BULLETIN OF THE
GREEK MATHEMATICAL SOCIETY
VOLUME 28, 1987a

NUMERICAL RANGE AND GATEAUX DIFFERENTIAL
IN TOPOLOGICAL ALGEBRAS
BY
Thanassis Chryssakis

Studing the numerical range of the- elements of a l.m.c. algbra we have
information concerning commutativity of E and in the case of l.m.c. *-al-
gebras (we have information concerning) the second dual space and the
C*property (see [1] and [7]). In this respect the strongly hermitian eleme-
nts of E (:the elements of E with real numerical range) play an importa-
nt role. In case of unital Lm.c. algebras Vidav-Palemr’s famous theorem
says that: A complete unital L. m.c. algebra E may to be a (complete)
Lm.c. C*algebra if, and only if, E = H(E) + iH(E) where H(E) are the
strongly hermitian elements of E.

A further information concerning the C*-property is the following:
Theorem. Let (E, I = {p}) be a unital . m.c. *-algebra. Thgn, the follo-
wing statements are equivalent

(i) E is a Lm.c. C*-algebra
(i) The normalized states of E coincide with normalized continuous posi-
tive linear forms of E
(iii) Every self-adjoint element of E has real numerical range

(:S(E) € H (E)).
Proof. See [7].
In the sequel we denote the normalized states of E by D(E; 1g) that is
D(E, 1g) = pLEJr ff € Up (1)°:f(1p) = 1}

where (Up (1))° the polar of U, (1) = {x € E : p(x) < 1}. On the other
hand, if E is a unital l.m.c. algebra and a € E then, we called numerical
range of a the set

Vi(a) : = a (D(E, 1g)
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where a(f) = f(a), fe D(E, 1g)

The number

VE(@) : = sup [A|
A€VE(a)

is the numerical radius of a.

On the other hand, fe (Up (1))° iff |f(x)| = p(x), x € E (cf. [4; Chap-
ter I, Lemma 1.2.]).

Now, in the present work, given a unital L.m.c. algebra E we give some
information concerning the strongly hermitian elements of E, by studying a
real-valued function on E (: the Gateaux differential corresponding to the
unit of E). More precicely( let (E, I’ = {p}) be a unital L.m.c. algebra with
P(le) =1,pel (see[2; Th. 3.2]) and a e E. Then, for every semi-norm
p e I’ the real-valued function

fap : R = R : t = fp(t) : = p(1g + ta)

is convex, hence the left and the right hand derivatives exist and satisfy
fap- (0) = f&p+ (0). So, for every p e I' we may define the real-valued
function on E

p(lg + tx) — 1

(1) ¢p5E"|R3X“¢p(x)2=f§(p+(0)51tij}(}+ :

which is called Gateaux differential corresponding to the unit of E, and
besides satisfies the relation

) —¢p(—x)=¢p(x), xeE

The equality in (2) is valid iff there exists the derivative of zero of the
function fyp.

In this recpect we have the next
Theorem 1. Let (E, I’ = {p}) be a unital I.m.c. algebra and a e E.

Then, for every complex number A € Vg (a) there is a seminorm pel
such that



NUMERICAL RANGE AND GATEAUX DIFFERENTIAL IN TOPOLOGICAL ALGEBRAS 9

3) — ¢p(— a) = Re) = ¢p(a)
4) — ¢plia) = ImA = ¢p (— ia)

Proof. Let A € Vg(a). By the definition of VE(a) thereis pe I’ and
fe (Up (1)° such that A = f(a). Moreover

1+t - ReA = f(1g) + t - Ref(a) = Ref(1g + ta) = |f(1g + ta)|

1Ig +ta) — 1
= p(lg + ta), t >0 hence Re%é%, t>0

and passing to the limit we have Re\ = ¢p(a). On the other hand

— A =1f(—a) e VE(— a) so that Re(— A) = ¢p(— )
which yields
— ¢p(— a) = ReA = ¢p(a)
For the relation (4) we have that 1+t -ImA =14t - Re(— iA) =
= Ref(1g + t(— ia)) = |f(1g + t(— ia))| = p(1g + t(— ia)), t>0

from which we take (4) by the same way, as above.

Scholium 2. Since in every complete I.m.c. algebra the spectrum of an
element is contained in its numerical range (see [1] and [3]) it is clear that
Theorem 1 is valid if one substitutes the numerical range of a by the
spectrum of it. In this case the ralation (3) extends in the case of lm.c.
algebras a result of J. Nieto for Banach algebras (cf. [6], Lemma 1).

Corollary 3. Let (E, I’ = {p}) be as in Theorem 1 and x ¢ E. We
consider the assertions

i) Oplix) = — ¢p(—ix) =keR, pel
ii) x + ik e H(E)

Then, i) = ii).
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Proof. We have that

Ve(x + ik - 1e) = % + K1z (D(E, 16)) = {f(x + iklg)) : f € D(E, 1g)}
— (Ref(x) + i(k + Imf(x)) : f ¢ D(E, 1£)}

On the other hand, for every f e D(E, 1g), f(x) € VE(x), so that, by the
above Theorem 1, there is p e I' such that:

— Pp(ix) = Imf(x) = Pp(— ix)
so that, by hypothesis Imf(x) = — k \/f € D(E, 1g) hence x + ik € H(E).

Corollary 4. Let (E, I’ = {pajaci)) be a unital Lm.c. algebra and h ¢ E.
The following statements are equivalent

i) ¢a(ih) = —¢a(—ih) =0, ael
ii) h e H(E)

where ¢a = ¢p, (see relation (1)).

Proof. i) = ii)) Implies by Corollary 3, for k = 0.

i) ® i) Since VE(h) = UVEa (ha) = UVF_O (ha) where E, = E/kerpa
and Ea, ael are the normed and Banach algebras corresponding to the

Arens-Michael analysis of E (see [2] and [3]) we have, by hypothesis, that
ha € H(Eq) hence (cf. [1; Lemma 5.2])

I [|1a + ithg|la — 1
1m

lim ; =0 for every acel.

On the other hand,
pa(lE + ith)— 1
t

— Jim Qe+ ith) + kerpalla — 1
t—0* t

dalih) = lim,

lim. [|1a + ithg|la —
t-*O t

=0 and ¢u(— ih) = gm [[1a — lt}:a”a =
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. |lla +i(=thalla — 1
= — lim_ =0
(-t)=0 (—t)

which yields the assertion.

The above Corollary 4 extends is the case of l.m.c. algebras a result
which is valid for Banach algebras (cf. [1 ; Lemma 5.2] and [6; comments
before Theorem 1]).

Now, let (E, I' = {p}) be a unital l.m.c. algebra. We consider the sets

Xp = {x € E: —¢p(— x) = ¢p(x)}
3 = {x € E —¢p(— ix) = dp(ix)}
Xp=Xp N X3, Eo Epgr Xp

It is easy to verify that these sets are real linear subspaces of E and ¢p
is a real linear function on those.

We will formulate now, two propositions one of which is refered to the
relation between the numerical radius and the Gateaux difeferntial and the
other to the relation between the spectral radius and the Gateaux differe-
ntial. The later extends to the case of L.m.c. algebras a result of J. Nieto
for Banach algebras (cf. [6; Lemma 2 and Theorem 1).

Proposition 5. Let (E, I = {p}) be a unital L. m.c. algebra and a e Ei:
Then,

ve(a) < fgp (May, {0p(0)’, ¢p(— @)%} + Max oy (ia)>, op(— ia))”
(5)
< V2 - ve(a)

Particularly, if a € Ey then
(6) ve(a) < Sup(@p(@)’ + dp(ia))” < /2 - ve(a)
pel’

Proof. Let A e Ve(a). By the relations (3) and (4) of Theorem 1 we ha-
ve that
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(Red)” < Max {¢p(a)’, ¢p(— @)’} and
(ImA)* < Max(¢p(ia)’, ¢p(— ia)’}

Adding these relations and taking the square roots and suprema we have
the first inequality to the relations (5). For the second inequality we have
that

_ .. p(lg +ta)—1
opla) = iy, BELI=1 <
Supp(1g + ta)—1

lim, 2= = = (by [3; Lemma 2])

Sup ReVEg(a) < Sup |VE(a)| = vi(a)
that is

(7) ¢p(a) < ve(a).

On the other hand, the numerical radius ve(a) is a linear norm (see [7])
so that

— Ve(a) = — ve(— a) e dp(— a) = op(a) 2 ve(a)
— ve(a) = — ve(— ia) < — ¢p(— ia) < Pplia) < ve(ia) = ve(a)
hence

Max{¢p(a)’, pp(— @)’} < ve(a)® and
Max{dp(ia)’, dp(— ia)’} < ve(a)?

Adding these relations and taking the square roots and suprema we have
the second inequality in (5).

Now (6) is clear by the definition of E, and (5).

Proposition 6. Let (E, I = {p}) be a complete unital l.m.c. algebra and
aeE. If the familly I = {p} is upper directes then,
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8) pr(a) < Sup[2. Max {0p(0)’, Gp(— @)} + Op(— aIV*
p

Particularly, for a € E; = N X; we have
pel

) pr(a) < Sup(2 - gple)’ + 0n(— a))”
p
where pe(a) is the spectral radius of a.

Proof. For A = p + vi € Spe(a) thereis q e such that (see Scho-
lium 2).

— q(— @) S 1 < ¢ql@)
On the other hand, A? = p*> — e? + 2 pei e Spe(a®) (see [4]) so that,
thereis r e I' with:
— ¢~ @) < Re(\) = 1’ — &’
ie., 0l — 1 < ¢~ )
Now, since the familly ' = {p} is upper directed there is p < [ with
dq(x) < Pp(x) and or(x) < ¢p(x), x € E so that
— ¢p(— a) < p < ¢p(a) and
o? — 1 < gp(— )
hence

AP =12+ = 2 + (07 — 1) < 2 - Max {05(a)’, ¢e(— @)’} + o= @)

Taking the square roots and the suprema we have (8).

By (8) and definition of E: we get 9).
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