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ABSTRACT. We investigate Bernstein’s theorem for polynomials on normed spaces. We also
determine the supremum of the values of |IL|| / JILJl, L & 0, where L varies over all
continuous summetric m-linear forms on vector valued L[P-spaces and cp spaces (L is the
homogeneous polynomial associated to L).

1. INTRODUCTION

Throughout this paper K denotes either the complex field C or the real
field R. If the field is not specifield the results are valid in both cases. For a
fixed normed space E over K, we denote by Bg, Be the open unit ball,
closed unit ball respectively. Let %5(E, K) denotes the space of all co-
ntinuous symmetric m-linear mapping L : E™ — K and define

f(x) = L(x, ..., x).

A mapping P : E — K is said to be a homogeneous polynomial of
degree mif P=L forsome L € %%(E, K) and it is said to be a poly-
nomial of degree m if

P=2 Pi, PuZ0
k=0

where Pk : E — K is a homogeneous polynomial of degree k, for k = 1,
...m, and Po:E — K is a constant mapping.
If Le %aE, K) we define the norms of L and L by

ILI = sup {ILx) : x € Be}
ILIl = sup {IL(x4, ..., xm)| : i EBgi=1, .., m}.

If ny, .., nk are nonnegative integers whose sum is m, then we write
L(x" ... xfx) for L(xi, ..., X1, ..., Xk, ..., Xk), Where x; appears n
times, x, appears n, times, and so on. We define K(ni, ..., nk; E)
to be the smallest number M with the property that for every
L € Y%, K)

sup {“__(x?l i Xﬂk)l . X c BE, = 1, st k} < M ”f_“.
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We shall write K(m; E) instead of K(ni, ..., ng; E) if ni=...=n=1.
It is shown in [7] that if E is a complex normed space then
| I m™
Clnl; B 1)
n" ... nfx m!

m

and in particular C(m; E) < —r:nl—’ Mazur and Orlich in the Scottish Book

[11] conjectured that
m
K(m; E) < =
m!

and this conjecture was subsequenﬂy proved by Matrin [9]. If E =1', the

space of all K-valued sequences x = (x;j) such that ||x||, = Zi |xi|] is
=
m

finite, then the constant e is the best possible, that is

K(m; 1') = =

m!

In fact it was shown by Nachbin (see [5], p. 44) that there is an
LE % (I, K) suchthat (LIl = ILIl.

If E is a real Banach space, Harris has given estimates for R (ni, ...,
nk ; E) in the Scottish Book ([11], Problem 74). We now give an example
to show that (1) does not hold when real Banach spaces are considered.
First of all it is easy to see that for every L € Z3(E, K) we have

L(x) = L(y) + 6L(x*y) = [; L(r,(t)x + ry(t)y)dt

forany x,y in E, where r, is the nth Rademacher function defined
on [0, 1] by rn(t) = sign sin2"mt. Thus

IL(x%y?)| < 3 IILI
forall x,y in Bg, and the following example show that
R(2, 2; 1) =3 > C(2, 2; E)
where 17 is the space R* equipped with the norm

lIX[le = max{|xil, ..., |Xa|}.
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Example 1. We choose L € 5 (1, R) whose associated homoge-
neous polynomial is defined by

L(x) = (x? — x3)2 — (x3 — )2

where x = (x1, X, X3, x4) € I It is easy to verify that [IL|| = 1. We
have

1
L(x%?) = Xtyf + x3y3 — X3yi — Xayi — T {x{y? + 4x1x291y2 + x3yi}

1
+ 3 {x3yi + dxsxaysys + x3y} 3

for every x = (xy, ..., x4), y = (Y1, ..., va) in 1. By taking x = (1, 1, 0, 1),
y=(,-1,1,00 weget |L(x**)| =3. Hence

sup {ILY)| : lIxllw = llylle = 1} = 3 |IL).

This example is due to A.M. Tonge.

2. Bernstein’s theorem for polynomials on normed spaces

If H is a Hilbert space, it is an old result that for every L € ¥8(H, K)
we have |ILIl = |IL. Kellogg [8] in 1928 and van der Corput and Schaa-
ke [4] in 1936 proved this result in the case where H is a finite dimensional
real Hilbert space. Banach [ 1] also proved this result under the assumption
that H is real and separable. For modern expositions, see [3] or [7].

If E isanormed space, L € Yn(E, K) and Df.(x) is the Fréchet
derivative of [ at X, we can verify easily that

DL(x)y = mL(x™ly)

for every x,y in E. Thus Km; E) =1 iff IDLx) < m LN for
every L € Z3(E, K) and every x in Bg. In other words K(m; E) = 1
iff Bernstein’s theorem holds for every homogeneous polynomial of degree
m on E. We recall thatif P: C — C is a polynomial of degree m,
the classical Bernstein’s theorem asserts that its derivative P’ satisfies the
inequality

IP |l < m [Pl

where the symbol ||*|l. denotes the suprerium norm taken over the unit
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disc. Harris in his commentary to Problem 73 in the Scottish Book ([11],
pp. 144-145) asked whether there is a similar result for polynomials on C(K)
spaces. The answer to this question is negative. In fact A. Tonge [14] gave
an example of a homogeneous polynomial of degree 2 on the complex spa-
ce I3 for which the inequality proposed by Harris fails.

m

If Tm@®) = kZ cke®® is a complex trigonometric polynomial of degree
=—m

m, which satisfies |Tm(d)| <1 for all real 9, then

ITm(®) < m (Bernstein’s inequality) 2)
for all real d. It is an interesting fact that this inequality implies

C(m; H) =1, where H is a complex Hilber space.

Proposition 1. Let H be a complex Hilbert space and suppose
P : H— C is a polynomial of degree m satisfying [P(x)] < 1 for
every x € By. Then (2) implies

IIDP(x)ll < m
forall x in Bp.

Proof: We put

Tm(®) = (xcosd + ioysind)

S 1 if (x,9)=0
for every x,y in BH, where o= (x_,y)_’ if (x,y)#0.
[(x, yI)

We see that Tm(d) is a complex trigonometric polynomial of degree
less or equal to m. Since [lxcosd + ioysind |l <1, we have [Tm(®) <1
for all real 9. Thus (2) implies |Tm(®) < m for all real 9, and in
particular |Tm(0)| = |IDP(x)ioy| < m. It follows that

IDP(x)y| < m

and this proves the proposition.
It is well known (see [13]) that if P : C — C is a polynomial of degree

m, satisfying |P(z)| =1 for every |z| =1, then [(zT™?P(z))’| < % or

|mP(z) — 2zP’(z)| < m. (3)

Next, we obtain a result which is a generalization of inequality (3).
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Proposition 2: The following are equivalent:
(a) Bernstein’s inequality for complex trigonometric polynomials.
(b) If E is a complex normed space and P : E — C is a polynomial of
degree m satisfying [P(x)| <1 for every x € Bg, then

ImP(x) — 2DP(x)x| < m (4)
for all x € BE.

Proof: If (b) holds, then for E = C we get inequality (3) and this
implies Bernstein’s inequality (see [13], p. 377).
We prove now that (a) implies (b). We define

Q (<x, A>) = i‘f-o Pi(x)A™

where P(x) = __ZO Pi(x), and Pi: E — C is a homogeneous polynomial

of degree i,i =0, .., m. Clearly Q is a homogeneous polynomial of
degree m on EXC and Q(<x, A\>) = A™P ( % We put

Tm(®) = Q(Lx, 1> cosd + i <— x, 1> sind)

for every x € Bg. Then Tm(®) is a complex trigonometric polynomial
of degree less or equal to m.

2 o x(cos® — isind) ) X(cosd — isind) -
e [ Tu(0)) ‘ £ ‘ cosd + isind l cos{) + isind l =
we have |[Tm(®)| <1 for all real 9. Thus
ITh(0)] = IDQ(<x, 1>) i <— x, 1I>| < m. (*)

Since it is easily verified that the identity
DQ(<x, 1>) <y, 1> = DP(x)y + mP(x) — DP(x)x
holds, (*) proves (4).

Note that (4) is obvious when P is a homogeneous polynomial of de-
gree m.

If H is a complex Hilbert space and P : H — C is a polynomial of
degree m, satisfying |P(x)] < 1 for every x € By, Harris proved
(see [7], p. 150) that

ImP(x) — DP(x)x| + IDP(x)ll < m (6)
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forall x in Bpy. This is a refinement of inequality (4) in the case where
E is a Hilbert space. Harris observed also that inequality (5) in the case
H=C, iseqivalent to C(m; I5) = 1.

Using (5), we can show that for the non-Hilbert space H X C, with
the supremum norm, we have |IL|| = |ILIl for every L€ Y5HXC, Q).

Proposotion 3. If H is a complex Hilbert space then for the space
H X C, with the supremum norm, we have
Cim HXC)=1.

Proof: Suppose that dim(H) < . If Q is a homogeneous polynomial
of degree m on H X C, then
S
z

QLx, z>) = z"P
where P is a polynomial of degree m on H and x € H, z € C.
We have, using the maximum modulus principle, that

QI = sup Z"p %N= sup IP(x)] = |IPII.

lI<x,z>ll=1 lIxll.<1

To prove the proposition, it is enough to prove that
IDQ(Lx, z>) <y, w>| < m |IQIl,

for every <x, z>, <y, w> in Bhuxc.
From the maximum modulus principle, we have to show that

IDQ(<x, 1>) <y, 1> < m QI
for every x,y in Bn. But
DQ(<x, 1>) <y, 1> = DP(x) + mP(x) — DP(x)x
and (5) implies
IDQ(Lx, 1>) <y, 1>] < mlIPll = m |IQI|

for every x,y in Bn. The proof, in the case where H is an arbitrary
Hilbert space, follows easily.

3. Polynomials on vector valued LP-spaces and c, spaces.

If E is a Banach space, we denote by LP(u, E) = LP(Q, Z, p, E),
1 =< p < oo, the Banach space of equivalence classes of p-Bochner inte-
grable functions f: Q — E such that
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il = (o IfIIP dp)¥P < oo,

By L* (u, E) we denote all (equivalence classes of) essentially bo-
unded p-Bochner integrable functions f: Q — E such thtat

Iflle = ess sup(l/lf(w)ll : w € Q) < oo,

The Banach space IP(E), 1 < p < =, is the collection of all sequences
X = (x)) of elements of E, such that

lxllp = ( Z l1xill> J7? (Il = sup {llxill : i € N} if p = oo)

is finite. When E is the Banach space of scalars, we use the symbols
LP(u), 1P for LP(u, E) and IP(E) respectively. We have mentioned in

: . m"™
the introduction that K(m; 1') = oy The next example shows that 1

may be replaced by !'(E).

Example 2. Consider the Banach space IP(E), 1 < p < oo, and let
a €E with llall =1. By the Hahn-Banach theorem there is a ¢ € E*
with norm 1, such that ¢(a) = llall = 1. Let L € Pa(IP(E), K) be de-
fined by

1
L(x, ..., x™) == oés o(xPD) ... o(x3™)

where x' = (X%):q for i=1, .., m and Sy is the set of permuta-
tions of the first m natural numbers. Take

@=(0,.,04a0,..) (a attheijth coordinate)

and define
v'=ni® (' + .. +em)
yk = nEl/p (en|+...+nk_1+1 e sl em+...-{r-nk)
where ny, ..., nk are nonnegative integers whose sum is m. Then an easy

calculation, as in [12] example 1, shows that ', ..., y* are unit vectors in
IP(E) and

A

R, o ni! ... n! m™P
IL((y)™ ... (v") 9 = Sy ) [ILII.
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In particular, by taking ni = ... = nk = 1 and p=1, we have

I == nti.
m:

The previous example implies that if m<k, then K(m; I8(E)) = o

The following result gives the best constant C(m; 1}) for any positive inte-
gers m k=23, ..

Proposition 4. For any positive integers m, k=23, .. we have
%m-, if m<k
Cm; i) ={"" n1 ; (6)
iy Ml el M Sk

n? ... nfx m!’

where the maximum is taken over all k-tuples (ni, ..., nk) of nonnegative
integers whose sum is m.

Proof. We have to consider only the case where m > k. First observe
that as L € &5 (I, C) is symmetric, and as the norm of a multilinear
form is the greatest absolute value at the basis vectors g;,

IILIl = max|L(el ... &Ml

where the maximum is taken over all i-tuples (ni, ..., ni) of nonnegative
integers whose sum is m, 1=i<m. The proof now follows from inequa-
lity (1) and from the fact that (1) becomes equality when E = I, k <m
(see [7], theorem 1).

Note that if k =m — 1, then we have from (6)

I m

e

Next, by taking E to be an L%v) space, we give estimates for
K(m; LP (u, E)). We shall show that most of the results for K(m; LP(n))
in [12] hold for appropriate values of p and q. First we need a lemma.
If we use the notation |lfllqp for the norm of f € LP(p, LI(v)), we
have:

Lemma 1. Let Q be a measure space with a finite measure A, and let
1<p<2p=<q=<p’, where p’ is the conjugate exponent of p. If
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we have an orthonormal set of K-valued measurable functions s; satisfying
Isit)) <1 ae, 1=<i=<m, then

[fQ // ’:ZI SI(t)fl //’;,p dA(t) r/p' < (é‘ //fl//‘q’,p )1/p (7)
for each fi, ..., fn in LP(u, L(v)).

Proof. Working as in the proof of lemma 1 in [12] (see also [15]) we
get the following inequalities:

Jo ” I=Zl si(t)f ”i:p dA(t) ]l/p' = (FZI lIfill5,p )l/p (a)
ol g son s @ [* <(g )" o

where 1 < p < 2. The result of applying an extended version of the
Riesz-Thorin interpolation theorem [2] to (a) and (b) is the inequality (7).

If Q=1[0,1], A is Lebesgue measure on [0, 1] and s;i=r; is the
ith Rademacher function, them we have the following generalized Clarkson
inequality

[fé “ :zl firi(t) ”Z:p dA(t) ]l/p’ < (:Zl 112, )1/p &

for each fi, ..., fm in LP (u, LYv)), where 1<p=<2, p=q=p’.
If E is a normed space over K and L : E — K is a symmetric
m-linear mapping, then we have (see [12], lemma 2)

L, Lot ;1'— P nt) ... rm(t) L ( i firi(t))dt

for every fi, ... fm in E.
The above polarization formula, together with inequality (8) and example
2, imply the following result (c.f. [12], theorem 2).

Proposition 5. For 1 <p<m’, p<q=<p’, we have

K(m; LP(u, L)) = %

If 2<p <o, p <q=<p, we have another generalized Clarkson
inequality:
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1/p’

(11 & w7, " <( & e, ©

for each fi, .., fm in LP(u, L9V)). We omit the proof of this inequality
which is similar to the proof of lemma 1.

Proposition 6. For p>m and p' < q <p we have

Kim; L2, L) <
m!

The proof of this proposition follows easily from inequality (9), using the
o’

polarization formula. The constant is by no means the best possi-

ble, as the example in [12], p. 268 shows.
If

K(m; p, q) = sup{K(m; LP(u, L9(v)) : u, v are measures}

the propositions 5 and 6 imply that K(2: p, q) = 2771 for 1< p=<2
P=q=p’ and K2 p, q) =2 for 2<p <o, p"<q<p
The next example shows that R (2; p, q) = 279 for 2 < p < oo,
P =<q=<p

Example 3. Consider the real space 1§, 1 < p<o Let L bea
symmetric bilinear form on ? defined by

L(x, y) = xiy1 — xay2
for every x = (x1, x2), y = (v1, v2) in 19. Then
ILN = sup {Ix} — %3] : P + [P <1} =1
and for x = (277, 27YP), y=(27Vp, — 27¥P) [(x, y) = 22" Hence

LIl = 2v2/° |1 ).

Corollary. For the real valued continuous symmetric bilinear forms on
every LP(u, LI(v)) space, 1<p<oo,p<q=<p (p’'< q <p), the
constant

2lp—2l/p

is the best possible
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To find the estimates for C(m; p, q) in the case where 2 < p=m,
m = 2", for appropriate values of q, we need the following result.

Lemma 2. Consider the complex Banach space [P(u, L)),
q=p=2m, 2=<q=2m. Then for every L € P5m(L’(n, L)), C)
we have

IL(x™y™)| < LI (10)
where x,y are unit vectors in LP (p, L9(v)).

Proof. We define f(z) = IA_(x + zy), for z € C. Then we can easily
check that

fm (0) = izml')' L(x™y™).

Since f is a polynomial we have

|
fm0) = 2= f, zf,(n% dz

where y(d) =e® (0<d <2n). So

A Im! 1
IL(xmy™) < () mm 2

n 0112 d9.
@em)! 2n P llx + ePyllae

Hence to prove (10), it suffices to show that
1 2 1/[2
z—njg" Ix + e®yll2m dy < ?( rr: ) (x11%m, + llyl12m, (11)
forall x,y in LP(u, LYv)). The following inequality
1 i..112m 1 2m 2m 2m
Eﬁ" Ix + e®yllz™ dd < el O (Ixl13™ + llyliz™) (@)

is due to Harris (see [7], p. 160) and holds for all x,y in L*(u). Using
Harris’ inequality, we also have

1 : 1/[2 -
Eﬁ" lIx + ePylidm dd < ?( 2 ) IxN3R + llyli3m (b)

for all x, y in L®(u). The result of applying the extension of Riesz-
Thorin interpolation theorem to (a), (b) is the inequality
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1 . 1/[2
S o llx + e®yliF dd < ?( " )(lellzq"‘ + lylla) (©)

forall x,y in Lu), 2 <q<=<2m. We deduce that

1 . 1(2
ol + Pyl oo < 7( ™) G+ I @
holds for all x,y in L%y, L%v)), 2<gq<2m.

Using inequality (c) we see that

1

1 S 2m
o [+ Py o < 7(

(112 + Ny 11%%m) (e)

m

for all x,y in L?™(u, L9v)). Now interpolating again between (d) and
(e) the result is (11).

Proposition 7. If m =2", n=2, then

CH L B 2T =<qEp=2"
CY>:p. g = ¢22(2"—2; pi g 2 lsgsp=2"!

c”'2paq , 2<qsp=2.

Proof. If n = 2, a simple argument, as in the proof of theorem 3 in
[12], shows that

C@é;p,q) =C42p,q), 2=q=p=4

The proof now of the proposition follows easily by induction on  n.

Note thatif n=2 then C(@4;p, q <2*%, for 2<q=p=4

Finally we consider the c, spaces. We recall that by ¢, we denote
the Banach space of compact opereators T on a Hilbert space H such
that

ITllp = (tr(T*T)P2)VP < oo,

Since the generalized Clarkson type inequalities hold also in the c¢p spa-
ces (see [6]) we have, as in the case of LP(n) spaces, that
m/p
m!

K(m; cp) = o for 1<p=<=m’".
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Now using the fact that there exists an isometric embedding of [P into
cp (see [10], p. 267), and lemma 0 in [12], we have

K(m; fP) < K(m; cp).

Hence, for 1 <p<m’, we have

m/p
K(m, cp) = =
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