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Abstract

We study a reduction of a Maxwell-Bloch system that includes the effects of
both a permanent dipole and inhomogeneous broadening. We present the Lax
pair and use an appropriate Backlund transformation to solve the equations
exactly and produce a family of soliton solutions.

1. Introduction

A nonlinear interaction occurs when high intensity, nearly resonant light propagates
in a dielectric, mainly due to saturable quantum mechanical resonances between the
frequency of the electromagnetic light waves and natural oscillatory modes of the
medium [9]. Equations that capture the relevant phenomenology are the classical
Maxwell wave equation coupled with the quantum mechanical Bloch equations.
Under certain physically motivated assumptions the Maxwell-Bloch (MB) system
reduces to several models, each one derived at a different level of approximation.
Two physical phenomena closely related to the interaction of light and matter are the
effects of: (i) inhomogeneous broadening, and (ii) a permanent dipole. In reducing the
MB equations either the first and/or the second phenomena were neglected. Lamb in
[7, 8], Eilbeck et al. in [3] incorporated the effects of inhomogeneous broadening in
the absence of a permanent dipole. More recently, in [1], the effect of a permanent
dipole was retained in the absence of inhomogeneous broadening. In this paper we
study a set of reduced MB equations that retain the properties of both events.
Inhomogeneous broadening describes the phenomenon that occurs when the atoms
that constitute a medium possess different resonant frequencies due to microscopic
interactions between them. Each atom is assumed to be at a different resonant fre-
quency, w, with probability given by a function g(w). g(w) is a function strongly
peaked at wp, the frequency of an isolated atom, and describes the spread of the
atomic frequencies around wg. In the equations that follow, (1)-(2), we include the
inhomogeneous broadening effect by using the average of the relevant functions over
all possible atomic frequencies in the form of an integral. The scenario that neglects
the effects of inhomogeneous broadening (sharp line case) is equivalent to the situa-
tion when all the atoms of the medium oscillate with the exact same frequency, wy,
and the probability function, g(w), takes the form of a delta-function around wy [3].
The characteristics of the presence of a permanent dipole in the system include
the way in which the internal polarization field is created, and how the externally
applied electric field influences the states of the medium through the interaction.
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In this paper we introduce a set of reduced Maxwell-Bloch equations that incor-
porate both the effects of a permanent dipole and inhomogeneous broadening. We
remark that the derivation of the relevant equations, (1)-(2) does not involve the
slowly varying envelope approximation. We demonstrate the integrability of this
new, more general reduction of the MB system by providing a Lax pair. The Lax pair
found for this new set of equations, which we call the inhomogeneously broadened
reduced Maxwell-Bloch equations (ib-rMB), is not a straight forward generalization
of the one found for the reduction of the MB equations studied in [1] by the authors.
The method for constructing the new Lax pair involves the use of a pseudo-potential
[10, 4, 5, 6]. In section 2 we present the ib-rMB equations in matrix and scalar form,
and in section 3 we show how one can reduce these equations in the sharp line case,
to the rMB model introduced in [1] using an appropriate change of basis. In section
4 the Lax pair is presented and in section 5 we construct a Bécklund transforma-
tion that enables us to obtain the soliton solutions family in section 6. In section
7 we graphically investigate the effects of the permanent dipole and inhomogeneous
broadening on the solutions.

2. Inhomogeneously broadened model

We begin by introducing a set of equations that recount the interaction between light
and matter as described in the introduction. These equations include the effects of a
permanent dipole and inhomogeneous broadening.

The ib-rMB matrix equations are given by:

oFE 1/0
o,
W——Z[HW—ECLPW] N (2)

where

iu. R, +1iS 1Ad 0 LAR Lo
_ sVw w w _ [ 2 — | 2
Fo = (Rw Cis, g, )= Co —taa) o He= e Ian)

The dynamical variables are the electric field, E, and the elements (R,,, S.,U,) of
the matrix P, (which represent, as we will see in section 3, linear combinations
of the elements of the polarization matrix). The subscript w for (R, S,,Us) is
meant to indicate the dependence of those quantities on the varying parameter w,
which portrays the different oscillation frequencies of the atoms of the medium. The
function that gives the spread of the frequencies around a specific resonant frequency,
wo, is g(w) and in the sharp line case g(w) = d(w — wp). For a function F of w,
< F(w) >4 is the average of the function F over all possible frequencies: < F(w) >,=

ffooo F(w)g(w)dw. Time and space are represented by ¢ and z. The permanent dipole

effect is encoded in the parameters Ad and Ah, and we make this statement precise
in the following section.

Using matrices (3) in equations (1)-(2) yields the scalar ib-rMB model which we
shall study in this paper:

OoFE Ad
e (wSu), (4)
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32“ — (Ah— AdE)WwS. (5)
% — _(Ah—AdE)Ro + %MUW (6)
% — _2uS, | (1)

3. Relation to rMB model

In this section we present the rMB model studied in [1] and explain how we can
reduce the ib-rMB system to the rMB model in the sharp line case. This will provide
essential information on how the permanent dipole in being represented in the new
system and the precise effects it has on the solutions. The rMB matrix equations
(that do not include the effect of inhomogeneous broadening) are:

OE 4 OE N 9Tr(up) ()
ot " e Oz 2606 OF

op 1

a——E[HO—HEvp] ; (9)

where E is the electric field, y = <M11 M12> is the constant dipole matrix ,p =
H12 22
hwl

P il P12} s the dynamical polarization matrix and Hy = 0 is the
P12 P22 0 hwy

constant hamiltonian matrix that has as eigenvalues the energy values at the two
levels of the medium. We remark that Tr(p) = 1. Using these matrices in equations
(8)-(9) produces the scalar form of the rMB equations (after effective scaling):

86 66 ) *

a5 + Er §(p12 — pi2) (10)
% = [1 — 2Qsin(f)e] Imp12 (11)
61]?512 = — [1 — 2Qsin(f)e] Reprz — Qcos(f)eAp (12)
0A . *

—(%p = —2iQ cos(f)e(p12 — pla)- (13)

The dynamical variables are e, Ap, and p12 := Repis + ilmpi2. The real electric
field is represented by e. Ap = p11 — pa2 is also real and represents the difference of
the diagonal elements of the electronic density matrix p. The off-diagonal elements of
p, p12 and p, correspond to a polarization induced by a transition between the lower
and the upper energy levels [9]. The scaled temporal and spatial variables are ¢ and
z. ) and 0 are physical parameters that encode the effects of a permanent dipole in
the system. There is no permanent dipole when the diagonal entries of u are both
zero which is equivalent to 6 = 0 [1] .

Having presented both the ib-rMB and rMB equations, we now show why the
two models are equivalent in the sharp line case. We begin by summarizing the
procedure: (1) We place the ib-TMB equations in a traveling wave frame, (2) We
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impose the sharp line condition, g(w) = §(w — wp). Namely, all the atoms share
the same transition frequency, wp, (3) We change the basis, by conjugating the basis
matrices. Performing steps (1)-(3) to equations (4)-(7), transforms them in equations
(10)-(13) up to multiplicative constants.

We first place the ib-rMB equations (4)-(7) in a traveling wave frame by a change
of variables: z +— z,t — t+ z, and take g(w) = 6(w — wp). For the rest of this section
w = wyp. For simplification reasons we use the symbol w in the following equations
but it is to be kept in mind that we have chosen a specific w and that is wg. This
produces the following set of equations:

% = (Ah — AdE)wS (15)
O — (AR AB)R + U (16)
%—[i = —2wS . (17)

There exists a change of variables for (R, S,U) that transforms equations (14)-(17)
to the rMB equations (10)-(13). We first notice that the matrix equations (8)-(9)
remain the same if we substitute the matrices u, p and Hy by the traceless matrices

n=p— %Tr(u), p=p— %Tr(p), and Hy = Hy — %Tr(Ho) respectively. The traceless
matrices take the form

1A 1A - 1AR 0
s~ _ [ 28K Mlz) ~_<2P P12> H_<2 >
a ( wh  —iAw) T U, —3ap) 00 0 -iAn):

where Ap = 111 — pio2 = 211, Ap = p11 — pa2 and Ah = h(wy — w2).

We then observe that conjugation does not essentially alter equations (8)-(9), but
it will formulate them in a new basis. We conjugate i, p and Hy with the matrix that
diagonalizes fi.

The eigenvalues of the matrix fi (with p12 = pet), are given by A\ o = :I:% 4 + Ap?
and the corresponding eigenvectors are v1 = (p12, —(A2 + p11))" and va = (Ag +
Ui, f435)t. One can then check that

fi=BdB™!,

where B is the matrix with columns the eigenvectors, and d is the diagonal matrix
with the eigenvalues down the diagonal:

B A2 + p11 112 d— A2 0
pig —(Aetpn)) 0 —X)"

Diagrammatically we have:

1 — — BB :=d
p — P — B71pB:=P
Hy — Hy +— BilHoB = H .
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We restrict the form of H to be a symmetric matrix (instead of hermitian) which

is equivalent to assuming pj, = p12 < piz = pe? , 6 = 0. The degree of freedom
represented by 6 was compromised to ensure the integrability of the ib-rMB model.
Conjugation produces

IAd 0 U R+iS AL lw
— (2 —( 2 =2
d‘( 0 —%Ad) » b= (—z’S g ) =00 Ean)

where the dynamical variables are:

-1

U= o (0 = 0?80~ dayRep)
1

R = oy {0 = 0®)Repia + aptg)

S = —Impia

and the parameters are given by:

Ad=2) = /T2 + Ap2 A= =2 of)

o
Aw = h(w; — wa2) w= (;ﬁa‘%))
a= A+ %Au .
More compactly,
S 1 —(,M2 + 012) 0 0 Imp12
D 0 (u? — a?) ap Repi2 | - (18)
2 2
U (42 +a?) 0 dap —(u? —a?) Ap

With the change of basis given by (18) equations (14)-(17) produce the rMB equations
(10)-(13) up to rescaling constants. Thus we can regard the ib-rMB equations (4)-(7)
as a generalization of the rMB model (10)-(13), when the effects of inhomogeneous
broadening are taken into account.

To identify the parameters involved in determining the permanent dipole we recall
that there is no permanent dipole when the diagonal elements of the dipole matrix

1
vanish. The traceless dipole matrix we used has the form g = (zﬁu 1NAM>’ thus
2
no permanent dipole corresponds to Ay = 0. This implies that Ay = —p and o = —p.
As far as the ib-rMB equations (4)-(7) are concerned, there is no permanent dipole
when:

Ah=0, Ad=—-2u, w=—h(w; —ws).

4. Lax Pair

The inhomogeneously broadened reduced Maxwell- Bloch equations (4)-(7) are com-
pletely integrable. There exists a rational, one-parameter family of pairs of differential
operators, that depend on the dynamical variables E, R, S, U, and commute in a
Lie-bracket sense if and only if E, R, S, U, satisfy the ib-rMB equations.
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The Lax pair representation is given by,

Y = (ASd) {/O; (w2 i )\2) [2/\W9(W)(RwH =+ Sw]:) - WQQ(W)U‘*’E} dw} v

1
Py = {%H - §(Ah_ AdE)S} P,
where H, F, £ constitute a basis for the Lie algebra su(2) and are given as,
1 0 0 1 0 1
7*‘@ 4)’f_<—10>’8_<i0)' (19)

We define two differential operators L and A, such that [L, A] := LA — AL =0 is
equivalent to the inhomogeneously broadened rMB equations (4)-(7),

A=—-0,+Q"
L=0,+Q. (20)
where,
QP°' = MhoH + foF) + eof
> 1
Q- / G A+ RF) +erlde
and

2
ho = 3, hi = —(Af)z wg(w) Ry
fo=0, fi= —(A;) wg(w)S. (21)
eo = —1(Ah — AdE = (Bd) 2
0= —5( ), e1=-g-wg(wl, .

We call QP°" and @ loop elements due to their close relationship to loop algebras
(we leave the investigation of this direction for a future paper) and hj, f;,e; for
7 = 0,1, the potentials. We remark that the potentials depend on the solutions
E R,,S,,U, of the ib-rMB equations. Therefore a precise description of the loop
element is equivalent to having a set of solutions for our system.

5. Backlund Transformation

One of the simplest examples of a Backlund transformation (BT) is the one that trans-
forms a constant solution of a system to another time and space-depedent solution,
called a one-soliton. We illustrate this by finding a constant solution to equations (4)-
(7), and using it in the potentials (21). This defines the corresponding loop element,
which we call Qo, and depends on the potentials h;, fj,e;, 7 = 0,1. We then find a
simultaneous, fundamental solution ¥; to the Lax pair system LV = 0, AV = 0.

We define

(1;1 = (¢1> = \Ifl()\ = I/l)C_i N
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N C1 . . .
where ¢ = (ic ) is a constant vector with c¢1,co € R, and the matrix N; as,
2

[ —h2
N1_<¢2 E)

The BT matrix function is then constructed as: G(v1,¢é1;\) = Ny ()\ —01/1 \ OV_) Nfl .
-

Applying G to ¥, yields a new fundamental solution Wy:
Va1, ci;A) = G(vr, ci; )W (v, 615 )
Define 52 as:

(f)g = (z;) = \112(1/1, C_é; )\ = VQ)CE

- k1
where ¢3 = <z ko
Construct N> in the same way N7 was constructed but using the vector function
B,
We can iterate the BT procedure to find ¥,,:

) is a constant vector with ki, ks € R.

\I/n(ijc;al S] S TL—l,A) = G(Vjacﬁj"al SJS n_l;)\)\ljnfl(ujacﬁj"vl SJS Tl—l,)\)

Define 5,1 as:

-

D, (v, 6,1 <j<n)=",(v;,¢,1<j<n—1\=1,) .

Construct N,, as described above using the vector function ®,,.

The method described produces new fundamental solutions ¥,,n € N for the
corresponding Lax pair equations: L,¥, =0, A,¥,, =0, for L, = 0, + Qn, A, =
—0; + QP°l, where

o 1

(S ARYH + [ F) + ef€ldw . (22)

Qn =AheH+ f0F) +eg€ +/

— 00

has the general structure that includes both a polynomial and a singular part. The
upper indices of the potentials h{, f7, ef, hT, fi', €7, and the lower indices of the loop
element ),, are meant to indicate the level of the Backlund transformation. We note
that the potentials hg and fy are invariant under the BT because they are constant
quantities and thus h)) = ho, fj = fo = 0, for j € N. We also note that in the following
calculations if there is no upper index for the potentials, then it is meant to be 0.
The exact expressions for the potentials hg, f§, eq, AT, fi', €7, n € N can be deduced
from a result we present below (Theorem 1.).

We derived a formula for the new loop element Q,,, i.e. for {hj, [, el, hY, i, el},
in terms of the previous one Q,,_1, i.e. {hg_l, fal_l, eg_l, h?_l, fi -1 e’f_l}, and the
matrix IV, by explicit calculations that eliminate ¥,, and ¥,,_; from the Lax pair
equations. Thus, the procedure of the BT can be summarized as follows:
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¥; — N; — ()1 — one-solitons
Gl

Uy — Ny — ()2 — two-solitons

v, — N, — @, — n-solitons

The relevant formulas for @), are given in the following two results. Theorem 1., that
appears in [1] and was formulated for the tMB equations (sharp line case), gives the
loop element @, in terms of the loop element @, and the matrix N,, (a matrix with
entries that depend on BT data). This result is extendable to the inhomogeneously
broadened case because the A operator in the Lax pair for the ib-rMB system has
the same form as the A operator in the Lax pair for the sharp line case derived in
[1], and the corresponding L operators have the same singularity structure with two
finite poles.

Theorem 1.
N, ' Qn(A) Ny (23)
= [Ny'Qu-1(n)Nne1, N, 'Quo1(vn)Nne2] + (A — Re(vn)) — Im(vy)H) -
|:N1 (Qn—l()‘) — Qn—l(yn)) NngluNgl (Qn—l()\) - Qn—l(l/n)) Nn€2:| 7

" A—1v, A— 1y,

where {€1,é} are the standard basis vectors in R? and [0, ] symbolizes the matriz
with first column U and second column .

The following result, Corollary 2., is a special case of Theorem 1. when one uses
the loop element @,,—1 as given in (22) and takes the specific value of the spectral
parameter to be purely imaginary, v, = im, € iR, to ensure the reality of the
potentials and consequently the solutions E, R, S,,U, (As we will see in section 6
this condition can be relaxed when we iterate the BT twice).

Corollary 2.
Qn(\) = NI "H + mphy [ H, NyHN Y + e te (24)

© 1
+/o @2 =27 (2 +m2)
(MWW T H A+ fTIF) = (ma) P (No HNG D (B TR+ f 7 F) (NG N, )
+mpel E, Ny HN, | + maw? (B H, NGHN, Y + 17 F, Ny RN )
+w?el 1 E — (my)?el T (NyHN, HE(NHN, ) } dw

The expression above gives the loop element at the n—th BT in terms of the potentials
of the (n — 1) BT and the matrix N,, which can be constructed using data appearing
at the (n—1) BT. Therefore formula (24) iteratively produces the n-soliton potentials
for n € N.
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6. Soliton Solutions

To initialize the Béacklund transformation we set the solutions to F = ﬁg,S

0,U, = 0 and R, = R a nonzero constant. The reader can easily verify that

these constitute a set of solutions for the ib-rMB equations (4)-(7). The potentials
then become:

I
>
—_
|
>
&
S

hO =3 — T 2 w.g(w)Ranit
fo=0, fi=0 (25)

We specialize Corollary 2. for n = 1. We find ¥, the fundamental solution of LW =
0, AU = 0, by multiplying the solutions of the systems: ¥, = QP'U ¥, = —QU ,
where the loops are evaluated at the potentials (25):

U, = Ao HWY
o0 A
v, =— [m o ——hiHdw .
Thus W, takes the form:
—1 fc;o 2 5 h1dwz+ilhot
Uy = (e ) i > (11 d iAhot ) :
O eZ oo w2 14WT—1 0

We let o = f
A = im7 becomes

- mmm} and then the fundamental solution evaluated at

ea1m—m1h0t 0
\Ijl = ( 0 e—(alm—mlhot)) °

Thus the vector function ®; := (¢1, ¢2)! is composed of ¢ = cje®r*—mhot = g, —
icge®r®=mihot and this gives,

Nl — Clealzfmlhotz_i_ C2€7(a1x7m1h0t)5

Using the potentials (25) in Corollary 2. reduces equation (24) to

Q1(A) = AhgH + myho[H, NyHN; ] (26)

+/°° 1 1 .
—oo (WP = A?) (W2 + (m1)?)
{N [wPhiH — (m1)?hy (NyHNT YH(NHNT Y] + maw?ha [H, NyHNT '} dw

By definition the new loop element Q1 is:

Q1(\) = \hpH + ep€ + / ! AhiH + fiF) +el€] dw . (27)

—oo (W= A?)

We calculate the following expressions that appear in equation (26):
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[H, NyHN; '] = 2sech(z1)E (28)
(NYHNTYH(NYHNTY) = (2sech?(z1) — 1)H — 2sech(z;) tanh(z1)F , (29)
where 21 = 2(anx — mihot) + In(c1/c2). Using expressions (28)-(29) into (26) and

equating the coefficients of the different powers of A for (26) and (27) we obtain the
following:

A0 e(lJ_SOl = 2myhgsech(zy)
1 1—sol 27nl("JQhJ
s A T <m)s€ch<x1)
A hl—sol _ 1 2h 2h 2 h2 1
w2 22 1 = W2 +m2 [‘U 1 —mihi(2sech”(21) — )}
2m?h
l1—sol __ 171
1 = (m> sech(z1) tanh(xq)

If we use the potentials given in (21), we obtain the one-soliton solutions of the ib-rMB
equations (4)-(7):

2m Ah
1—sol _ _1
E (t,x) = Ad sech(z1) + Ad
2
SLoNt, @) = #letsech(wl) tanh(z:)
1
1—sol ini
Ryt e) = oy B (W7 4 i — 2misech(a)]
—4dmiw
1—sol _ 1 init
U, " (t,z) = mR sech(z1) ,

where,
%) 2 ..
x1 = 2(arx —mahot)+1In(e1 /e2), ar = [ Whldw hi = (Af) wg(w)Rimet,

Next we apply Corollary 2. for n = 2. We repeat the procedure to find the two-
soliton potentials in terms of the one-soliton potentials.

6 = e — dmar 1T (30)
_ 2ma 19102 (¢2 +é3) .1

A= ) {m26“2“’ G-t e } (3
2 _ 11 4mgy 1012 { 1 P12 4 (¢ +¢2) }

e o e B Uit v s L ey S CE)
2,1 2mey (¢%+¢%){ 1 101 P2 1 (¢2+¢2) }

=l @\ w-a ey
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where ¢ and ¢4 are
gf)l =1 [kl (mg — mi tanh(xl))ey2 — mlkgsech(xl)e_yz} (34)
¢2 = mlklsech(xl)ey2 - k2(m2 +mq tanh(zl))eﬂ” ) (35)

x1 = 2(a1x — mahot) 4+ In(e1 /) and yo = asx — mahyt.
The two-soliton potential e2, for instance, can be expressed in terms of elementary
functions if we substitute (34) and (35) for ¢; and ¢z in (30):

(mf — m%) mysech(xy) — masech(zz) (36)
1

_ ;?i’:% (tanh(z1) tanh(zz) — sech(x)sech(xa)) ’

where z1 = 2(a1x — 2mahot) + In(cr1/c2), 2 = 2(agx — 2mahot) + In(k1/k2), a; =

1=, (T)hldw for j = 1,2, and hy = Mw g(w) R The two-soliton electric
field, 2%, can then be obtained via e2™* = —3(Ah — AdE?#).
7. Graphs

In this section we observe the qualitative behavior of the four fields, E, S, R,U for
varying values of the dipole strength Ap and the inhomogeneous broadening pa-
rameter 0. We use a gaussian distribution for the probability function: g(w) =

127re_( = . In the following graphs we set: In(ci/c2) = In(ky/k2) = 0, wo =
1u—1 Aw =1, Rt = 1,

In figure 1 we dlsplay snapshots (¢ = 0) of the four fields when the two spectral pa-
rameters take the values 11 = —2i, vo = —1i, the dipole parameter Ay = 0 and we vary
th(e value that controls inhomogeneous broadening: o = 0.1 (dash), 0.5 (dash-dot),
1 (solid).

In ﬁ)gure 2 we display snapshots (¢ = O) of the four fields when the values of the
two spectral parameters are v = 22 ve = —i, 0 = 0.5 and the permanent dipole
varies: Ay =0 (dash), 2 (dash-dot), 4 (sohd)

From figures 1-2 we observe that the effects of the permanent dipole and inho-
mogeneous broadening work against each other. Increase of the permanent dipole
strength tends to produce more localized pulses, whereas increase of the inhomoge-
neous broadening parameter spreads the pulses out.




M.A. Agrotis, N.M. Ercolani and S.A. Glasgow

12

1 1.5

0.5

0

-1.5 -1 -0.5

(b)S2-aol

(a) E2—sol

1.5

1

0.5

0

-1.5 -1 -0.5

0.75
0.5
0.25
0
-0.25

-0.5
-0.75

RZ'SO].

(d)U2—sol

(C)RZ—sol

Figure 1: Simultaneous snapshots of the two-soliton solutions for varying values of

the broadening parameter.
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Figure 2: Snapshots of the two-soliton solutions for varying dipole strengths.
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