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Introduction. We consider a Polish space S with a metric d bounded
by I. Let AAS) be the space of all the probability measures on S defined
on the corresponding Borel o-algebra, metrized by the d(Bl[)_ (Lipschitz)
metric, where

dgl)_(F,G):=sgp[ |y dF — [y dG | }:F,GE AS)
with
Y €Lip1: = {y: |¢(x) — ¢(y)| = Myd(x, y)}.

(d(Bll)_ defines the weak topology on AS), see [2].) Similarly, for
0<a<1 we define

a8 F, G): = sgp{ |fw dF — [y dG| } .F,G € AS),
where
¥ € Lip a: = {y: [¢(x) — ¢(y)| < Myd'(x, y)}.

We observe, easily, that for 0 < a<B =<1 wehave Lipl CLip B C
Lipa (from d’(x, y) <d%(x,y) <1, by d(x,y) <]

Next, if KCS and € = 0 then by K° we denote the set of all
points, y € S : d(x, y) < € for some x € K. The Prohorov distance
between the probability measures F, G on S is defined by

dp (F, G) : = inffe > 0 : F(K) < G(K") + €},

where K runs in the set of all compact subsets of S, (see [1], [3], [7]).
(dp is also a metric and describes as well the weak topology on AS)).
Our main result has as follows:

Theorem 1. Fo} F, G € AS) we have
(11) & (F, G <2d° (@), 0<a<I
where d, (F, G) depends upon d.



2 G.A. ANASTASSIOU

For the proof of the above theorem we need the following:
Lemma 2. d°(x, v), (0 <a <), isametricon S.
Proof. Obvious.
Lemma 3. dt(al;.) (0<a<1), isametricon AS).
Proof. We easily see that
ds) (F, G) < d8l. (F, H) + dil. (H, G),
forall F,G, HE AS).
Also, it is trivial that
dsl (F, G) = . (G, F).
If F# G then dil (F, G) > 0, consequently d(g[)_ (F, G) > 0.

The only nontrivial part of the proof is to show: if d%’ﬁ (F, G)=0=
F = G. From the assumption we have

fuﬁ dF =fal/ dG, forall ¢y €Lipa
We consider the function
' W) s = (1 — ¢ - dx, A
where d°(x, A) : = inf{d"(x, y) : y €E A} and c >0 a constant.

We prove that [¢(x) — ¥(y)| <c - d%(x,y) and Ia < ¢ <Iawo. Here
Is is the indicator function on A and

AV . = xES:infd(x,y)S%, VyEA].

First case: (x) =1 — c - d%(x, A), @(y) =1—c-d'(y, A). Since
&(x, v) = (d(x, A) — d(y, A)" = d’(x, A) — d°(y, A).
we get
lW(x) — wly)| = c - 1d°(x, A) — d(y, A)l < ¢ - d’(x, y).
Thus,
le(x) — Y| < c - d(x, )
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and consequently
i ¥ € Lipa
c
Second case: ¥(x) =0, yY(y) =0= % ¥ €Lipa
Third case: Let (y) =0 and ¢(x) =1—c - d%(x, A). From y(y)=0

we have 1 —c-d%y, A) <0, thus c-d°y, A) > 1, which is used in
the triangle property of d°. We have,

¥(x) — ¥ly) =1 —c - d°(x, A) < 1 + c[d(x, y) — d*(y, A)]
<c-d%y, A) —c - d%y, A) + c - d°(x, y) = c - d(x, v).
That is
% ¢ € Lip q,
true in all cases.
Letting ¢ =+ weget Ia<y <Ia thus
[1a-dF =[1a - dG,
i.e., F(A) = G(A) for all the closed subsets A of S. Finally F = G.

Lemma 4. Let 0 < a < I, and random variables X, Y with values
on S having distributions F, G (respectively), such that the expectation

Ed°(X, Y) <& e>o.
Then

di (F, G) < &".
Proof. We observe that
|f &F — fy dG | = |E@(X)) ~ E@(Y))|
< E(J¢(X) — w(Y))) < E@'(X, Y) <<€
Consequently,
ds F, G) = &

Comment 5. By a theorem of Strassen (1965), see [8], we have the fol-
lowing expression dp(F, G) = inf (¢ > 0 : 3 A probability measure on
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S X S with marginals F, G such that A(d(x, y) > €) < ¢). Since
dx, v) <1 \/x,yES we get
d (F,G) <1 \/F, G € 2S).

Proof of Theorem 1. Let 0 < e <. For any probability measure P
on S XS we have

Jdx, y) - dP < €” - P{d"(x, y) < €%} + P{d(x, y) > %)
="+ (11— Pdx,y) >}<2-

The above is true: since we assumed that if dp(F, G) < ¢ than the-
re exists a probability measure P on S X S such that

P{w : dX(w), Y(w)) > e} <e<I
(from Commet 5), equivalently)
PA'X,Y) > <e<
Now, from Lemma 4 we get
dl F,G) <2

This completes the proof of the theorem.

Comment 6. Inequality (1.1) is new for 0 < a < | and known for
a =1, see [3]. This could be proved easier (all 0 < a <) with the
help of the very strong theorem of Kantorovich-Rubinstein, see [4]. Howev-
er the above give an independent and simple proof of (1.1).

These metrics and their relationships play an active role in the conte-
mporary statistics, as well as in other applied areas of Mathematics (see [3],

[5], [6]).
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