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Introduction

If & is a class or a property of groups, then r% denotes the class of
those groups which are residually in ¥. We recall that G € r%, if for
each g € G, g # 1 there exists a normal subgroup N of G such
that g& N and G/NE€ ¥ or G/ N has the property %.

In the rest r%,r® and r. AN will mean residually finite, residually free
and residually nilpotent groups respectively.

In this paper we deal with some residually properties of certain HNN
extensions with base group a finitely generated (in short f.g.) abelian group.

The residually finiteness of HNN extensions with base group a f.g. abe-
lian group and associated subgroups of finite index in the base group was
studied in [1].

Here in the first section we study the same problem, in some cases, when
the associated subgroups are of infinite index in the base group.

In the second section we study the residually freeness of HNN extensi-
ons with base group a f.g. free abelian group.

The residually nilpotency of some HNN extensions with base group a f.g.
free abelian group is studied in the last section of this paper.

1. Residually finite HNN extensions

Proposition 1. Let K be a fg abelian group, A, B < K and
¢ : A — B an isomorphism, let G = <t, K | t' At = B, ¢> be the
corresponding HNN extension of K. If A N B is finite, then G
is r%.

Proof. We can assume that A, B are infinite, since if A, B are finte G
is rF ([3]). Also A, B are of infinite index in K, since A N B is
finite.

Let A = A X A, B= B, X B, where A, Bi = Ai¢ are the
torsion parts of A and B and A, B, = A are torsion free. Obviously
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ANB=A NB, and A, NB; =1 Let K=K, XK;, where K, is
the torsion part of K and K, is torsion free such that

<Az, Bz> — Az X Bz < K..

We can find C; < K; such that (Az X Bz) NC;=1 and |Kz . AszCz| < oo,
We consider the family N, = (A:B;C;)" v € IN of subgroups of K,
where by (A;B;C;)" we denote the subgroup of A;B,C, generated by
all the v-th powers of elements of A;B;C,. It is easy to see that
AN, = AB;C;, BN, = A’BC; and (A N Ny¢o = (A2J¢ = B, = BN N..
So ¢ induces, in a natural way, an isomorphism

¢ov:ANy /Ny = BNy /BNy, vEN

with (aNy)py = apNy a € A, v € IN. Thus we can define the HNN
extension

Gy =<1, K/ Ny | ' ANy / Ny v = BNy / N,, ¢>

Each Gy, v E N is r# as an HNN extension of a finite group
(K / Ny is finite because of |K; : A;B,C;| < . Now as in Th. 1. of [1]
we have that G is r%.

Proposition 2. Let K be a fg. abelian group, <u>, <w> cyclic iso-
morphic subgroups of K. Let G =<t, K | t'ut = w> be the HNN
extension of K with associated subgroups the cyclic subgroups <u>
and <w>. Then G is r# ifandonlyif <u> and <w> are fini-
te or <u>, <w> are infinite but <u> N <w> = 1 or there exists a

+1

promitive torsion free element s of K such that u=s" =w'

Proof. Let G be r%. Suppose that <u>, <w> are infinite and
<u> N <w> # 1. Then there exists a primitive torsion free element s
of K suchthat u=s" and w=s% Now as in Th. 2 of [1] have that
p = lql.

Conversely, if <u>, <w> are finite or <u> N <w> =1, then from
[3] and from Proposotion 1 above we have that G is r%. Let <u>,
<w> be infinite and u = s = w*!, where s is a primitive torsion free
element of K, then again as in Th. 2 of [1] we have that G is r%.

The residually finitness of an HNN extension with base group a. f.g.
abelian group and associated subgroups of finite index in the base group
was studied in [1] (Th. 1).
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In the case where the associated subgroups are of infinite index in the ba-
se group we have.

Proposition 3. Let K be a fg abelian group, A, B isomorphic
subgroups of K of infinite index in K and A N B of finite index
in A, B then the HNN extension G=<t K|t'At =B, ¢> is
rF is if and only if there exists H<sANB suchthat HIG, where
in H< ANB the symbol f means that H is of finite index in A N B.

Before giving the proof of the Proposition above we shall need two
Lemmas.

Yoriia A Lot CG=<t K[t At=B, ¢> be the HNN extension of
the group, K with associated subgroups A and B. Let K. <K, A <A
B, < B be such that the subgroup G = <t, Ki> has the presentation
G =<t Ki | t'/Ait =Bi, ¢ = ¢a> If H isa normal subgroup of
G, such that H <K, then H< G.

Proof. The proof is obvious because H < G,=t'Ht=H, but HIK
So we have that H< G.

Lemma B. Let K = <xi, ..., X> be the free abelian group of rank r.
Let ¢ : <Xty ey X2> = <Xi, w5 x> A <r be a proper monomorphism.
Then the group G = <t, X1, ..., Xl t%¢ = xip, i = 1, .oy A, [%5 6] = 1,
i # > is non Horfian.

Proof. Themap ¥ :G — G with t—1t xi— xid, i =1, ... A, Xj = X,
fis= K421, s obviously an ependomorphism. But, because ¢ is a
proper monomorphism, there exists x; such that xi & (X1 ey X0)0.
So the non trivial element [txit™, x] belongs to Kerd.

Proof of the Proposotion 3.

We assume that there axists H < ANB suchthat H< G. Since
Ho = H we can define the HNN extension G <1, K/H| T'(A/H)t
=B/ H, o>, where (kH) ® = koH. It is obvious that G/ H=G
But the G is rZ from the Proposition 1,since |A/HNB/ H| < e
So as in proof of Th.1 of [1] we have that G is r%.

Suppose that G is r%, then if A N B is finite, there exists H=1
such that Hp = H and H < A N B. For this we can suppose that
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A N B is infinite. Let A = A; X A;, B=B; X B;, where A, B = Ai¢
are the torsion parts of A and B. We choose {xi, ..., Xr} a subset of a
minimal generating set of K such that <x, ..., x> is torsion free and
such that A, = <x¥, ... x> A <r and B;= <K, ., XN,

We define the following set of subgroups of K, ¥ = {N | N <t K and
(ANN)p=BNN}. Since G is r¥ we have that NQJV N =1 ([4]).

Also it easy to see that N AN =A and N BN = B, because if we
NEN NEN
_ suppose that there exists h € NQ/V AN \ A, then the element 1 5 [t 'ht, b],

b & B belongs in NQA’ N, a contradiction (see Prop. 2 of [1]).

The subgroup B, is subgroup of K, = <xi, .., x»> because the
A N B is of finite index in A, B. If A, = K, = B,, then there exists
H=A, =K, =B, with H<lt AN B. So we can suppose that both A,
and B; are proper subgroups of K;. Since in the case where A, =K, and
B, # K, then the subgroup G, = <t, xi, ..., x|t 'Ast = By, dja, > of
G is non Hopfian (Lem. B), a contradiction, because G is r%. Let
{1, aj, ..., an-1} be a transversal of A, in K; and {1, by, ..., bm-1} be
a trasversal of B, in K,. Then, because A,, B, are proper subgro-
ups of K,, as in the proof of the Theoten 1 in [1] we have that there
exists H< G = <t, xi, ..., xa| t'Ast = By, ¢ja> such that H < Ka.
But from Lem. A we have that H <| G and the proof of the proposition
is complete.

Corollary 4. Let A, B, K, ¢, G be as in the Proposition 3. If G is r%,
then |K;: A;|] = |K:: B:|, where K, A;, B, are the torsion free parts
of K, A and B respectively.

Proof. From the Proposition 3 we have that there exists H <\t A N B
suchthat H<I G. Let H,=K: N H. Then ¢ : A, — B, implies an
isomorphism ¢: A,/ H, = B,/ H.. But A,/ H,, B,/ H, are finite. So
IKz 5 Az| = |Kz ; le

Corollary 5. Thegroup G =<t, ai, ..., an | t @it =afi i=1, .., r,
r<n fa,a]=1 1#j> isrFifandonlyif |pil =qji=1, ..,r

Proof. The proof follows easily from Lemma B and the Proposition 3.
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2. Residyally free HNN extensions

Proposition 6. Let K be a fg abelian group, A, B =< K and
¢ : A — B an isomorphism. Let G = <t, K | t' At = B, ¢> be the
corresponding HNN extension of K. If the subgroups A and B are
of finite index in K, then G is r%® if and only if K is free avelian
ofrank k and G is free abelian of rank k + 1.

Prof. If G is free avelian, then G is r®? and r(K) = r(G) — 1.
We assume that G is r®. Then G has no elements of finite rank.
So K is free avelian. Also G is r%, therefore from Th. 1 in [1] we
have that A = K or B = K or there exists H <f K such that
Ho¢ = H. In the two first cases we have that K® is abelian and in third
case we have that H is abelian. Therefore from Lem. 1 in [2] we have
that KE <Z(G) or H=<Z(G). So G has the presentation

G =<t a, waxt at=a, i=1, .,k [a,a] =11,
namely G is free avelian of rank r(G) = r(K) + 1, or
G=<ta,.,a|t'Pt=ai=1.,kla,al=11#>,
in the second case we have G/ Z(G) = <t, ay, ..., ak| [a1, a] =1, 1 #j,

&®=11i=1, .. k> but from Lem. 4 in [2] G / Z(G) is rP. So
Ipil =1 and G is free abelian.

Proposition 7. Let K, A, B¢ and G be as in Proposition 6. If AN B
is of finite incex in A, B, then G is r® if and only if G has the
presentation

G=<t aj, ...,a | tat=ai=1 .,5r<k [a, a]=11i7#>.

Proof. We assume that A, B are of infinite index in K, since in the case,
where A, B are of finite index the result follows from the previous proposi-
tion with r = k.

If G is r®, the G is rZ and from the Proposition 3 we have
that there exists H <0 G such that H is of finite index in A N B.
So as in the previous proposition we have that

G=<,ay .., ak | tlat = ay, ..., t At =&, r <k, [a, 5] = 1,i # >

Conversely, let G have the presentation G = <t, ay, ..., ak | tat = a;,
i=1,.,rr<k,[a, 3] =115 > Then every element of G is of
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the form g = zw(t, aj), where z € Z(G) = <aj, ..., a-> and w(t, aj
isawordin t,a,j=r+1,..,k Let g#1, thenif z=1, we ha-
ve that wi(t, ) # 1 and wf(t, a) & Z(G). But

G/ Z(G) = <t> * <ar+1, ..., a | [ai, a] = 1,1 # j>,

therefore from Th.l. and Th.6 in [2] we have that G / Z(G) is 2,
thus finally there exists a free quotient of G such that g = w (t, a) is
not trivial in it. If g = zw(t, a) and z ¥ 1 then g & <t, ar+, ..,
a>6=N and G/N=<a,, ..,a> is r®P. Soforevery 1#g€ G
there exists a free quotient of G such that g is not trivial in it.

3. Residually nilpotent HNN extensions
Proposition 8. Let
G=<tay,.,a|tat=ali=1.,rlaa=11#j

be the HNN extension of a f.g. free abelian group, where one of the asso-
ciated subgroups is the whole base group. If ys(G) is the n-term of the
lower central series, then vyn+1(G) = <ai i A W e Pl >C  for eve-
ryv n>1

Proof. Let A =<aP ! i=1,.,r>% Then G /A is abelian that
is v20G) < A, but ! = [a, t]. So A = viG). Suppose that
Ynt+1(G) = <P i=1,..,r>C for n > 1. Then [t, P = ai_(pi_l)n+l
and finally yn+2(G) = <a(.pi_l)n+1. i=1, .., r>C. Since every element of
G has the form g=t'kt ™, A, p >0, k € <ay, ..., a>.

Corollary 9. Let G be as above. Then G -is nilpotent if and only if
pi=1i=1, .. r. Namely G is free abelian.

Proof. It is obvious that yn+1(G) = <@ =1, .., >% is trivial for
some nE€N ifandonlyif pp=1 WVi=1,..,r

Corollary 10. Let G be as above. Then G is r A if and only if
prE 2/ 1= 10

Proof. It is obvious that r@l vn (G) s trivial if and only if
pF2/i=1, .,r.

In the corollary 10 we give a characterization for the residually nilpotence
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of an HNN extension with base group a f.g. free abelian group, where one
of the associated subgoups is the whole base group.

In the case, where the associated subgroups are both proper subgroups,
we do not have a complete answer concerning the residual nilpotence. In
view of Th.1 in [1] and of Propositions 2 and 3 above and since a finitely ge-
nerated r. A group is r# we can only exhibit some cases for which
these groups are not rV.
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