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1. Introduction.

The concept of “superspace” was introduced by Salam and Strathdee
[14] in the context of Supersymmetry as a space parametrised by eight
coordinates with the first four taking their values in the even part of a
Grassmann algebra and second four in the odd part.

In attempting to provide superspace with a global topology, A. Rogers
[11] defined the category of superanalytic supermanifolds analogously to
that of analytic manifolds, but locally isomorphic to that Banach space
which is the Cartesian product of a certain number of even and odd parts
of a Grassmann algebra.

Subsequently, A. Rogers [12] introduced the concept of “super Lie
group” as an abstract group, which is also a superanalytic supermanifold
with a superanalytic group operation.

Earlier the concept of “supermatrix”, a block form matrix over a Gras-
smann algebra with the diagonal blocks even and the others odd, had been
introduced by several authors together with that of a “supergroup” of
supermatrices satisfying a certain algebraic constraint [10]. R. Picken [9], in
attempting to investigate the global nature of supergroups, proved that they
not exhibit new topological features beyond the homotopy groups of the
underlying Lie groups and raised the question whether these supergroups
are super Lie Groups in the rigorous sence of Rogers [12].

It is the main purpose of this paper to answer this question in the case
of the general linear supergroup GL(m, n) as-well as for the special linear
supergroup SPL(m, n). We prove directly that GL(m, n) satisfies the
requirements of the definition of super Lie group, whereas for the special
linear group we use a suitable theorem of Rogers [12].

The contents of the paper are as follows. In Secs 2-4 we review the
elementary theory of Grassmann algebras as well as the basic definitions on
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supermatrices, supergroups and Lie superlgebras. Section 5 contains a
review of the theory of “differentiation” extended to Grassmann algebras,
as it has introduced by Rogers [11]. In Sec. 6 we review the basic definition
of supermanifolds and super Lie groups while in Secs 7 and 8 we prove
explicitly that GL(m, n) and SPL(m, n), respectively, are really super
Lie groups in the sense of the definition of Rogers [12].

2. Grassmann algebras

We denote by By(F) the Grassmann algebra, over the field F (F=R
or C), generated by the identity 1 and the p independent generators
01, 82, ..., 8. Then By(F) has as basis the 2P independent generators

1

0 , 1=<i<p

0i6; bl 55 ) =D (1)
e|92. ep,

The product in By(F) is associative and is subject to the identity
6i6; + 6;6i = 0, 2)

forall i,j=1,2, .., p.
The general element of By(F) can be written as

P p
X = apl + ‘zl aif; + ; qii0i6; + ... + a1z ,0:0, ... Op, 3)
- i<
where qu, ai, aj, ... belong to F.

The summand
Xk = i.<i§...<l.( Qiiy...iy, 03,65, ... Uiy, (4)
which is a homogeneous element of degree k, is called the kth part of
x, for k=1,2 .., p. Then

P
xN:ZkZ1 Xk, Xo = X — XN (5)

define the nilpotent and numeric parts of x, respectively.
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B, is a Z-graded algebra, that is,
Bp :k(?(] Bp,k (6)
with

Boxit if k+1<p

Bok *Bot =10y i k41> p

For every element in B, we can write
KT =N ae X1, (8)

where xo in Bpg is the even part of x and x, in B,, is the odd
part of x. Thus there is a secondary gradingon B, by Z,

B, = B,y @ B, 9

' of x

We note that with respect to multiplication the inverse x
in Bp exists and is unique, if and only if xo # 0. The set of all
invertible elements in B, is a multiplicative group, which is called the
Grassmann group and is denoted by B,: (See [2)).

Finally we recall that a sign function is defined on B,, as follows,

0 Lt x & BP.O

S i Yy W

A such function is defined on every Z,-graded vector space.

3. Supermatrices and Supergroups

Let
_[A B
M—(C D) (10)

be an (m + n) X (m + n) matrix, where A and D are m X m
and n X n matrices, respectively, with entries in the even part of a
Grassmann algebra Bp(F), and B, C are m X n, n X m matrices,
respectively, with entries in the odd part of the Grassmann algebra By(F).
Any such matrix is said to be an (m, n)-supermatrix or simply supermatrix.

A supermatrix M can be written as

M= Mo + MN (11)
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where M, (resp. My) contain only the mumeric (resp. nilpotent) parts
of the matrix elements of M. Also, M can be written as

M= M; + M;j, (12)

where Mjp (resp. Mi) contain the even (resp. odd) parts of the elements
of M.

A supermatrix M s invertible if and only if M, is invertible ([3] or
[8]), or equivalently, if and only if detM, # 0. The last relation is
equivalent to that detM; is an invertible element in Bpg, where the de-
terminant of Mj; makes sense, because B,; is a commutative algebra.

The explicit form of the inverse supermatrix of the Supermatrix M, given
by (10), is as follows (see [1])

-1 -1 o1 “Ipy-lA-l A = -1R\-1
M = A"+ A'BD-cA B)'CA A"BD — CcA B) ) (13)

— (D - CA'B)'cA™ (D - CA'B)*

The invertible Supermatrices of the form (10) define through the usual
matrix multiplication a group, called “the general linear supergroup” and
denoted by GL(m,n; F), F=R or C, or simply GL(m, n).

The surtrace of a supermatrix M of the form (10), denoted by strM, is
defined by

ser: = trA-trD, (14)

while the superdeterminant of an invertible supermatrix M of the form (10),
denoted by sdetM, is defined by

sdetM = detA det(D-CA™'B)™* (15)

and is a multiplicative function [1], that is, for all invertible (m, n)-superma-
trices M and N we have

sdet(MN) = sdetM sdetN. (16)

Finally, we note that one of the classical Supergroups is the “special
linear supergroup”, denoted by SPL(m, n; F) or simply SPL(m, n) and
defined by (see [10])

SPL(m, n; F) = {M € GL(m, n; F) : sdetM = 1} (17)
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4. Lie superalgebras

Let B de an algebra over F (F = R or C). We recall that'it is
said to be Z,-graded, Z, = Z / 2Z = {0, 1}, if its underlying vector
space is the direct sum of Bg, the even part, and Bi, the odd part and
if

i) 1 € By (if 1is a unit in B).
ii) BBj C Bitjmodz) forall i,j in Z,.
A Zr-graded algebra is called a superalgebra.

Let now g = g; ® g; be a superalgebra over F whose multiplica-
tion is denoted by a bracket [,]. Then g is called a Lie superalgebra

if the multiplication satisfies the following properties:
) X Y] =— (— ™My, X], for all homogeneous X, Y in g.

(graded skew-symmetry)
i) (- D™X, YL Z1+ (- 1)

for all homogeneous X, Y,Z in g (graded Jacobi identity).

IYIXI FARN|

(Y, 21, X1+ (= 1)~ 12, X], Y] =0

Let now V =V ®V; be a graded vector space, over the field F, with
dimVs =m and dimVi =n. The set Hom(V) of all F-linear mappings
of V into itself becomes an associative superalgebra, if we define a
Z,-grading by

Hom(V)i = {f € Hom(V) : f(Vj) ¢ Vitj,  EZ2}, i=1,2

The general linear Lie superalgebra pl(V) or pl(m, n) of V is the
Lie superalgebra associated with the associative superalgebra Hom(V). We
have the isomorphism

pl(m, n)s = gl(m) X gl(n),

where gl(m) is the general linear algebra over F. (see [15]).

5. Real analysis extended to Grassmann algebras

Following Kostant’s notation [6], M, denotes the set of sequences
p=(, M2 e, Ik, 1S << ..<mk=<p, WEZ1I=i=<p I
w represents the empty sequence in M and (i) or simply i denotes the
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sequence with one element i, then the basis for By, can be written as
{6u: p € Mg}, (18)
where
0w =1

9,_. == Gp,epz s euK, for all H in Mp
8:6; + 66i = 0, for all i, i=L1L2 .., 0p.

Also, M, denotes the set of sequences P = (u, My, ..., pk) in M,
with k even, including the empty sequence, while M;,; denotes the set
of sequences p in M, with k odd.

A complete norm on B,(R) has been defined by Rogers [11] as fol-
lows:

Definition 1: Let o X XuBy (19)

HEM,

be an arbitrary element in By(R), where x belongs to IR. Then a
norm is defined on By(R) by

Ixll = 2 [xu (20)

HEM,
Endowed with the norm defined by (20), Bp(R) becomes a Banach
algebra. The usual Euclidean norm is equivalent to the norm given by (20),
but does not make B,(R) into a Banach algebra. Next we suppress

mention of the field R, writting simply By, instead of By(R).
Let now m, n be finite positive integers. Then we denote by

BP" : = B X By, (21)
the Cartesian product of m copies of the even part of B, and n copies
of the odd part. The arbitrary element of this set will be written

(@, b) = (ay, ..., am; by, ...., by)
or

e = (€18, ..., Cnin):

The set B can be considered as a 2 m + n)-dimensional real
vector space and a norm on it is defined by

NI == Nledll + lleall + ... + [lcall (22)
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The topology on BF" is the topology induced by the norm (22), which
is also the product topology. It is a Hausdorff topology and, since p is fi-
nite, it is the usual topology on Bp" regarded as a 2°"(m + n)-dimen-
sional real vector space.

The definition of “differentiation” on Grassmann algebras has been intro-
duced by Rogers [11]. It is a generalization of the definition of differentia-
tion of Banach spaces (see [5] or [7]). However, the use of multiplication in
the Grassmann algebra instead of the multiplication in the real numbers
makes this definition more restrictive.

Definition 2: Let U be an open set in By*" and f: U — B,. Then

i) f issaidtobe G° on U if f is continuous on U.
i) f is said to be G' on U if there exist m + n functions
Guf :U—-Bp, k=12, ..,m+n
and a function h : B — By, such that, for (a b) and (a+ h, b+ k)
in U, we have
fla+ b b+ k) =fla, b) + 2 h(Ghla b)
n
+ Z k(Gynf) (@ b) + I, W] nih, B
and [In(b, Kl —0 as [/(h k)| = 0. We write f€ G'(U).
i) If r is a finite positive integer, f is said to be G on U if f
is G' and we can found m + n function
Guf :U—=Bp, k=12, ..,m+n

which are G™! on U.

Also, f is said to be G on U iffis G' on U for every
positive integer r.

iv) f is said to be superanalytic or G on U, if for given (c) in U,
there exists a neighbourthood U: of (o), such that for all (x) in
U flx) is equal to the sum of an absolutely convergent power series in
(x— o of the form
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(x1 = 1) .. (Xmtn — Cmtn)fimtn

fix) = 2 ak,..k

] — ““m+n
k/ —0, Ky+n =0

where ay,. i . belongto B, and (é) Ry oscy. Xity Xerbly o3 Xm+n).

6. Supermanifolds and super Lie groups

The definition of a superanalytic supermanifold has been modelled by
Rogers [11] on the standard definition of an analytic manifold. So as an
m-dimensional analytic manifold looks like R™ locally and has local
coordinates  (x(q), ..., Xm(q)) in R™, a superanalytic supermanifold over
By looks like Bm" locally and has local coordinates (ui(q), ..., um(q),
vi (q), ..., va(g)) in Bp*", where q is an arbitrary element of the
supermanifold.

Let now M be a Hausdorff topological space. An (m, n) open chart
on M over B, is a pair (U, ¢), where U is an open subset of
M and ¢ : U — BUA T is ha homeomorphism of U onto an open
subset of BI".

The definition of an (m, n)-superanalytic structure on M over By, is
similar to the usual definition of an analytic structure and thus the definition
of a superanalytic supermanifold is given as follows:

Definition 3: An (m, n)-dimensional superanalytic supermanifold over
B, is a Hausdorff topological space M endowed with an (m, n)-superana-
lytic structure over B, that is, there exists a collection {(Us, ¢a) | a € A}
of open charts on M such that:

PDM=U U,
acA

i) for each pair a, B in A the map ¢gops’ is a GY map of
¢a(Ua N Up) onto 08(Ua N Up)

ii) the collection {(U,, ¢q) | a € A} is a maximal collection of open
charts which satisfies i) and ii).

The definition of a vector field on an (m, n)-dimensional supermanifold
is analogous to the definition of a vector field on an m-dimensional analytic
manifold. Also the set

GU):={f|f: U~ B, with fop™ in G(e(U N V), (v, o)
chart in M} (29)
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is a graded commutative algebra over R, as well as, a graded (left)
Bp-module.

By End (G“(U)) we denote the set of vector space endomorphism of
G“(U). A vector field on U is an element X of End(G*“(U)) such
that !

) X(fg) = (Xfg + (— 1)"* fXg, forall f,g in G“(U).
i) X@af) = (— )Xol aXf, forall f in G“U), a in B

We denote the set of vector fields on U by D'(U). This set is a
graded Lie (left) Bp-module, which is defined as follows:

Definition 4: A graded Lie (left) By-module W over F (F = R
or C) is a Lie superalgebra over F which is also a graded (left) Bp-mo-
dule such that

[aX, Y] = a [X, Y], (25)
forall a in Bp and X, Y in W.

Next, we give the definition of a super Lie group and two theorems
([12]), which we will use later. We have:

Definition 5: An (m, n)-dimensional super Lie group is a set H such
that

i) H is an abstract group.
i) His an (m, n)-dimensional superanalytic supermanifold

iii) the function (x, y) — xy™' of the product supermanifold H X H
into H is superanalytic.

The left translations and left invariants vector fields are defined in the
same way as for the standard Lie groups, while the set of all left invariant
vector fields, say L(H), on an (m, n)-dimensional super Lie group H
is an (m, n)-dimensional graded Lie (left) B;-module with bracket operation

[X, Y] = XY — (— )XIIYlyx, (26)

forall X,Y in L(H). We note that saying L(H) is (m, n)-dimensional
we mean that it is a free module with a basis consisting of m even and
n odd elements.
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Thus to every super Lie group corresponds a graded Lie left B,-module
which is isomorphic to the tangent module T.H.

When p is a finite positive integer, an (m, n)-dimensional super
Lie group over B, is also a 2P (m + n)-dimensional real Lie group.
The next theorems are referred to relationship between the graded Lie
(left) Bp-module of a super Lie group and the Lie algebra of H regar-
ded as a real Lie group. ([12]) These will be useful to us later.

Theorem 1: Let H be an (m, n)-dimensional super Lie group over
By, n < p < o and let W be its graded Lie left B,-module. Mo-
reover, let h be the 2 !(m + n)-dimensional Lie algebra of H regarded
as a 2 !(m + n)-dimensional real Lie group. Then the even part W, of
W, regarded as a 2 !(m + n)-dimensional Lie algebra, is isomorphic
to h

Theorem 2: Let W be an (m, n)-dimensional graded Lie left Bp-mo-
dule and let h be the 2P '(m + n)-dimensional real Lie algebra derived
from the even part of W. Let also H be any 2P '(m + n)-dimensional
real Lie group with Lie algebra h. Then H can be given the structure
of an (m, n)-dimensional super Lie group over B, with graded Lie left
By,-module W.

7. GL(m, n; F) is a super Lie group

Let us denote by lﬁ(m, n; F) the set of all (m, n)-supermatrices.
We consider the map

f : M(m, n; F) — Bg""2™(F)
defined by
FM): = (A, D, B, C) (27)
where M is an (m, n)-supermatrix of the form (10) and
A = (ai, ..., aim, a2, ..., amm) when A = (aj)mxm,

and similarly are defined D, B, and C.
The map f defines the topology in IM(m, n; F) and therefore it can
be considered as a homeomorphism. Then we can write

M(m, n; F) = By ™2™(F) (28)
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Thus, the set Iﬁ(m, n; F) can be given the structure of a superana-
lytic supermanifold by means of a global chart (lﬁ(m, n; F), f), where f is
the map defined by (27).

Let now GL(m, n; F) be the general linear supergroup, which is an
(abstract) group with respect to the usual matrix multiplication. We shall
show that GL(m, n; F) is an (m’ + n’, 2mn)-dimensional open superana-
lytic sub-supermanifold of M(m, n; F).

First we establish a necessary lemma.

Lemma 1: The Grassmann group Bpg (F) is an open subset of By, (F)
with respect to the topology on By (F) induced by the norm (20).

Proof. If xo =kl +j§1 ABj, k # 0 is an arbitrary element in B (F)
P.0

and y :jgllp‘o B is an arbitrary not invertible element in By o(F), then we

have
dly, x0) = lly = xoll = Ikl +2n = | > [kI.
=¥
Thus, choosing r such that 0 < r < |k| we can find an open non-
empty neighbourhood
B(xo, 1) : {x € Bpo(F): [[x — xoll <1}
contained in Bpy.

Theorem 3: The set GL(m, n; F) in an (m’ + n’, 2mm)-dimensional
open superanalytic sub-supermanifold of IM(m, n; F).

Proof. If M is an arbitrary (m, n)-supermatrix of the form (10) we
consider two composition maps fa and fp, defined by

fa(M) : = detA, fp(M) : = detD. (29)
Then we have
fa = det o pra, fp = det o prp, (30)
where
pra : M(m, n; F) = M(m, Bpg(F)): M — pra(M) = A (31)

prp : M(m, n; F) = M(n, Bpg(F)): M — pro(M) = D, (32)
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while the map

det: M(m; Bp(F)) — By o(F) (33)

is defined in the usual way, because B,4F) is commutative.

We note that ﬁ(m, Bpo(F)) (resp. GL(m, B,4(F)) denotes the set of
all (resp. invertible) m X m Grassmann matrices over Bpo(F). The
map det is a polynomial with respect to its variables and clearly it is
superanalytic and therefore continuous. Also, the maps pra, prp are pro-
jection maps and clearly they are continuous. Therefore the composition
maps fa and fp are continuous.

Bearing in mind that an (m, n)-supermatrix of the form (10) belongs to
GL(m, n; F) if and only if detA and detD belong to B%4(F), we get the
equality

GL(m, n; F) = fa' (B},4(F)) N f5'(B%,q, (F)) 34

and since, by Lemma 1, B, 4(F) is an open subset of Bp(F), from the
contmmty of foA and fp, we conclude that GL(m, n; F) is open in
lM(m n; F).

Therefore, GL(m n; F) can be considered as open superanalytic sub-
supermanifold of M(m n; F) by means of a global chart (GL(m, n; F),
f), where f is defined as in (27). We have

dim GL(m, n; F) = (m? + n?, 2mn). (35)
We continue with a number of preliminary jemmas.
Lemma 2: The map
h : GL(m, Bp(F)) = GL(m, By4(F))
defined by
h(A) : = A" (36)
is syperanalytic.
Proof. We note that the inverse matrix of A in GL(m, Bpo(F)) is the
usual one, since Bpg(F) is cummutative. Thus, if A = (@j)mxm, then we

have
A" = (@j)mxm,
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where
aj = (detA)'Al (37)

with A’  polynomials with respect to the entries of A.
Therefore all A; are superanalytic maps and thus the map h is superana-
lytic if and only if the map

g : GL(m, Bp(F)) — Bpg(F), g(A): = (det A) (38)
is superanalytic. Using the superanalytic map

defined by g1 : Bog(F) — BpyfF)

ai(x) : = x7, (39)
forall x in Bpg(F), we can write g = g; o det.

Since det is a polynomial with respect to its variables and g; is supe-
ranalytic, we conclude that the map g is superanalytic.

Lemma 3: The map
w : GL(m, n; F) X GL(m, n; F) = GL(m, n; F)
defined by
w(MN) : = MN™' (40)
forall M, N in GL(m, n; F) is superanalytic.

Proof. We write w = wyow;, where w,; is defined on the Cartesian
product of two copies of GL(m, n; F) into itself by

wi(M, N) : = (M, N) (41)

and w; is the map defining the supermatrix multiplication on GL(m, n; F),
that is

w2(M, N) = MN, (42)
forall M, N in GL(m, n; F).

The map w: is superanalytic, because every of its component maps is a
polynomial with respect to its variables.
Also, bearing in mind the explicit form of the inverse of a supermatrix
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M, given by (13), and lemma 2, we conclude that the map w; is
superanalytic.

We close this section with two theorems which are consequences of the
previous lemmas.

Theorem 4: The general linear supergroup GL(m, n; F) over By (F)
is a super Lie group.

Proof. By theorem 3, the set GL(m, n; F) is a superanalytic super-
manifold.

Also, since the inverse supermatrix for every member of GL(m, n; F)
exists, it is a routine matter to check that this set is an abstract group.

Finally, from lemma 3, it is clear that the map

w: (M, N) - MN"

is superanalytic for all (M, N) in (GL(m, n; F) X GL(m, n; F). Hence
the set GL(m, n; F) is a super Lie group.

Theorem 5: The map

sdet : GL (m, n; F) — Bp(F)
defined by
sdetM : = detA det(D — CA”B)™’ (43)

forall M in GL(m, n; F) of the form (10), is superanalytic.

Proof. It is clear from lemma 2.
8. The SPL(m, n) is a super Lie group.

We note that everything we prove is valid for both fields, real and
complex, unless otherwise stated.

Also, we recall from section 5 that the topology on BI*" induced by
the norm (22), which is also the procuct topology, is a Hausdorff topology
and, for p finite, it is the usual topology on Bf" regarded as a
2" m +n) or 2P(m + n)’-dimensional real vector space, according to as
F=R or C, respectively.

Since GL(m, n) can be considered homeomorphic to BS‘2+"2'2'“" in
order to prove that a subset of GL(m, n), regarded as a real Lie group,
is closed, it is sufficient to prove that it is a closed subset of GL(m, n),
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regarded as a super Lie group over B,. Concerning with that we state
the following theorem.

Theorem 6: The special linear supergroup SPL(m, n) is a closed
subset of the super Lie group GL(m, n). Moreover, SPL(m, n) can be
considered as a closed subset of GL(m, n), regarded as a real Lie group.

Proof. We consider the map sdet, defined by (43), which by theorem 5
is superanalytic and therefore continuous. From the definition of the special
linear supergroup we have

SPL(m, n) = sdet™'{1}, (44)
where {1} is a closed subset in Bpg.

Therefore SPL(m, n) is a closed subset of GL(m, n), regarded as a
super Lie group and by the discussion at the beginning of this section, it is
a closed subset of GL(m, n), regarded as a real Lie group.

From all the above and a well-known theorem on real Lie groups (see
[16], page 99), we conclude that SPL(m, n) can be considered as a real
Lie group.

Next we consider SPL(m, n) as a real Lie group and using the classi-
cal method involving one-parameters subgroups we will find its Lie algebra.
We work over the reals, that is F = R.

Let us now consider the one-parameter subgroup

y : R = SPL(m, n)

such that y(0) =1 and sdety(t) = 1. In the usual (m, n)-supermatrix
form we can write

_ [ Alt) B(t)
0 =( o oo 2
and we have
detA(t) det(D(t) — C(HA™(t) B(t))™" = 1 (46)

Considering the supermatrix y(t) as an element with 2°"'(m + n)
real components, equation (45) represents the arbitrary element of the real
Lie group SPL(m, n; R), provided that equation (46) is satisfied.

Then the corresponding tangent map of y given by
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A\ o [AO B(O)
Y .0( ot v(0) &0) D) (47)
where A(0) = —d—‘z—:ﬁ, etc.
Writing equation (46) in the form
detA(t) = det(D(t) — C(t)A™'(t)B(t)) (48)

and differentiating with respect to t both sides of (48), we obtain at t =0,
trA(0) = tr{DX0) — C(0)A™(0)B(0) — C(0)A™'(0)B(0) —
+ C(0)A™(0)B(0)}
or equivalently
stry(0) = trA(0) — trD(0) = 0. (49)

Conversely, if M is an arbitrary element of the real Lie group GL(m, n; R)
such that strM = 0, we consider the one-parameter subgroup

p : U — GL(m, n; R)
defined by
p(t) = e™, (50)

where U is a suitable neighboorhood of 0 in R such that p is
a diffeomorphism.

It is perhaps worthwhile noting here that the exponential and the logari-
thim of a supermatrix are defined as for the real matrices. ([4]).

Then we find
p(0) =M (51)
and sdetp(t) = sdet eM = esttM = 1 (52)
Hence the Lie algebra of SPL(m, n; R) is given by
L(SPL(m, n; R)) = {M € M(m, n; R) : strM = 0} (53)

Thus we have proved the following theorem:
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Theorem 7: The Lie algebra of SPL(m, n; R), regarded as a real lie
group, is given by (53).

Finally, we state the following theorem:

Theorem 8: The special linear group SPL(m, n; IR) is a super Lie
group.

Proof. First we consider the real Lie superalgebra spl(m, n), defined
by
A B
spl(m, n) = C D € M(m, n; R) : trA = trD |, (54)
where IM(m, n; R) denotes the set of all (m, n)-block form real matrices.

It is a standard result that the tensor product By(R) ® spl(m, n) is
an (m’ + n’ — 1, 2mn)-dimensional graded Lie left Bp-module (see [12]),
while its even part (Bp(R) ® spl(m, n); isa 2°! [(m + n)®> — 1]-dimensio-
nal real Lie algebra.

It is also trivial to check that the Lie algebra of the real Lie group
SLP(m, n; R) is isomorphic to the even part of the tensor rpoduct
Bp(R) ® spl(m, n). Thus we have

L(SPL(m, n; R) = (By(R) ® spl(m, n))s (55)

Therefore we have proved that SPL(m, n; R) is a real Lie group with
corresponding Lie algebra isomorphic to the even part of the graded Lie
left Bp-module By(R) ® spl(m, n). Thus, according to theorem 2,
SPL(m, n; R) can be given the structure of a super Lie group with corre-
sponding graded Lie left B;-module By(R) ® spl(m, n).

Remark. A similar situation occurs when the Grassmann algebra B, is
considered over C. Then the arbitrary Grassmann number depends on 2P
real parameters. Then we have

dimL(SPL(m, n; C)) = 2P[(m + n)* — 1] (56)
and
L(SPL(m, n; C)) = (Bx(C) ® spl(m, n))s (57)

Similarly, the supergroup SPL(m, n; C) can be given the structure of a
super Lie group.



62 A. FELLOURIS

REFERENCES

1. Backhouse N. — Fellouris A., Jour. of Physics A: Math Gen. 17, 1389
(1984).

2. Backhouse N. — Fellouris A., J. Math. Phys., 26, 1146 (1985).

3. Ebner D., General Relat. and Gravitation, 14, 1001, (1982).

4. Curtis M., “Matrix Groups”, Springer-Verlag, (1979).

5. Dieudonne J., “Foundations of Modern Analysis”, Academic Press, N. York
and London, (1960).

6. Kostant B., “Graded manifolds, graded Lie theory and prequantization” Diff.
Geom. methods in Math Phys. No 570, Springer Verlag, (1977).

7. Lang S., “Analysis I, Addison-Wesley, Reading Massachusetts, (1068).

8. Nieuwenhuizen P., “Supergravity”, Phys. Reports, Vol 68, No 4, 189,
(1981).

9. Picken R., Jour of Physics A: Math. Gen., 16, 3457, (1983).

10. Rittenberg V., “A guide to Lie superalgebras” Group Theor. methods in
Physics, Lectures Notes in Physics, No 79, Spinger Verlag, (1978).

11. Rogers A., “A global theory on supermanifolds” J. Math. Physics, Vol. 21,
No 6, 1352 (1980).

12. Rogers A., “Super Lie groups: Global theory and local structures”, J. Math.
Physics, Vol. 22, No 5, 939, (1981).

13. Sagle A. - Walde R., “Introduction to Lie groups and Lie algebras”,
Academic Press, N. York and London, (1973).

14. Salam-Strathdee, Nuclear Physics, Vol, B 76, 477 (1974).

15. Scheunert M., “The theory of Lie superalgebras”, Lectures Notes in Math.,
No 716, Springer-Verlag, (1979).

16. Varadarajan V., “Lie group, Lie algebras and their representations”, Prentice Hall,
inc., Englewood Cliffs, N. Jersey, (1974).

(Received by the editors, September 10, 1986)
A. Fellouris Department of Mathematics, National Technical University,
Athens, Greece.



