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ABSTRACT. Let Hi(A) be the Banach space of all functions f(z) = Z_; £,2""  which are
analytic in the unit disc A = {z € @ : |z/] < 1} and satisfy the condition Z_; /] < + eo.

In this paper we prove that the cokernel of the operator corresponding to the singular diffe-
rential equation z%’(z) + a(z)y(z) = b(z) in the complex plane, consists of function which
belong to H(4). Also we prove that the solutions of the differential equation
w(z) + q(z)w(z) = 0 are elements of Hi(4) under the assumption that q(z) belong to

Hy(4), ie., the Hilbert space of functions h(z) = Z_; h.Z"  which are analytic in A

and satisfy the condition Z: |ha|? < . These results improves previously known results.
=
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1. INTRODUCTION

We consider the singular differential equation

2’y (2) + a(z)y(z) b(z) (L1)

where a(z) is analytic in some neighnorhood of the closed unit dics

A={zEC:|z| <1}

and b(z) belong to H,(A).

L.M. Hall [1] using the assumptions that a(z) and b(z) are analytic on
A and continuous on A, while y(z) is analytic on A and continuously
differentiable once on A, proved that the cokernel of the operator in
(1.1) consists of functions which belong to the space H,(A).

In this paper we shall prove that the cokernel of the operator in (1.1)
consists of functions which belong to the space Hi(A). Obviously if
y(z) € Hi (A) then y(z) € Hy(A).
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Also in this paper we shall prove that the solutions of the differential
equation

w’(z) + q(z) w(z) =0 (1.2)

belong to the space Hi(A), under the assumption that q(z) in an ele-
ment of Ha(A).
In a recent paper [4], Ch. Pommerenke gave the following two conditions

. 1=l
(i) JJA 1 -1z’ - la2)I* ll—_—le—dedy <a,
where TE A, and a >0, an absolute constant, or
1 1 6+6 :
(ii) s f f (1 — 1) |q(re")|* dtdr < B,
1-6 Y66

where 0<06<2n, 0<6<&, and B >0 an absolute constant, to
prove that the solutions of Eq. (1. 2) belongs to the Hardy-Lebesgue space
H,(Q).

The conditions given by Ch. Pommerenke are better than the condition
given by us, but his result is weaker than our result.

The method used [3] is presented in the preliminaries below and reduces
the study of Eq. (1.1), (1.2), in the Banach space Hi(A). This method was
applied successfuly in [3] for the study of the nonlinear equations of the
form

(L + A)f(z) = G(z, f(2)), 1.3
where L is the differential operator
d¥(z) | < d(z)
= 4. : :
Lie) =2 - —pr iZ:l o2~ d<k d€z

defined in the space Hi(A), A is a bounded operétor on Hy(A) and
G(z, f(z) is an analytic function in f(2).

2. PRELIMINARIES

Denote an abstract separable Hilbert space over the complex field by H,
an orthonormal basis in H by en}:=1 and the unilateral shift operator
on H by V(V : Ve, = ent1). We can easily see that the following
statements holds:
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(i) Every value z in the open unit disc A, is an eigenvalue of
V*(V*en, = en-1 for n > 1, V*e; = 0) the adjoint of V. The eigene-

oo

lements f, = Zl Z0e
=

form a complete system in H, in the sence that
if f is orthogonal to f;, for every z:|z| <1 then f=0.

(i) The mapping f(z) = (fz, f), f € H, where (.,.) denote the scalar pro-
duct in H, is an isomormphism from H onto H(A).

(ili) The diagonal operator Co : Coen = ne,, n = 1, 2, ..., has a self-
adjoint extension in H with a compact inverse

1
B:Ben=—r—]—en'n=1,2, -

(see proposition 2 in ref. 2). Morevover if f(z) = (fz, f) then:

z"(z) = (fz- V™) (2.1)

f)(z) = (- (CoV*)™). 2.2)

2t (z) (f-(V*CoV*)f) (2.3)
and

CoV — VCo =V (2.4)

in the sence that (CoV — VCy) f = Vf for every f in D(Co), the defi-
nition domain of C,.

(iv) If a(:) = 21 anz" ! is analytic in some neighborhood of A, then
a*(V) = nél anV" ! is a bounded operator on H and by ihe representa-
tion (ii) we have a(z)f(z) = (f;-a*(V)f), where a*(V) = nz=:l AV " and
an the complex conjugate of an [2].

Now we consider the linear manifold of all elements f(z) = gl 82" ! in

Hx(A) which satisfy c’:he condition gl |an| < oo. By defining the new
norm |[f(z)llHa) = P |an| this manifold becomes a well known Banach
space Hi(D). We denote by H; the corresponding by the isoporphism
f(z) = (f;- f) Banach space in H. Every element f = gl (f, en)en in

H, satisfies the condition.
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£l = Nz}l = 2 1(F, en)]- (2.5)

Every bounded operator on Hx(A)(H) is defined on H;(A)(H;) and
maps in general elements of Hi(A)(Hi) into Hx(A)(H). We give bellow
some properties which follow easily

(v) H; is invariant under the operator V, V* and
VI = IV, =1 (2.6)
where [|All; means the norm of an operator A on Hi.
(vi) H, is invariant under the bounded diagonal operator
Be, = %en,_ n=12,.. on H. Moreover Bl = IBIl =1(2.7)

(vii) For every element f(z) = Zl anz™ ! in Hi(A) the uniform limit

of the sequence 21: a; V! exists and defines a bounded operator
=

*(V) =a, + a,V + aV* + ... (28)
on H; Moreover
W)L = Ifll (2.9)

(viii) The null space of V* in H belongs to’ H;

3. MAIN RESULTS
The main results are the following:

Theorem A Let a(z), b(z), be elements of the space H,(A). Then,
the cokernel of the operator corresponding to the singular differential equa-
tion

2% '(z) + a(z) - y(z) = b(z) (3.1)
consists of functions which belong to the space H;(4).
Proof. According to the preliminaries the Eq. (3.1) is equivalent to the

following operator equation on H.
Ty=b (3.2)

oo

where T =VCoV* + a*(V) =2 a,V™! and y EH,b EH.

n=1
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Let fE kerT*,ie T*f=0
[VCoV* + a(V¥)]1 f=0
where a(V*) is the adjoint of a*(V) and f € H.

Since VCoV*? = CoV* — V* and C, is invertible from Eq (3.3) we
have

[V* + Bai(V¥)If = 0, (3.4)
where a;(V*) = a(V*) — V*.
From Waq. (3.4) it follows that
VV*f = — VBa; (V*)f (3.5)

Since the operator VV*is a projection operator which projects on
HOf{e:}, from Eq. (3.5) we have

f = (f, er)es — VBa; (V*)f. (3.6)

Therefore, from Eq. (3.6) since (f, e))es € H, and — VBa, (V*)f € H,
follows that f € H.
Finally, according to the isomorphism f(z) = (fz, f), f(z) belongs to Hi(A).

Theorem B. If q(z) belong to H;(4), then every solution of the
equation

w(z) +q(z) -wz) =0 (3.7)
belong to Hi(A).

Proof. According to the pfeliminaries Eq. (3.7) is equivalent to the
following operator equation on H

[CoV*)? + q*(V)l w =0 (3.8)

where q*(V)=qo+ qV+qV*+ .., and wEH.
After some munipulation Eq. (3.8) can be written:

I+ VKw =c - & (3.9)
where K = VB,q*(V).

It is not difficult to prove that the operator K in Eq. (3.9) leaves
invariant the space H,, that the operator VK is compact operator
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and the zero is not an eigenvalue of (I + VK) in H;. Therefore,
according to the Frednolm alternative, we obtain from Eq. (3.9) that

w=c. (I = VK) e, (3.10)

Since e; belong to H; it follows from the above that w in Eq. (3.10) belong
also to Hi. Therefore, according to the isomorphism w(z) = (wz, w), w(z)
belong to H;(A).

Remark 3.1. Theorem B can als be proved easily as follows:
If q(z) = i anz", w(z) = E: bnz" then the differential equation (3.7)
implies o i
(n + 1)(n + 2)bnye = —kg Qn—kbm
From this we get

n

2 |ank| * [byl (3.11)

1
e
[bnte| < T

The inequality (3.11) yields

n
-2 b n=0,1,2,.
k=0

] ;_(” .
lontel” < 7y Z, o

This immediately gives |bn| = 0(1), whence

const < 1/2
[bnt2] < . ( 2 ap ) :
k=0

nZ
Theorem B also holds if the sequence [ :—2] belong to 1i(1, ), i.e., the

Banach space of sequences {fnJaz1 which satisfy the condition Zl [fn] < oo,
n=
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