topological index. We

should empasize that the anomaly is indepedent of the chosen regularization scheme
for the large eigenvalue contributions in the sum (29). Instead of the exponential
damping we could equally have chosen some other function which is smooth and
decreasing sufficiently rapidly at infinity. Moreover one can show that the nonzero
eigenvalues of the Dirac operator are paired, thus giving a vanishing contribution,
while the +-chirality zero modes carry all the topological structure of the manifold.

3. The Path Integral Approach

In the Fujikawa approach one can show that the consistent regulator $2 can be
rewritten in the form
S 2 1 1~ ij 7 1 1 G J b
R=D"=59"2Di/gg"D;+ 7R R=3Rian'v'7" (31)
where Di =0; + %wmb’ya'yb. One can prove that R commutes with the generator of
infinitesimal general coordinate transformations

“ 1
[R.Gpl=0;  Gp= = [0i& +&0i]. (32)

We would like to interpret R as the Hamiltonian of some one-dimensional supersym-
metric linear or nonlinear o-model.
Consider in Euclidean space the Langrangian density [4]

1 a1 Sl
L = 5gi(@)i'd + 5 gij(2) ¥ (‘I’{ + Fizxk‘l’i) ;
ry, = Ej (wi%er + Dief) (33)

where dots over the bosonic and fermionic fields indicate differentiation w.r.t. time.
Also Wi (t) are one-component Majorana fermions. The configuration space of (33) is a
(d, d) dimensional supermanifold with = and ¥ denoting its bosonic (commuting) and
fermionic (anticommuting) coordinates, respectively. The symmetries of the above
action are

— global N = 1 supersymmetry
dxt = eWIEL; WY = —efite — 5xjwj“b‘l'l1’ (34)
— local SO(d) rotations
U= Ly(2) 01wy = Liw,SgdLy + LEO L, (35)

where € is a constant spinor and L{(x) are local Lorentz transformations.
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The canonical momenta conjugate to x; and V¢ are
oL . n 1
= - = I —
oz* t 2

VIV () = S = S, (36)
Note that the fermionic momenta II* are not independent of the coordinates ¢
thus one faces the problem of canonically quantizing this superclassical system. One
then needs to consider the appropriate (fermionic) first class constraints [3]. In the
Peierls quantization scheme this is completely avoided. This is because, in the Peierls
program there is no need to define momentum variables to carry out the quantization.
Promoting the canonical bosonic variables to operators satisfying the commutation
relation

mi(t)

[#0s,27] = —iho] (37)

where 71; = p; — %hwmb\ll‘fllll{. One can construct the quantum Noether supersymmetry
charge operator

Q=giE Vihg T =g 1E Wifgi. (38)

The second equality in (38) is a direct consequence of Hermiticity. The Hamiltonian
operator is then given by

1 oA 4 1 1, .11

H={Q.Q} = 597" \/ag g™ % — SW*R. (39)
and shows that it is supersymmetric hence supersymmetry is preserved at quantum
level.

The integrated contribution to the chiral anomaly (topological index) comes from
the following path integral [5]

‘ d
. _ (71)% . Ia Tat -Sh
An(chiral) = pE [lili% Tr H (\Il + Vv ) e n (40)

in which we have introduced new free operators W¢ (satisfying {¥4, ¥4} = §%° and
{W¢, W8} = 0) and define ¥ = (U4 +i0g)/v/2, Ul = (0% — ¥%)/v/2. The Hamil-
tonian operator H is given by (39).

In order to calculate the contribution of the bosonic Hamiltonian to the path
integral, in the configuration space, we need the completeness relations

/ d42:/g(@) o) (] = T = / dp p) {p] (a1)

where |x) , |p) are the eigenstates of the Hermitian position and momentum operators.
Their inner products are

(zly) = \}65(‘”(%—3/); (plp') = 6“D(p - p');
) = et (12)
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The fermionic Fock space is constructed using a complete basis of coherent states
defined by

)y =e?"10) (i = (0] ™ (43)

where the operators 9%, wT a = 1,---,d play the role of annihilation (1/;‘1 |0y = 0)
and creation opertors (|a,b) = @/leb |0>) for the system, and satisfy v |n) = n|n) and
(7] ¥ = (7| 7. These eigenvectors have the following inner product and decomposition
of unity

L / dde |€) e~ (7] (44)

where our convention for the ordering of the anticommuting variables is that di =
dng - --dn while d6 = d€; ---d€;. The trace of an operator over the fermionic Fock
space is then given by

Tr(0) = /dgdﬁeﬁi <0l > . (45)

In the discretised version of the path integral after the insertion of N complete
sets of momentum eigenstates and N — 1 complete sets of position eigenstates into
the propagator, we face the problem of ordering ambiguities. These can be treated
consistently by rewriting the operators exp (—%ﬁ (z, 13)) in Weyl ordered form. This
means that we symmetrize in all operators it contains. The Weyl ordering of a

polynomial operator By (2, p) ™ leads to the midpoint rule
ClBw @)l = [ dplel B o) ol
1
= [ @ tel) elo) Bur (52 +).0) (46)

where in the last line the Weyl ordered operator By has been replaced by a function
simply by substituting p — p, £ — %(z + y). This is an exact result. For a fermionic
Weyl ordered polynomial operator *2 Eyy (¢),4") one can also derive the midpoint rule
for coherent states

(@l Fw (4, 91) [n) / JEdE (7] Fuy (1) 1€) =€ (Elm)
1

[ dede i) (€l e P, 5

i+ ¢)). (47)

For a polynomial one may prove that (@mp")w = % Z;Zo ( lm )a:m Lpr#! and then it

follows that (| (#75")w |y) = [ (=1p) (ply) (252) ™ prdnp.
12For polynomials of anticommuting variables we define the Weyl ordering by (¢"¢Tm)w =

ey 0RO (B + €Ty
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In general Weyl ordering and exponentiation do not commute, {exp ( £ )} w #*

exp (—% | ) W A closed expression for {exp ( %ﬁ )} w cannot be written down but

for path integrals their difference cancels.

4. Chiral Anomaly in the Center-of-Mass Approach

To calculate (40) we employ the background field method in the center-of-mass-
approach [6] according to which the bosonic trajectories x%(t) decompose into a con-
stant zero-mode part xf and a periodic quantum fluctuating part ¢*(¢) orthogonal to
the constant. The fluctuations obey

0
[ dwit=0, g =g+ (48)
-1
The Green function of the fluctuations on the interval [—1,0] which satisfies

82

@Acm(tvt/) = o(t— t/) -1,
Ao (t,t) = Acn(t+1,t) = Ao (t,t) =A@, +1)=0 (49)
is given by
oo
cos(2nm(t —t)) 1 1 1
Ac _ —_— = oy AN _/2_7.
m(t—1) Z:: G St —t)e(t—t) — St =) = . (50)

The complex fermionic trajectories ¥?(t),1*(t) split into constant Grassmann
variables and quantum fluctuations as follows

POt = X"+ U (t)  UN(E) =7+ Pgua(t). (51)

The Green function for the Dirac fermions 1?(t), 1% (t) depends on the (anti)-periodic
boundary conditions and one finds that

too e(2n+1)im(t—t")

<P () >ap = 60

1
- Zsabep
2" @ntl)im 2 et =)

too 2nz7r(t t')

<Pt () >p = 6“’72 = b (;e(t—t’)—(t—t’)). (52)

C onim

Using the trace formula (45) and the completeness relations (41), (44) we obtain

d/2 d
An(chiral) = 2d/2 / (H da:0> vV g(zo) H(dﬁadnadxad)_(a)
a=1

XX (x H (D% 4+ 1) [n) e (i, 0] €~ 7 |Xa$0> (53)
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The first matrix element between fermionic coherent states in the second line can be
evaluated and gives

d d
(x| H @+ P8) Iy = (xlm) [T (x° =[] +n. (54)
a=1 a=1 a=1

Using the identity

d
eXX o~ nnH P 7(=X)(x— W)H +n%) (55)

a=1

and performing the integrals over n and Y (rewriting the measure dx®dn® in terms of
the variables n — x and n + x as 2"d(x* + n%)d(n® — x*)) we find

d
An(chiral) = (2(77571 d/z/(Hd‘TO) / (H dwibg> e~ 7 Stoops (T0,97 1) (56)
a=1

In the previous expression ¢f , = (x* +7%)/ V/2 is the background value of W¢. The
only contribution to the chiral anomaly is given by the vertex

1 1 0 g
5 Stoops (0, U pg) - = _Qﬂih/_ldtq’wmb(xo + q) T (t)Wh(t)
1 " . 0 .
= —MRijab(w(l‘o))\Ifl,bg‘lll)bg g dtq'q . (57)

In the above expression we have Taylor expand the spin connection around the classi-
cal constant trajectory xg, use Lorentz invariance to vanish w(zg) and integrate over
the background values of Ui ,,- Hence the center-of-mass approach with (50) yields

An(chiral) = =Y T / (deo ) / (H dys bg>

exp [i <_ﬁ1h>k (k ;!1)'2’“—1Tr (Zf)k (—ﬁh)klk] (58)

k=1

b
where R;j = Rijap¥7 ,¥7 5, and

ka/ dtl/ dts - /dtkA (b — t2) A%, (ty — ta) - AL (b — 1) (59)

with A®, (t; —t2) = ? A (t1 — t2). The multiple integral in (59) can be evaluated
by using

/A (t1,t2) A2, (T2, t3)dts = Acm(ty,t3)

1
/ A (t1, )AL (g, t)dts = (a‘z) Aun(tits),  ete.  (60)
—1 3
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For odd values of k both Tr(R*) and I vanish while for even k one obtains the above
integral which is given by

8

IQk:2

(61)

=1

Substituting this result into (58), performing first the summation over k then over [,
and scaling the constant fermionic backgrounds Vi pg = ﬂd]ibg’ one gets

An(chiral) = i / (Hdzo ) / (H i bg>

1 iRij(20)/4
det <z Sinh(Ry, (o) /4)> (62)

where we used the identity det A = 774, To calculate the determinant we diag-
onalize the skew symmetric matrix iR;;(xo) = i Rijap(x0)0¢ bgwl by DY an element of

GL(d,C). The eigenvalues denoted by \; = )\zalﬂ/ﬁ bgwl pg COme into pairs of opposite
sign. The determinant can be expanded, following steps similar to those presented is
Section 1, in a sum as

e d iR/t ﬁ A4
isinh(R;;/4) ) bl sinh(\;/4)
O oM s gy . + 0%, (63)
ijab chdwl,bgwl,bgwl,bgwl,bg wuyg :

248

In four dimensions only the second term of the sum survives upon integration over
the Grassmann variables '3 and gives

An(chiral) = 71'2 2 1 (deo )TT(R%EO)) (64)

where Tr(R*(z0)) = 1Rijab(w0)Rjica(0)e®*®. This result is in perfect agreement
with (21). Clearly there is a gravitational y441 anomaly only in d = 4k dimensions.

5. Conclusions

In this article we have shown an alternative way to compute the index of the Dirac
operator for spln— fields in curved space-time. Using the path integral formalism
for a one-dimensional supersymmetric model with a Weyl ordered Hamiltonian as a
regulator, we derived the correct result predicted by Atiyah-Singer index theorem.
The same scheme can also be applied to compute the index of other operators in
Quantum Field Theory or String Theory [6].

13Recall that [ df; =0 and [ d0;0; = 9o = &;;.
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