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1. Introduction.

In the present paper we discuss the analogy betwen the two-sample line-
ar rank tests and the one-sample Riedwyl-type tests. A two-sample linear
rank statistic tests the null hypothesis that the two random samples have
identical but otherwise arbitrary c.d.f. F(x), whereas a Riedwyl-statistic tests
the null hypothesis whether it is reasonable to approximate the data with a
specified c.d.f. Fo(x). A Riedwyl-type statistic is constructed analogously to
a two-sample linear rank statistic where the second sample is replaced by
some quantiles of Fo(x).

Section 2 will be devoted to the necessary definitions and the basic nota-
tions used throughout this chapter. Section 3 will emphasize that the points
of the support for the distribution of a Riedwyl-type statistic are the same
as those for a rank test statistic.

Sections 4 and 5 will deal with the distribution and certain properties of
the ranks in the Riedwyl-type situation and the linear rank-type situation,
respectively. These two sections will show that the probabilities at the
points of support for the two distributions are different. However, in Section
6, certain common characteristics for the distributions of the two types of
test statistics will be obtained.

The paper concludes with a worked example which illustrates the similari-
ties and the differences in the distributions for the two analogous test
statistics.

2. Definitions and Notation

Let Xi, X, .., XN be N independent random variables from a co-
ntinous distribution with c.d.f. F(x); let X < X < ... < X(n) be the
corresponding order statistics. The statistic Ri will be called the rank
of Xi if Xi = Xg), provided that the Rith order statistic is uniquely
defined. Assuming that F(x) is continuous, the probability of obtaining
tied observations (and thus tied order statistics) is zero. So in this case the



16 CH. DAMIANOU

ranks Ry, R,,..., RN are well-difined; this assumption will be made through-
out this paper.

A statistic T = T(Ri, Ry, ..., RN) which is a function of the original
observations only through their ranks Ri, R2, .., RN is called a rank
statistic. Such statistics form the basis of a substantial body of statistical
inference; they provide alternatives to the classical statistics, especially for
hypothesis testing.

An important sub-family of rank statistics are the so-called linear rank
statistics.

Definition 2.1. Let {a(1), -« a(N)} and {c(1), c(2), ..., c(N)}, be two
arbitrary vectors of constants, and let (Ri, Rz, ..., RN) be a vector of
ranks. A statistic of the form

N
S = §1 c(i) a(R;) (2.1)

is called a linear rank statistic. The constants a(1), ..., a(N) are called the
scores and c(1), ..., c(N) are termed the regression constants.

The main purpose of this paper is to study the linear rank statistics for
testing two independent random samples, and to develop the analogy which
arises if the second sample is replaced by quantiles of the specified
hypothetical distribution for this sample. Thus for every two-sample linear
rank test statistic there arises an “analogue” one-sample test statistic of the
Riedwyl-type. We will examine whether the results known for linear rank
tests can be adapted for the Riedwyl-type tests.

Case A: Linear rank tests

Let Xi, Xz, .., Xn and Yy, Y, ..» Yk-1 be two independent random
samples from continuous distributions with c.d.f’s F(x) and G(x), re-
spectively. The null hypothesis of interest is Hj : F(x) = G(x) for all x; it
will be tested against either a one-tailed or a two-tailed alternative.

Let N=n+ k — 1 denote the size of the combined sample and
2, <2< ... <Zn be the ordered pooled set of X and Y values.
Since F and G are assumed to be continuous this ordering is certainly
unique. Suppose that R}, R, .., Rk—; denote the ranks of the Y’s, and
that Ry, Rk+1, .., RN denote the ranks of the X’s in the pooled set of
Z"s, respectively. B' will stand for the vector of the ranks (Rj, ..., Rk-1)
of the Y’s.
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Putting
ci)=0 for i=k, k+1,.., N, (2.2)

in (2.1) gives the linear rank test statistics
k-1
S =2 c(i) a(Ri), (2.3)

i=1

which is a function solely of the ranks of the Y’s.

Case B: Riedwyl-type tests

Suppose G(x) is a specified continuous c.d.f., Fo(x), completely
known, i.e. G(x) = Fo(x) for every x. Suppose the random sample
Y1, Y2, ..., Yk—1 is replaced by some quantiles qi, qz, ..., Q-1 of Fo(x)
and Z, < Z; < .. < Zn be the pooled ordered “sample” of X’s and g’s.
Note that this ordering is again certainly unique. Let Ri, R,,... Rk-1 be
the ranks of the quantiles, and let Ry, ..., RN be the ranks of the X’s in
the combined set of Z’s. We will use R to denote the vector of ranks
(R, Ry, ..., Rk—1). Substituting the same constants from (2.2) into (2.1) we
obtain the test statistic :

k—1
s=;cmam. (2.4)

This is a one-sample Riedwyl-type statistic, analogous to S°, for testing the
null hypothesis Hp : F(x) = Fo(x) YV x.

In other words the variables and their obtained values with an asterisk
will refer to the two-sample linear rank tests, in the sence defined above.
The variables and their obtained values without an asterisk will refer to the
one-sample Riedwyl-type tests.

Special cases:

If we let
ci) =1 (2.5)

p n+k

2

in (2.3) and (24), for i = 1, 2, ..., k — 1, then we obtain the test sta-
tistics '

a(i) =

=3 (2.6)
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k-1
S = W = n=Zl R} 2.7)
and >
S:Ei%glﬂ_ga, 2.8)

respectively. The rank test statistic S° is the Wilcoxon-Mann-Whitney
(W-M-W) two-sample statistic (see Wilcoxon (1945) and Mann-Whitney
(1947)), whereas the S is the Rey’s 1/2 V(n, k) statistic, see Rey
(1979). These two statistics will be compared in Section 6.

3. Computation of " and S statistics

The exact null distribution of any test statistic S* (defined by (2.3)), or
its analogue Riedwyl-type test statistic S (defined by (2.4)), may be de-
termined from the distributions of the vector of the ranks Bf = (R%..Rs,
.y Rk-1)" and R = (Ry, Ry, ..., Rk-1)", respectively. The direct method
of calculating the distribution of S* or S consists in computing first
their values s* and s for all possible vectors r* = (rf, 13, ..., ri-1)’
and r = (ri, 3, ..., rk-1)" of the rank values and then assigning to each
resulting value the probability P[B: =1"] or P[R =1], respectively. If
necessary, we sum up the probabilities for cases in which the resulting
values s* or s coincide.

For example, the discrete distribution of S°, under Hs, is given by

P[S" = s'] = Zs'P[R" = 1], (3.1)
where summation is over all the unordered subsets (rf, ..., ri-1) of k — 1
integers taken (without replacement) from {1, 2, ..., N } for which
k—1

i; c(i) a(r)) = s". (3.2)
Similayly, the discrete distribution of S, under Ho, is obtained in the
same manner. Hence (3.1) and (3.2) become

P[S = s] = ZsP[R =1] (3.3)
and
k-1

2 cli) a(r) = s, (3.4)

i=1
respectively.
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nit kis= 1
k —1
n+k-—1
k—1
vectors r* = (r}, 13, ..., rk-1)" (see Lemma 5.1 below). Moreover, if the
Y1, Yz, ..., Yk-1 are replaced by quantiles then the above arrangements

For the test statistic S° there are possible arrange-

ments of the x and y values, giving

) possible sets of

and sets of vectors are unaffected, i.e. there is one-to-one correspondence
between the vectors r* and r withvalues ri=r foral i=1,2, ..,
k — 1. Since formulae (3.2) and (3.4) involve the same functions of the
ranks r| and r, and the same regression constants, the points of the
support of the distributions of S" and S will be exactly the same.

Thus the points of support for any Riedwyl-type test statistics S may
be obtained from the points of support for the corresponding rank statistic
S" and vice-versa.

4. Distribution of the rank vector R = (R, ..., Rik-1)

A Riedwyl-type test statistic is defined as a function of the deviations
difn, k), i = 1, 2, ..., k — 1, given by (4.1) below, for general k = n.
These deviations will be examined and their distribution theory will be
obtained. A relationship between the deviations di(n, k) and the ranks
R,i=12, ..,k —1, will give the distribution and some properties of the
ranks Ri.

4.1. The deviations d; (n, k)

As a measure of the difference between the hypothetical c.d.f. Fo(x)
and the sample c.df. Fn(x) Maag et al. (1973) considered the deviations

di(n, k) = Fo(q1) — Fn(a@), i=1,2,..,k—1 (4.1)
where
qi=Fa'(l"—), i=12 ..k—1 42

are the (k — 1) quantiles of the hypothetical c.df. Fo(x) (the c.d.f.
which is implied by Ho). The g’s divide the support of the rv. X
into k classes of equal probability. We will use F' to denote the
inverse function of Fo. In order to avoid ties at the quantiles in (4.2) we
must assume that the hypothetical c.d.f. Fo(x) is continuous.
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Assuming continuity for Fo(x), the deviations di(n, k) become

d k) =ik —Fa{F'ik)}, i=12.,k—1 (4.3)
For some purposes a more convenient formula than (4.3) is available.

Since nFn(x) is the number of Xs less than or equal to x, it follows

that
nFo(g) =Ri—i, i=1,2,..,k—1 (4.4)
where qi, qu, ..., qk—1 are given by (4.2) and Ry, R, ..., Rk-1 are the
ranks as defined in formula (2.4). Hence the deviations (4.4) decome
s e 4.5)
nk n

for i=1,2,..,k—1.
The deviations di(n, k) between an hypothetical c.d.f. Fo(x) and an

empirical c.d.f. Fa(x) are illustrated in Figure 1 in the case n =10 and

k = 6.
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Figure 1. Deviations di, di, ..., ds between empirical Fn(x) and hypo-

thetical Fo(x) distributions, when n =10, k = 6.
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4.2. General distribution theory for d; (n, k)

To get the exact distribution of any Riedwyl-type test statistic we make
use of the fact that the deviations di (n, k) remain unchanged by any
move of the sample point within the class (gi-1, @i). The probability that
a sample point x falls in the class (gi-1, gi) is given by

pi = P[X € (g1, ai]

=J7 dFe0 = Fla) - Fla)

Pi=F( 6‘(;—)—F(F6'(i—;—l)), i=1 K (4.6)

Therefore the problem reduces to the classical urn model where n balls

are independently distributed into k urns, the probability of a ball falling
into the i-th urn being pi.

Let
Di = nFn

F' ( % )) i=12 ..k @.7)

be the number of observations less than or equal to the quantile

g = Fo' ( Tl_ ) Then for fixed g, the r.v. Di is binomially distributed

with parameters n and F ( Fo' ( _l:_ )) More generally, if we let

Wi=D;— D1, i=1,2, ..,k (4.8)
with Do=0 and Dk =n, then the vector
W= (Wi, W, ..., Wk)’

has the multinomial distribution with n trials and probabilites pi, i=1,
2, ..., k given by (4.6).

Consequently the vector
W() = (W], Wz, sk Wk-l)'

has the non-singular multinomial distribution,
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n!

R[W] = Wiy esep Wk—l = Wk—]] - " ¥ | " p1
Wit w2l ... Wk-1! wil!

- Pk*, (4.9)

where

Wk =n—(wi+ w2+ ..+ wk1) and w;>0, i=12 ..,k
and the probabilities of p;, i= 1, ..., k are given by (4.6).

Recursively from (4.8) we find that
D; =l§i; W, for i=1,2,..k—1 (4.10)
Using (4.7) and (4.10), the deviations in (4.3) become
dmm—l——ZM,le L k—1 (4.12)
In a matrix form (4.11) can be written as ;

d=e— LW, 4.12)

TE
where d = (di (n; k), <01 (KD, e" = (er, = . ek-1), e =i, and
=) isa (k—1)X (k — 1) matrix with elements

b_llbrlSﬁﬁSk—l
¢ 0 otherwise

From the multinomial distribution we obtain

E(Wi) = np;, i=12 ..,k—1 (4.13)
Var (W) =npi(1 — p), i= 1,2 ..,k—1 (4.14)
Cov(Wi, W)) = — npipj, i # j (4.15)

The corresponding results for the deviations di(n, k) are obtained from
(4.11). Thus,

E[di(n, k)] = — — E[D;)/n

=e P im0 k1 (4.16)
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B CouE (0. k), 4R k) =nl2 Cov (D,, D)

:%z 1_p,)—zz piPm | (4.17)

m#t
1<isi<k-—-1

where the p’s are given by (4.6).
Under the null hypothesis, Ho : F(x) = Fo(x), the probabilities p; from
(4.6) become
Pi= 10 i=12 ..,k (4.18)

Substituting (4.18) into (4.16) and (4.17) we obtain the expectation, the
variance and the covariance under the null hypothesis for the deviations
din, k), i=1,2,..,k—1:

Eldin, k)] =0, i=1,2, .., k—1 (4.19)
Var[d; (n, k)] = ‘(knl: B oy B e iy (4.20)

and ik — )
Cov[di(n, k), di(n, k)] = —2 F ol Sl 1 4.21)

4.3. Distribution and properties of the ranks Rj, R,, ..., Rk-1
Formula (4.5) gives the ranks R; in terms of deviations di(n, k), i.e.

Ri:“:k —ndi(n k), i=12,..,k—1 (4.22)

In vector form, using (4.12),
R=LW, +e (4.23)
with L, W, and e asin (4.12).

Proposition 4.1. The p.d.f. of the vector of ranks R = (R;, R;, ..., Rk-1)"
is given by

n! -
PR, =rni, ..., Bk-1 = nx—1] = T e Py ... ot (4.20)
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for 1<rn<n<..<rk1<n+k—1 andis zero, otherwise, where

wi=ri—ri-1—1 i=12 ., k—1r=0

wk =n— (w; + w2 + ... + wk—1)

=n+k—1—
and the probabilities p; are given by (4.6).
Proof. Using (4.23) we see that the event
{Ri=r1,R=r, ..., Rkc1 = rk-1}
implies
Wi=rn—1,Wy=1r—1r—1, .. Wk1 = rk-1 — rk—2 — 1}.

Since W; = 0 for every i = 1, 2, ..., k — 1, (4.23) also gives (as
expected) R; < R; < ... <Rk-1; the required result follows from (4.9).

Corollary 4.1. Under the null hypothesis Hp : F(x) = Fo(x) the p.d.f.
of R is given by

n!
P[Rl C ¥ o PR Rk—] = rk—l] =

wi! wa! ... wi! k" g2

with the ri’s and wi’s as defined above.

Proof. The result follows immediately from Proposition 4.1 and formula
(4.18).

Proposition 4.2. Let R, R, ..., Bk-1 be the ranks given by (4.22).
Under the null hypothesis H.

(i) ER) =2 :k i i=12 ., k—1 (4.26)
(ii) Var(R) = % o NN (4.27)
(iii) Cov(R, R) = % 1 pE | 5 (4.28)
and

(iv) Rl =R, ey B o iy, (4.29)

jtk — i)’
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Proof. The results (i) — (iii) are obtained directly from (4.22) and the
results in (4.19) — (4.21), respectively. The correlation coefficient p(R;, R}
is obtained from

i HE = e e )

= < 1< 1< —
P s e B SSAEh .

and the results (ii) and (iii).

5. Distribution and properties of the ranks R, ..., Rk-1

Consider now the case A of Section 2 for the linear rank tests. Any
two-sample rank test statistic, S°, depends only on the set of values of
R, .., Rk-1 regardless of the order expressed by the indices. Therefore,
to find the distribution of S* we need to find only those arrangements of
X’s and Y’s with resulting rank sets {Rj, ..., Rk-1} in, say, increasing
order, i.e. with Ri <R; < ... < Rk-1.

This ordering is obtained if we assume, without loss of generality, that
the Yis are given in increasing order, ie. Yy < Y, < ... < Yi-1.
Equivalently to the definition of the ranks given in the beginning of Section
2, Ri (the rank of Yi) is the number of observations in the combined
set

X, Yili=1,2,.,n i=12, ..,k—1} (5.1)
less than or equal to Y, for i=1,2, .., k— 1.

In this case there is a similarity with the Riedwyl case, where the quanti-
les qi, q, ..., qk-1 are (by definition) ordered, ie. q < q: < ... < q-1.

In the present section we examine joint distributions and certain pro-
perties of the ranks R, Ry, ..., Rk-1 under the null hypothesis

Ho : F(x) = G(x) V x.

Throughout this section the following assumptions are made.

Assumptions:

1) The X, Xy, ..., Xn and Y, Y3, ..., Yk-1 are identically and inde-
pendently distributed according to a common continuous distribution fun-
ction F.
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2) For the ranking of the observations in the set (5.1) we suppose that
Yii<iYs <o Yiesi:

3) For i=1,2,..,k—1, R denotes the rank of Y;i in the combi-
ned ranking of all the N =n + k — 1 observations. B' will denote the
vector (R], ..., Rk-1)° of ranks; it takes the values r* = (r}, r3, ..., rk-1)
where 11 <r; < .. <rk-1.

Lemma 5.1. The number of ways of putting v alike objects info m
different cells without any limitation is given by

(v ajfreactb e g,

Proof. See e.g. Riordan (1958, p. 92).

Proposition 5.1. The p.df of the rv. Ri under the assumptions
stated at the beginning of this section, is given by

gmmea= (|72 s

for 1<i<k-—1 i<j<n+1i andis zero otherwise.

Proof. Suppose that the (k — 1) Y‘s are given first in their order
Y: < Y2 < ... Yk-1. Then they define k spaces which may stand for
k different cells. Let the n X’s stand for the n stars (we suppose
for the moment that all X’s are alike). Then, according to Lemma 5.1

+k-—1
there are 3 P ) ways of putting the n stars into the k cells.
After that we substitute each star with the X, X,, ..., X5, starting from
+k—1
the left. Therefore, we have = " ) arrangenents of X’s and
+ k-1
Y’s from which we obtain n k: possible (k — 1)- tuples

(r, 13, ..., rk=1) for the rank veétor R'.

In order to have Ri = j, the Y observation must be in the j-th
order in the ordered set (5.1). Also, i — 1) Y’s and (j — i) X’s must
be smaller than Yi, and (k—i—1) Ys and (n—j+i X’s must
be larger, i.e. symbolically we have the following pattern:
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Yl Yz Yi—l Yi Yi+1 ...'Yk—l

Xi, Xa, .y Xjmi r Xi-i+1, ..., Xn
j-th place

The ( — i) X’s can be put in the i cells left of Y; in ( Ji__ 11 )

ways; similarly, the (n — j + i) X’s right of Y; can be put into the

n+k—j—1
k—i—1

given by their product, from which the proposition follows.

(k — i) cells in ) ways. The total number of ways is

Corollary 5.1. For the probability pl = PIR; =j] of Proposition 5.1 to
be a valid p.d.f. the following two conditions must hold:

() Pi>0/1<i<k-1 isispti
n+i

i) ‘2l =1 " iiye=i |
J=i

Proof. The first condition (i) is obvious. To prove (ii), it is sufficient to
prove that

nti g . J
F==1 n+k—1—1)_(n+k—1)
E i—l)( k—i=1 |- n (6.4)
Putting j—i=s, the left-hand side (L.H.S.) of (5.4) becomes
sti—1)[n+k—-1—-j—5
L‘H'S'—on( = H == )
s+i—1 n+k—i—1—g5
—s=ZO( S )( k—l—'l )
_(n+k—-1)
= n
where we have used the hypergeometric summation formula _ _
p+s—1)(n—s):(n+p)
s-—~zo( s m m+ p 15:8)

B p=in=n+k—1—i and m=Kk—i—1.
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Corollary 5.2. The probability that one of the rv.’s Y, i =1, 2, ..,
k — 1, in the set (5.1) has the rank j, i<j=<n +i is given by

kz—'l * k = 1
=Rt e

Proof. The event that there is a Y; which has rank j implies that
there is at least one Ri which takes the value j. Now {at least one
Ri =j} implies

RI=j}UR:=j}U ..U Rk =i}

Because the events are mutually exclusive the required probability is

=Zl P[R; = j]. Furthermore from (5.3)

k-1 .
= TPk B i—1 (u+k—]-—1)
i=21P[R'_]]_ n 1—1) k=i+i
i n+k—1Y\ ( ) n+k—r—2)
n s=0 k—2—s
5 n+k—1\'[n+k—2 = k—1
n k—2 n+k—1

where we have used for the last sum the summation formula

e

Hence the result (5.6) follows.

Proposition 5.2. The r-th ascending factorial moment of R, 1<i<k-—1,
is given by

p,[’]=E[R,W=i[’]]=(n+k+r—1)/(n+k_1) (5.7)

n n
= #l(n + kYKt

where xI" denotes the r-th ascending factorial, i.e. x" = x(x + 1) ...
(x +r— 1)
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Proof. Using (5.3) it is sufficient to prove that

kH o :
ij(J—1)(n+k—1—1)zi[,](n+k+r—1) (5.8)
j=i s | k—i—" n

The L.H.S. of (5.8) becomes

n+i . :
=5 J+r—1) n+k—j—1)
e s (i+r—1 k—i—1
Sl d i+s+r—1)(n+k—i—s—1)
‘s‘::o s k=il
which, from (5.5) with P=i+r, m=k—i—1 and n=n+k-—i—1,

becomes the R.H.S. of (5.8). The second expression in (5.7) (useful in appli-
cations) is easily obtained from the relation:

(x + y)l/y! = (y + 1),

We prove next a proposition for the joint distribution function of any two
rank variables R] and R, for 1<i <j=<k—1. This proposition
will be used in order to obtain the covariance of Ri and R;.

Proposition 5.3. The joint p.df of two rank variables R! and R}

under the assumptions stated at the beginning of this section is given by
PY=PRi=h R;=y
h—1|[{t—h—-1] n+k—y¢4—1 n+k—1
_(i—l)(j—i—l ( k—j—1 )/( n ) et

for 15si<j<k-1; iShSn-/.-i; J=!/<n+j and h </ and
is zero, otherwise.

Y 8 - Yy YN e Y YiYii & Y
1 g € R Bos Xh-itl, .o, Xi—j ALFEL g %o
h-th place 1-th place
Group 1 Group 2 Group 3

Let v be the objects (X’s) and m; the cells (defined by the Y’s)
ingroup i for i=1,2,3 Then we have
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Group 1: vi = h —i , mp =i
Group2: v;=1—j—h+i m=j—i
Group 3: vi=n—1+]j , my=k—j
Qverall : v =n , m =Kk

Repeated use of Lemma 5.1 gives

V1+m1_l V2+m2—1 V3+m3—1 v+m—1
P =
: Vi V2 V3 v

from which the proposition follows immediately.

The procedures followed in Propositions 5.1 and 5.3 may be easily genera-
lized to find the joint p.d.f. of any subset of the ranks Rj, ..., Ri-1.

The next proposition gives the p.d.f. of the vector B'; i.e. the analo-
gous result to that for the vector R, as given in Corollary 4.1 for the

Riedwyl case.

Proposition 5.4. The p.d.f. of the vector of ranks 5' =(R, RS, ..., Rk-1)"
under the assumptions made earlier is given by

n+k—1) (5.10)
n

PIR =r]=PRi =1, .., Re-1=ria] = 1/ (

for 1<ri<r;<..<rk-1=<n+k—1, andis zero otherwise.

Proof. As in Proposition 5.3, we have now k groups with v; the
objects and m; the cells in group i, i =1, 2, ..., k. Overall we have
again v =n objectsand m =k cells. Perated use of Lemma 5.1 gives

k . o — —
P[R'=r']=n(m'+v' 1) m+v 1)'
i=1 Vi v

Sinceall mi=1, i=1, ..k, the result follows.

Proposition 5.5. Under the null hypothesis Ho, the following results
hold for the ranks R;, i=1 2, ..,k — I:

(i) E[R}] =—(’—’:—k)i =12 ... k=1 (5.11)
ni(k — i)(n + k)
kik +1)

(ii) Var[Rj] =
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ni(k — j)(n + k)

eoe * * = . < s ax

(i)  Cov(Rj, R)) Kk +1) 1<i<j<k-—1 (5.13)

(iv) pmumzvﬂilﬁ AN (5.14)
Jk — i)

Proof. The proof for (i) and (ii) follows immediately from Proposition 5.2
and the fact that

Var(R) = i — 'l — (i'ly.
For (i) we have
Cov(Ri, R}) = E[Ri Rj] — E[R]] E[R]] (5.15)

From Proposition 5.3

n+intj
E[RIR]] = 2 2 hipl
5y
[n+k—1)\" h—1){t—h—-1)[n+k—1—-1
AR 0 i i etk
[n+k—1)\ n+k—1—1 l—h-—1
S AT T iy Y il
= n+k—l Zl(n‘Fk—l—l)z(lfS)(l—.l—.1_5)
n 1= | s=0 i =l
acdr ok A ) Zt(n+k.—!—l)(.!)
n 1= k—j—1 ]
0 -1 n i —j—1—
& n+k—1 Z(s+j)(s-'l-])(n+k j 1 s)
n =0 k_]_l
__n+k—1)~'(n+k) (n+k—1)"‘" s+j)(n+k—j—1—s)
=1 n j k=1 ]
e (ntk—1)'s s+ (n+k—i—1—8)
_.,(n+k)/k+n( ) 0+1)(j+1) k==

n+k— )—l'g_-" ‘j+1+m)(n+k—]—2— )

—u(n+k)/k+(j+1)( . P41
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L5+ k4 i Ppfahkrl

‘1(n+k
k+1

=ij (n + k)/k +i(j + 1) n(n + k)/(k + 1)/k
from which

ik + n){nG + 1) + j(k + 1)}

EIRi Rj] = kk + 1)

(5.16)

Note that we have twise used the identity (5.5), and also have used the fact

that
7o)

Now, substituting (5.16) and (5.11) into (5.15) we obtain (5.13), i.e. the re-
sult (iii).

Finally, the proof of the last result (iv) is easily obtained from the results
(ii) and (iii).

Remark 1. The formula (5.3) takes on an alternative form if we put
j=i+s, for s=0,1, .. n Then

I+S_P[R1—I+S] (1+ss—l) n+k—1)

n

n+k—i—1—s)/

n—s

with i=1,2,..,k—1 and s=0,1,2,..,n

This is the distribution of the number of exceedances studied by Gumbel
and Schelling (1950).

Remark 2. Formulae (5.3) and (5.9), as well as the joint distribution of
any subset of the ranks R}, R3, ..., Ri-1, can also be calculated from
formula (5.10) by summation with respect to the other variables.

Remark 3. The p.df. of the rank R} is symmetric in the following way:
PRi=jl=PRi-i=n+k—jl; i=12 .,[k2], i<j<n+i
Also, for the joint p.d.f. of R; and Rf we have
PRi=h R =1]=PRk-=n+k—h, Rij=n+k—I].
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6. Results

Consider the test statistics S° and S given by (2.3) and (2.4), re-
spectively. In Section 3 we have seen that these statistics take the same
values for every possible arrangement of the X’s and Y’s or the X’s
and q’s, respectively, i.e. the vectors 1 and r have the same values.
Thus, any algorithm which gives the points of the support for the one stati-
stic may be used to give the points of support for the other.

Apart from this similarity, there are also other common properties for the
two tests; these are obtained from the properties of the ranks Ri and R;
i=1,2,..,k—1 studied in Sections 4 and 5.

Formulae (4.25) and (5.10) show that the vectors R and R have dif-
ferent null distributions. The p.d.f. of R s given by the multmomlal distri-
bution. Each (k — 1)-tuple (ry, rs, .. » Tk—1) has a different probability.
On the other hand, the p.d.f. of the vector 5' is the discrete uniform
distribution; every (k — 1)-tuple (r}, ..., rk-1) has the same probability,

n+k—

equalto 1/ ( ) Therefore, the p.d.f. and the moments of the

test statistic S° are likely to be easier to obtain than the p.d.f. and
moments of S.

Comparing the results of Propositions 4.2 and 5.5 we find that the rank
variables R; and R have the same expectations for every i=1, 2, .
k — 1. However, the variance of R; is always a constant multiple of the
variance of R} since

Van(R) = : i i VarR)\Vi=1,2, .. k- 1 6.1)

Note that Var(R)) < Var(R]) since

+
<1

n+k

For every pair of rank variables (R, R) or (R,R) for 1<i<j i=sk—=1,

the correlation coefficients are the same. But their covariances differ in the

same way as the variances, i.e.

COV(Ri, Rj) = i b

* R <i<i<k-—
+ 3 Cov(Rj, R), 1<i<j<k-1 6.2)

These results give rise to some interesting results for the test statistics
S and S'. We distinguish the following cases:
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a)a{=ai+b, \Yi=1.,k—1 and a, b constants

The test statistics S and S° have always the same means, i.e.

E(S) = E(S"). (6.3)
Their variance are related by
k+1 *
Var(S) = - Var(S').

Suppose, for example, that c(i) and a(i) are given by (2.5) and (2.6),
respectively. Then S becomes the Rey’s statistic 1/2V(n, k) (from (2.8))
and S" becomes the W-M-W statistic W: (from (2.7)). The first two
moments of V(n, k) can therefore be obtained from those of W& Since

k — 1)(n + k)
12

EWY) =0 and Var(w}) = X (6.5)

it follows from (6.3) and (6.4) that
k+1 _n(k = 1)(n + k)

E[1/2V(nk)] =0 and Var[1/2V(n, k)] =

n+ k 12 :
and hence
2
E[V(n, k)] =0 and Var[V(n, k)] = n(k—Bl) (6.6)
(see Rey (1979), p. 262).
b)ai) =i’ vi=12,.,k—1
The mean value of S is obtained from that of S* by the formula
B B (el 1 L e
ES) = ——-ES) + i Z:l ici. (6.7)

Suppose, for example, that c(i) = 1 and a(i) = {i — 1/2(n + k)}%,
i=1,2, ..,k—1. Then S becomes

k=1
M = gl R — 1/2(n + k)}, (6.8)

i.e. the two-sample linear rank test proposed by Mood (1954) for testing
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shifts in scale. The mean value of M® was obtained by Mood and it is
given by

EM’) = (k — 1)(n + k)(n + k — 2)/12. (6.9)

An intuitive analogue of the Mood’s test statistic of the Riedwyl-type is the

statistic
k—1
M= gl Ri — 1/2(n + k)}~ (6.10)

The mean value of M can be obtained from that of M" by the use of
formula (6.7). After some algebra we find that

BM) = = 1;1(1 {(n + k)*(k — 2) + 2n(k + 1)}. (6.11)

c) Let
a(i) = ”;k —‘i— "";k ‘ T 00

and regression constants c(i) = 1, i = 1, 2, «ijolbeamss 1. dThen S

becomes
k-1
. n+ k ar nitk
s=z|= —\1 ; “ (6.12)

i.e. the rank test statistic for scale proposed by Ansari and Brandley (1960).
The analogous Riedwyl-type test statistic is

n+k_
2

k—1
AB = Zl

LEE

which might also be a useful test for scale.

7. Example

We close the paper with an example which illustrates the somewhat
surprising results obtained in the previous sections.
Consider the case n=2 and k—1=2 (ie. k= 3). Suppose we
want to find the null distributions of the test statistics
k—1 k—1
Si=2ZRi and S, =2R
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of the linear rank type and Riedwyl-type, respectively. There are

(n+k—1)_(3)_6

n 2

arrangements to be examined in order to obtain the null distributions of the-
se statistics. These arrangements, togehter with the associated probabilities,

rank values and the associated values of the test statistics are given in
Table 1.

Table 1.

lllustrated procedure to obtain the null distributions of the test statistics S
and S, inthecase n=2, k=3,

Arrange- | Linear | Riedwyl| Prob. in |Prob. in Value | Value | Value
ment rank case the the of rank | of rank of
case linear [Riedwyl |Ri =R,|R}=R,[S|=§,
rank case | case
YUXX [ V1VaXiX2 | QiQ2XiX2 1/6 1/9 1 2 3
YXYX | ViXiyaXs | qixiqzx; 1/6 2/9 1 3 4
YXXY | ViXiX2y2 | QiXi1X2Q2 1/6 1/9 1 4 5
XUUX | Xiy1y2X2 | X1qiqax2 1/6 2/9 2 3 5
XYXy | XiV1X2Y2 | X1qix2q2 1/6 2/9 2 4 6
XXyy X1X2V1V2 | X1X2q:1q2 1/6 1/9 3 4 7
Si=S 3 4 5 6 7
P(S}) 1/6 1/6 2/6 1/6 1/6
P(S)) 1/9 2/9 3/9 2/9 1/9

From Table 1 we find that
E(S}) =5, Var(S}) = 5/3
and
E(S) =5, Var(S)) = 4/3

as we would expect from (6.3) and (6.4)
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The joint p.d.f. of R}, R> and their marginals are given by

Ri=j |2 3 4| ZP[RI =i, R)=j]
R, =i ’
1 16 1/6 1/6 3/6
0 16 1/6 2/6
3 0 0 16 1/6
.ZjP[Rl =i, Re=jl| 1/6 2/6 3/6 1

From this we find that
ER)) = 5/3, E(R3) = 10/3, Var(R}) = 5/9,

Var(R2) = 5/9, Cov(R}, R3) = 5/18, p(R}, R:) = 1/2

Note that results are in agreement with the results of Proposition 5.5. A
similar table can be calculated for the joint p.d.f. of the ranks R), R, in
the Riedwyl-case. The joint p.d.f. of Ri, R, and their marginals are given
by

R.=j |2 3 4 | ZP[Ri =i, Ry =]
R1 =i 4
1 19 2/9 1/9 4/9
0 2/9 2/9 4/9
3 0 0 19 1/9
2PRi =i Ro=ijl|19 49 409 1

From this we find that

E(R)) = 5/3, E(R:) = 10/3, Var(R,) = 4/9,

Var(Rz) = 4/9, COV(Rl, Rz) = 2/9, p(Rl, Rz) - 1/2

These results check the findings of Proposition 4.2.
Comparisons of the results in the two cases check the findings of Section 6.
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