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1 NOppeg o0e YPAPPIKOUG XOPOUG

1.1 Tpappiroi X®POl CUVAPTHOEDV

H o onpavtikr 1616tnta evog cuvOAOoU CUVAPTHOERV, JIE TIS OTIOIEG ETTIXEIPOULIE Vd TIPOOC-
eyylooupe AAAeg, YEVIKOTEPESG OUVAPTHOELG, €ival T0 oUVOAO autd va arotedel ypappiko
X0po. Aépe ot éva ouvolo ouvaptroeav V' arnotedel ypappikro 1) §1avuopatike X0po e
ouvteAeotég aro 1o R 1) to C avtictoa av

e Orotednriote f1, fo € V tote woyxvet kat f1 + fo € V, xat
e Orotednmote A € RA A € Ckat f € V t0te woxverkat A - f € V.

H évvola tou ypappikoU X®OPOoU oUvVaptHoenV eival UOIKA pia e§e181KeUOT TNG YEVIKHG
€vvolag ToU ypappikou Xwpou pe ouviedeotég aro 1o R 1) to C (ug neproodtepeg @opig
9a xpnopomnolovpe pyadikoug CUVIEAECTEG O AUTO TO PABNHA av KAl T0 VA OKEPTOPACTE
TOUG OUVIEAEOTEG Od IPAYHATIKOUG aptBpoug pag Bonbdet oto va aviidapBavopaote mo
dlaoOnuka 1a pdypata). Ot MPOTO1 YpAPHIIKO1 X®PO1 IToU ouvavidel Kaveig eivat puolka
o1 renepaocpévng diactaong xwpot R™ 1) C”.

Kdarotwa onpavuka napadsiypata ypappikov Xopev (pe ouviedeotég amnod o R 1) to C)
etvat ta:

1. Ta moAuwvupa pe cuviedeoteg aro to C xkat Babpou < n:
P" = {p(z) = po+ prx+--- + ppa” : p; € C}.

2. Ot ouvEXEIG OUVAPTHOELS OT0 KAE1OTO Sldotnua [a, b):

C(la,0]) = {f : la,0] = C: [ ovvexng}.

O oplopdg propet va enektabei oe KABe 0UVOAO0 A MAVK OTO 01010 £ival OPlOPEVEG
ot ouvaptoeg: C(A) eivat 1o ouvodo dAwv v ouvaptjoewv [ : A — C nou eivat
ouveyxeig o kKA onpueio tou A.



3. Ol ouVEXWG MAPAYWYICIHES CUVAPTHOELG OTO avolXto diaotnpa (a, b):
C'((a,b)) = {f : (a,b) = C: f mapayeyiomn Kat pe ouvexn mapdywyo oto (a,b)}.

Onoiag opitetat o xadpog C*((a, b)) (undpxet k-1d€ng mapdywyog tng ouvdptnong Kat
eivat ouvexng - pe C%((a, b)) evvooupe kat aAt 1o xopo C((a,b))) kat o xdpog

C((a,b) = () C*((a,0))

1OV OUVAPTHOE®V TTOU £XO0UV MAPAYRYO KABe tadng (opnadée ovvaptioeig). Mropel
Kaveig va opioel Toug X®POUG autoug Kal 0 KAE10TA 1] npiavolyta diaotnpata. Xe
auTr) IV MEPIMIOON 01 MAPAY®YOl OTA AKPA EVVOOUVTAl WG TIAEUPIKEG TIAPAY®YOL.

4. Ot ouvexeig ouvaptnoelg navew oto R pe @paypévo (oupmnayn) @opta: pa
ouvapmon f : R — C Aépe 6m1 €xel ppaypévo @opga av Umapxel &va @Paypevo
Siaompa [a, b] (pe a,b € R 6nAadr) tétoo wote 1 f va pndevidetatl tautotikda eKTog
wou [a, b]:

C.(R)={f:R— C: fpundevietal £&w aro kanoo gpaypévo diaotnua |a, bl }.

O TpOTog XOPog eival menepaocpévng 6140Taong Ve 01 UTOAOTOL £ival Anelpodlactatol.
Mpdé6Anna 1.1. Acifie ou o ovvojo C.(R) mou opioaue napandave sivat yoauuikog xwpog.

Mpdé6Anpa 1.2. Acifte 6u o ypaupuxog xwpos C([a,b]) v ovvexwv ouvvaptioswv | :
la,b] — C eivar anspobidaoratog.

\Q’Apmi va b¢eiete ot yra kdde n umdpxouv ouvaptnoeis fi, fa, ..., frn moU gival yoauukog
avefapmeg nave ano 1o C. Mnopeite emiong va beifete ot umdpyet pia anesion axofovdia
gn € C([a, b]) mou eivar ypapuukag aveaptnin nave and 1o C. (Ilap ' ou aneypo 1o ovvoo
g1, g2, ... TO va TOUUE OTL €lval YOAUUIK®OS aAveSapTNTO ONUALVEL OTL OTIOIO0ONTIOTE TLEMEPAO-
UEVOG Yoauukog ouvduaouog tov g, 0 umopel va sivar n unbevikn ouvaptnon tapd Uovo
otav oot ot ovvtefleotég ivat 0.)

IIpoBAnpa 1.3. [Towa n didotaon ou xapou P" mou opioape tapandve tave ano to C ka
mota N 61aotaon) 1ov Tave ano 1 R;

1.2 NOppeg 0t YPAPRPIKOUG XOPOUG

'Onwg KAt Pe Toug aplBpoug £1ol KAl Pe TI§ oUvaptroelg 1 1a diavuopata €X0Upe tnv
AVAYKI va PEIPrjooupe 10 PéEyebog toug. Ze aviiBeon pe éva mpaypatko 1 pyadiko
apBpd = opeg, tou oroiou to péyebog eival mavia 1o |z| (kat otV mpaypatiky Kat ot
Piyadiky) mepinmtoon auto eival r anootaoct) tou anod 1o 0) dev urapyel Hovadikog TPOTI0G
va opiooupe 10 PEyeBog evog Hlavuopatog n plag ouvdapinong Oneg @Aivetdal Kai Oto
napddetypa tou Zxnuatog 1. Opoiwg kat yia dwavuopata oo R™ 1 oto C” 10 péyebog
Toug propet va optotel pe dradpopoug tporoug. H kevipikr) €vvola €do eivatl n évvola tng
vopuag o€ €va YPapHiKo X0pPo.

To va opicoupe pia vopua o€ €va ypappiko xwpo V' onpaivel 1o va pmopoupe yia
k4Ot otoixeio © € V' va opicoupe ) véppa tou ||z||, mou eivar évag mpaypatikog apibpog,



Zxfpa 1: IMowa ocuvdptnon ano tg dvo sivat mo “peydin’;

Yetkog 11 0, TTIOU OKOIO £XE1 va PETPL0et TO PEyeBog Tou otorkeiou z. Ta va arokadéooupe
TV AIEIKOVION)
z— |z

Hla voppa oto X0po V' mpéret autr) 1 areikovion va €Xel TG MAPAKAT® 18610TNTeG.

Afiopata Noppag
o [[z]] > 0yuakdBe x € V. Av z # 0 tote ||z| > 0.

e Av A € Rn A € C (avddoya pe 10 av o ypappikog Xwpog pag eivat mpaypatkog
1 pyadikog) kat x € V 1dte

Az [} = [A]- [l]].

e Avz,y € V tte

|z +yll < |lz|| + ||y]| (Tpryeviky Avieétnta). (1)

Ag doupe mpwta PeEPIKEG VOPHES Oplopéveg oto ypappiko Xwpo C*. H mo amlr) eivat
n Aeyopevn /! vopua

n

Hle = le]‘7 yazr = ('rla"'wxn) S Cn

Jj=1

IMa wm véppa auvty ot §Uo npwteg 1810tTEG NG VOPHAG eival podaveig KAl 1) TPIY®VIKY)
aviootnta sival amf ouvénewa g Pyevikhg avioomtag |+ w| < |z| + |w| yia pt-
yadikoug apiBpoug z, w.

H voppa pe v onoia £€xoupe epod1Acel T0 XOPO Pag emnpealet v £vvola g anoo-
1TA0NG OTO X®WPO HaAg apou ®G arnootact U0 onpei®v £ KAl Y ToU X®Pou pag Sewpoupe tnv
moootnta

lz —yll.
H o¢aipa axtivag R yUpe ard €va onpeio rp 10U XOPOou pag yivetat €101 10 GUVOAO
onueiav

Seo(R) = {y : lzo —yll = R}

eV 1 avolytr pndAa aktivag R yupe and 1o xy eivat 1o ouvolo
By (R) ={y : [lzo — gl < R}
kat ) kKAstot prdda B, (R) eivat 1o cuvodo
By (B) = Buy(R) U Suo(R) = {y+ 0 — yll < R}.

2o Zxnpa 2 BAérmoupe ) povadiaia opaipa S ) (1) Tou R? pe ) véppa £
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(0,1)

(1,0)

Txfjpa 2: H povadaia opaipa tou R? pe my £ vopua

Ipdé6Anpa 1.4. Anobeifte ot n moodmnia (yia kade z = (21, 29, . .., zn) € C")

2]l = max 2| (2)

elvar vopua oto yoauuuko yeopo C". Me ouoto tpomo amnodeifte Ot 010 YOAUUIKO X WOPO0
C([a,b]) n moodnra (yia f € C([a,b]))

[flle = sup [f(2)]

z€[a,b]
elvat emiong vopua.

H 1o onpavuxky kat ouvnOiopévn voppa mou xprnotporotovpie oto R™ kat oto C” eivat
n EuxAeida iy £2 voppa

1y =

Kat oe aut v nepimwon ot dUo mpwieg 1610tnteg g voppag eivat mpogaveig. H
arodein g TPIYWVIKAG aviootntag OP®S Arattel Xpron tng oAU Xproting aviootntag
Cauchy-Schwarz:

" " 1/2 n 1/2
Z |zjw;] < <Z |zj\2> : (Z ]wj]2> , yia zj, w; € C. (3)
j=1 j=1 j=1

1.3 Eowtepira ylwvopeva

Ta va deifoupe v pyeVIKn avicdtia yia v 2 voppa oto C" xpnotpomnoidviag tnv
avicotnta Cauchy-Schwarz (3) opidoupe podta, Kat yia peAAoviik) Xp1or, Ty £vvold Tou
£0TEPLKOU yrvopévou oto C”

(w,y) =Y 7, (4)
j=1

orou = = (z1,...,%,),y = (Y1,---,Yn) Kat pe Z = a — bi oupBoAioupe 10 PIyadiko
ouduyr) tou 2z = a + bi. Mropel Kaveig va 0pioetl 10 E0MTEPIKO YIVOPEVO KAl 08 AAAOUG
xopoug. Ta napadetypa oto xwpo C([a, b)) priopoupe va opicouiie 10 £0GTEPIKO YVOREVO
600 oTo1XE1®V TOU 1€ TOV TUTIO

<f79>:/ f(x)g(z) dz.
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To e0wTEPIKO Yivopevo eival pia Stypappikin poporn, eivat 6nl. X®piotd Ypappiko og
IPOG TO IMPWTO KAl T0 HeUTEPO PEPOG TOU (e pia pikpr dadopd avapeoa OTo MPWIOo Kat
oto 8eutepo dplopa tou yvouévou otny rnepirntwon tou C” mou ogeidetal oty Urtapdn tou
Hiyadikou ouduyoug oto Seutepo oplopa):

Az + py, z) = Mz, 2) + ply, 2),

Kat B
(2, Az +py) = Mz, z) + 1y, 2),
v z,y, 2z € C" xar A\, u € C. Emiong 1oxuet

(,y) = (y, 7).
H oy£on £001ep1koy yivopévou Kat £2 véppag sivatl oAU amdd 1
2
[zlly = (=, 2).
IIpoBAnpa 1.5. Anodeifte 1oV kavova tou napaAAnAoypappou:
2l|zll5 +2llyll; = e =yl + llz +yll3, raz,yeC) (5
Kal EPUNVEVOTE TOV YEDUETPIKA.

IIp66Anpa 1.6. Ano tov TWNO ||x||§ = (x,z) @aivetar 6u av Epouvue va umooyifouue
E0WTEPULA YIVOUEVA TOTE UTOPOUUE va urofloyilouue Kat Ti¢ avtiotoryeg vopueg. loyvel kat
70 avtiotpogo (polarization identities). Acifte ot av x,y € R" 101¢ £x0UNE

1
(o) = 21z +yll; = llz = ylly). (6)

Agite emiong ot av x,y € C™ 101e 1oy ver

1 2 2 . .2 . .12
(@,y) = 1z +ylly = llz = yll; + ille +ayll; = ille —yll3). (7)

Anodeikvuoupe twpa v avicotnta Cauchy-Schwarz (3). Trv anobeikvioupe rpwta
yua 1o xopo R" o6mou n andédedn eivat o arir.
Ag givat dowrtov x, y € R” katr t € R. Ioyxuet tote
0 < ||z + tyll;
= (x + ty, x + ty)
= (2, 2) + t{y, =) + t{z,y) + *(y,y) (ermmepifoviag)
2 2
= llzll; + 2(z, y)t + llyll5t*.
Erne1dn auto 1o Te1paymviko OAUOVUNO £ival pn apvnuko yia kabe ¢ € R énetat 6u n)

dlakpivouod tou gival < 0
2 201 112
Az, y)” = Allzllbllyl; <0,

Kat avadiatdloooviag Toug 0pouUg TIPOKUITIEL 1] AVICOTNTA
(2, y) < [lzllollyll,,

rou eivat i aviodtta Cauchy-Schwarz av ot 9¢or tou z; BdAoupe 1o |z;| Kat o 9éon
tou y; PdAoupe 1o |y;l.



lMa va anobdeifoupe v avicotta oto C" nmapatnpovpe Ot av aAvilKAtaOTOOUHE TIG
ouvietaypéveg duo piyadikav Siavuopdtov T, Yy Pe Tig arnoAuteg Tipég Toug (To PETPOo Toug,
0®OTOTEPd, 1A KAl MTPOKELTAL Y1a Piyadikoug apiBpoug) tote 1o 6e8i pédog tng aviodtntag
Cauchy-Schwarz v aAAdadel evo 10 aplotepo PEAOG peyadavel, oTtote 1) piyadikr) Cauchy-
Schwarz eivat cuveneia g MPAYHATIKIG.

H anédei€n mg 1ptyevikng aviootntag yia v £2 véppa oto C" eival topa eUKoAn:

lz+ylls = (@ +y, 2 +y)
= ||lz|l3 + llyll + 2Re[(z,y)] (erpepiZovrag)
< ||lzl3 + [lyll3 + 2/|=]l||y]l (a6 Cauchy-Schwarz)
= (I=ll, + llyll,)*

IIpo6Anpa 1.7. Eibaue tv anodeiln g aviootnrag Cauchy-Schwarz

(2, y)|? < (z,2)(y,y), yaz,ycC

avayovtag mv mpata oy mepintoon wou Jda dravvouaia T,y £XOUV OUVTETAYUEVES TOU
glvar un apvntkoi mpayuatikol apduol. Me avto tov 1pono ouwg 6 uropouvue va SByajovus
OUUTIEPAOUA Yla To TOTE W0XUEL N TAPATAV® avlootnTta &g 1ootnta. Awote Aomov pua napo-
uota anobeiln ajia xwpic va eykataisiyete 1oug utyadkousg apldUoug Kat CUUTEPAVETE
ou n avwoomta Cauchy-Schwarz woxvel wg womta akpilbwg otav ta évo dravvouata sivat
Y;I)auuma’)g eSaptnuéva (ue pryaducoug ouvtefleotég).

\Q’Aouﬂéwts OM®w¢ Kal OINU TEPIMTIOON TOV UN APUNUK®OV OUVIETAYUEV®OU, TApammp®utag
onA. ou yia kade mpayuaturko t 1oxvel

0 < {(z+ty,z+ty)

Kat tapampovtag kavoviag mpddelg ot n tapaotaon oto 6e€l puéflog sivar éva ToAvLVUUO
w¢ mpog t Laduov 1o moAv 2 pe mpayuatkouvg ovviefeoteg. Kottwvtag m dtakpivovoa tou
TOAVU@UVUUOU QUTOU OUUTLEPAVELE OTL

(Re [(z, )])* < (z,2)(y, y).

INa va Byailete 10 1e1KO 0a¢ OUUTEPAOUA EPAPUOOTE TNV aviootnta avtr oto dlavUouUa e
ya kataiinio 0 € R.

1.4 Iocoduvapia vopp®v

Avo voppeg |||, kat |||, oe éva ypappké xwpo V' ovopddoviat 10o8Uvapeg av urapxouv
dvU0 Seukég otabepég O, s 1étoieg wote yla kabe x € V' va éxoupe

Cillzll, < [lzll, < ol

Me dAAa Aoyla otav o1 TIHEG Toug €ival mavia “ouykpioueg”, e dapépel dnAadn n pa
vopua ToU X aro v dAAn rmapd to oAU Katd éva rnmoAAarddoto, avegaptnta amno 1o .

Aev etvatr duokolo va Ppet kavelg mapadetypata voppwv mmou eivat wooduvapeg. T'a
napadeypa, ag dovAéyoupe oto xwpo C" kat ag mapouvpe ) pa voppa va etvat n |||,
Ag ndpoupe v dAAn voppa va gival 1

oo
l=ll, = >l
j=1
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orou z = (21, 22, . .., 2,) € C" karw; > 0 eivat pua otaBepr) akodoubia Bapddv (n anodedn
oun |-, etvat vépupa eivat tautéonpn pe myv nepirwon meg ||-|,). Av opicoupe

w= min w; >0, W= max w;
j=12,.n j=12,n

10te eUKoAa PAéroupe ot yia kébe 2z € C™ éxoupe

wllzlly < [zl < Wizl
apa ot 6Uo autég vopueg eivatl w0oduvapeg orota Kat va eivat n ermoyn tov Bapov w;.
IIpoBAnpa 1.8. Aifte ou n wwodbvvauia vopuw® givar pia oxeon wwoduvauiag.

®a 6eitoupe mapakdat® ot oe KAOe XOpo renepaocpévng diaotaong, onwg o C”, dAeg ot
vopleg lval 1006Uvapeg.

IIp6BAnpa 1.9. Av z € C" b¢eifte 1i¢ mapakdio OxE0ElS avaueoa o SLaPOPETIKES VOPUES :

120, < Vnllzl,, 8)
2]l < [l=1l;, 9)
121, < nllzll (10)
2]l < llzlly, (11)
12100 < 112115, (12)
121, < Vnllzl .- (13)

‘Apa Kat ot eI VOPUES ToU avagépovtal lvat wwodvvaueg oto yeopo C™ kat ot otadepég
C} kar Cy glvar avtég mou Sivovtatl otg mapandve aviaotnieg (yia mv tefevtaia mpodtaon
mpéenel akoun va begifete ol o1 mapanave avioomieg os BeAuwvovtal, 6 umopovv dnA. va
LOXUOOUV Ue Kajutepeg 0tadepeg ano avteg mov didovial mapandve).

Mpdé6Anpa 1.10. Anobeifte ot oto ywpo C([a, b)) kavéva (evyog amd tig vépueg
b b
2
I = 1@l 1, = ([ @r a1 = s 1)
a a rec|a,

bev anotefleitar ano wobvvaueg vopueg. Ta va eiet kaveig ot éva eUyog vOpu ||- Ha Kat
|||, 6ev eivar wodvvaues aprei va eifer ot 10 TENAiKo

[Vl
o],

UTIOPEL, pe kKatalnjin emiiloyn Tou oToLeiou v ToU YOauUIKOU X@EO0U, va Yivet eite 00061 ToTE
ueyaio eite oocodnmote utkpo (kovia oto 0).

1.5 X®pol Kal UNOX®WPOol NENEPACHEVNG draotaong

‘Otav n 6tdotaon evog X®POU pe voppa eivat damneipn (r.X. o oAU ouvnO10p€EVog X®OPOog
C(la,b])) téte moAAG acuvrifiota kat mepiepya @aivopeva propouv va oupbouv Kat 1)
avaduon duokolAevet (6nA. yivetal mo evdiadépouoa). 'Otav n 61dotacn ToU YPAPHPIKOU
X®WPOU OPKG £ival TIEMEPACTHEVT TOTE TIOAAA mpdypata yivovtatl amdouotepa. To meplexo-
HEVO Tou enopevou dewpruatog eivatl ot 1 torodoyia (dnA. n évvola g ouykAlong, ta
aVOLXTA KAl Ta KAE10TA OUVOAd, Ol OUVEXEIG OUVAPTNOELS KAITY) £vOG YPAUUIKOU XOPOU
nenepaocpévng draotaong dev adddlel av aAddfoupe ) voppa ylati 0Aeg ol vopueg ivat
1006UvVapEg.



Ocwpnpa 1.1. Av V givar ywpog menepaouévng Sidaotaong (mave amd toug uUtyadikoug
1 TOU¢ TMPayuatkous apduouvg) 10te omoteodnmote dvo vopueg otov V' eivar uetalv toug
100OUVAE.

Amobein: Ag eivat ey, . . ., e, pa Baon tou V. Kdabe otoxeio 2z € V' ypdgetat pe povadiko
TPOTIO @G 2 = z1€1 + -+ + 2p€,, O0mou 2; € C (j = 1,2,...,n). Opiloupe v noocowta
[2]]; = > 7, |2j] mou eUkoAa anobewvietat 6t eivat véppa otov V' (ouotactika o V' etvat
wopopgog pe tov C* kat 1 ||-||; eivat avtioton pe v yveotn pag ¢; voppa otov C7).
@a Sei§oupe 611 kKAOe GAAn voppa ||-|| eivat wodvvapn npog v (|||, Kat dpa oroteorrote
&Uo voppeg eivat petadu toug woduvapeg apou eivat 1woduvapeg rpog mv |||, .

'Exoupe xpnoponoioviag v Ipyovike aviootnta

2l = |32 zes]| < Yo llzsesl = X Lailllesl < Callzlh,

orou Cp = max {|le1]],...,|len]|}. Mével va 8eioupe v avicotnua Cilz]|; < [|z]] ya
xaroro C; > 0.
Opidoupe v povadiaia ogpaipa og npog m vopua |||,

S={zxeV: |z, =1}

AuTo eival éva KAE10TO KAl @paypévo oUvoAlo kat agou o V' elval menepaopéveg draotaong
MPOKUTITtel 6T 10 S eivat oupnayég ouvodo. ‘'Opwg n aneikovion © — ||z eivat pia ouvexig
arnteikovion (Seite [pdBAnpa 1.11 nmapakdten) Kat apa apou KAOs GUVEXIG OUVAPTIOL OF
ouprnayég ouvoAo “Tidvet” to eAax1oto g (arodeite to!) €metatl Ot unapyet o € S tétoo
Wote

lzoll < [lzl Vo € S.

IMa xkabe x € V éxoupe (epooov ﬁ e 9):
1

= [l

2 [lzollllly

N [ !

z|| = ||||z]; —— —_
il ][

rou etvat 1 avigotnta nou wayvoupe pe C7 = ||zo]|.

O

Mpdé6Anpa 1.11. Asifte 0u oe kade ywpo ue vopua V n ansucovion © — ||z|| evar pa
ovvexng anewcovion and to V' oro R.

V7 Ano mu tpyevueh avicora ||z + y|| < ||z + |ly|| 6eie mowra my aviosmra
o =yl = lllzll = llylll, vVz,yeV.
IIopiopa 1.1. Kade ywpog menepacuevns 61aotaong Ue vopua ivat mianoeng.

Anodeiln: Av o Xxdpog pag €xel diaotaon n t0te ival 100p0PPOG ®OSG YPAPMIKOG XOPOG NE
10 xwpo C". Ag eivar T' : V' — C" n 1oopop@ikn areikovion. Tote n T opidel pa vopua
oto C”
-1
el = |77,

orou ||-||;, etvat n voppa tou V' (n anédedn ot n ||-|| eivatl vépua eival oxed6v mpopavng).
Me autr) ) voppa oto C" ot akodoubieg Cauchy tou V' avtiotoxouv akpiBwg oe akoAoubieg
Cauchy otov C". AAAaG o C™ éxel menepaopévn didotaon kat apa pe onotadnrote voppa
elval mArpng xwpog, dpa kabe akodoubia Cauchy otov C" éxel 0plo katl naipvoviag to
T~! tou opiou Bpiokoupe 10 6p10 NG avriotorxng akodouBiag Cauchy otov V.
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IIopopa 1.2. Xe yoauuko xapo memepacucvne didaotaong kade kieot) umada eivai
ovumayng ¢ mpog onotadnmote vopua (Oxt Kar' avdykn ¢ Tpog 1N VOPUa TOU XPNOot-
uomoteitat otov Oplouo g uraiag).

Amnodein: H évvola tng oupndyetag deiape ot (0nwg Kat kKOs AAAn TOTOAOY1KY) €vvola)
dev e§aptdatat amod ) voppa Ot XOPOUG IEMEPACHEVNS 1dotaong, apa UIMopoUpe arAd
va xpnotponotrjooupe 1o Yewpnpa Heine-Borel mou pag Aéet 6t og éva Xopo pe vopua
nenepacpévng 61dotaong ta CUPnayr oUvoAa eival akpBog ta KAE10td KAl @paypéva
ouvoAa.
[l

H ®cwpia [Ipootyylong pedetdel Kuping To pdBAnpa g MPooLyylong aro urnox®peo.
L1 YEVIKI) TOU Popdr 1o TpoBAnpa autd €xel og egng. 'Exoupe éva ypappiko xopo X
pe voppa ||+ xat éva unoxwpo tu Y. 'Exoupe emiong éva x € X 1o onoio 9édoupe
va npooeyyicoupe arno éva owoixeio y € Y wote n arnootaon ||z — y|| va etvat 600 o
duvatdv pikpr. To rkUplo Sedpnpa mou Sei§ape orjpepa sivat 6t 6tav o xopog Y eivat
nenepaopévng 6tdotaong tote mdvia undpxet éva y* € Y 1o omoio amotedel BéAtiom
TPOOEYY10n TOU T:

le=y* < llz—wyll, VyeY

H BéAtiotn autr) ripooéyyion Sev eivat ev yével povadikr) (to av eivat r) 0x1 e§aptatal Kuping
arno 1o yia rotwa voppa pidape). Mia onpavuky epappoyr) autou ivat ot av f € C([a, b))
TOTE AV PAXVOUHE va €AAX10TOTIO|00OUHE ) Sadopd

1 () = p(@)ll, p(z) € P,

UTIAPXEL TOUAAX1I0TOV €va TIOAUGVUHO TTOU UAOTIOLEL TO v@pup autrg tng dagpopag. Yri-
apxet 6nA. BéAtotn moAuwvupiky mpooéyytlon g f. O Aoyog gival ot o unioxepog P
twou C([a, b]) elvar menepaopévng diaotaong

dimP" =n+1.

Autd 1oxvet kat av ot 9éon g voppag ||| mapardve xpnotpono)coupe pia ornowadnote
AAAn voppa, LY. pa anod tg oAoKANPetkég voppes |||, 1 ||]l,-

@sopnna 1.2. ('Yrapén Béntomg mpoosyyiong) Av X eivat yoaupuikog xwpog pe vopua kat
Y C X givar ypaupuikdg undxwpog menspacpuévng diaotaong 10te yia kade x € X umdpxet
x* €Y téroo wote

le— 2% < o~y VyeY.

Amnobeiln : Ag opiooupe Kat apyrjv 10 oUVOAO
K={yeY:|z—yl <]}

[Mapampeiote 611 0 € K C Y xat, apou 1o 0 éxet andotaon ||z|| and 1o z, &e xpeiddetat
va pa§oupe yia ) Bédtiot npoogyyion z* oto ouvodo Y \ K, xat ot apkei ouvernog va
wagoupe oto K. Me dMAa Adyia apkei va Sei§oupe 6t n ouvapton y — ||z — y|| mavet
10 €AAX10TO6 g 010 oUvolo K. 'Ouwmg n ouvaptnon auvty eivat ouvexg (akpBmg Orwg oto
ripoBAnpa 1.11) kat o ouvodo K eivar gpaypévo (apov K C By (2)) kat KAe10t6 agpou
av K 3y, -y €Y 0t ||z — yu|| = ||z — y|| (ar6 i ouvéxela g anekoviong z — ||z]))
Kkat apa y € K. Apou o xopog Y eivatl nernepaopévng 61aotaong €retat ot 1o ouvolo K
etvat oupnayég (Heine-Borel) kat apa n ouvapton y — || — y|| uavet 1o edaxiotd ng
oto ouvolo K, 1o oroio eivat akpBng n BEAtTiotn pootyyion ™.

O

H BéAtiotn ipoogyyion tou T amnd 10 XOpo Y Uropei va pnv eivat povadikn.
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Ip66Anpa 1.12. Z10 yopo X = C? ue mu {o, vopua Boeite oAeg tig BEATIOTEC MOOOEYYIOELS
tou aroryeiou x = (0,0, 1) and tov undywpo Y = {(z,w,0) : z,w € C}.

Av O0pwg €ivat Tote ) anekovion © — x* eivat ouvexng. Kat auto sivat pia roAv onpav-
TIKT) 1810tta Kat moAu ermbupntr) oe poBAnpata rpoogyylong. ‘Otav pooeyyidoupe .x.
i ouvexr) ouvaptnorn oto diaotnpua [a, b| ano éva noAumvupo Babpou £mg n eivatl oAy
ermOuUPNTo va £xoupe autd mou ovopaloupe evotadeia: av aildadouv ta edopéva pag Aiyo
(ta 6edopéva pag sivatl n cuvaptnon mov rPooeyyiloupe Kat propet autr] va addaget Aiyo
AOY® opaApdtev Otn PETPNON 1] OTOV UTIOAOY1oHO) 10Te 9€Aoupe Kal 1 TIPOCEYY10T] Hag
ertiong va aAAddet pe eAeyxopevo Tporo.

Osopnpa 1.3. Zvvéyxeia BéAtiotng mpoogyyong) Av X slvatl yoauuikog xwpog pue vépua
rar Y C X elvar ypaupikdg umoxwpog memepaocusvng diaotaong 10te ylia kade r € X n
BeéAuom mpoogyyon ou and ov Y, ¥ € Y, eivar povadikn, 1te n ovvapmon r — ¥ eivat
ua ovvexng ovvdpton X — Y.

Anodeiln: 'Eoww X 2 x, — xy. Tdote, anod mv IPyeVIKY] aviootntda £XoOUpe
[l = Mg = 2 + znll < 2y, = @l + l2nll < flonll + l2a]] = 2[l2.]

dpa n akodoubia ||z || eivar gpaypévn agou ||z,| — ||z|| (@utd to tedeutaio aro v
avieotna |||z,| — [|z]]] < ||zn — x])). ApoU n akodoubia z} € Y eivat ppaypévn kat o Y
éxel nmenepaocpévn didotaon (o1 priddeg otov Y elvatl dpa oupnayeig) €retat ot n T, €Xet
axkoAouBia rmou ouykAivel oe kanow y € Y.

Oa 6et§oupe 6T Yy = x;. AUTo ouvenayetat Ott orotadnnote cuykAivouoa uvrakodouBia
g T, €Xel 1o 1610 6p1lo Kat apa z, — ;. I'a eukodia oupBoAiopou (yia va pnv éxoupe
“610pwPoug” deikteg otlg akodoubieg pag) ovopadoupe v uvrakoloubia g z, OV OUY-
KAtvel oto ¥ &ava z),, metape dnA. T0Ug UTIOAOUTOUG Opoug g akodoubiag. 'Exoupe

ly — ol = lim ||z}, — 2,]| (and ) ovvéxera mg voppag)
<lim ||z — z,|| (ywatl wo 2, eivar n BéAt. mpooéyyion tou z,,)
n
= ||z — x0]|. (a6 ) ouvéxela ng vopuag)

Agou deitape ||y — xo|| < ||z — 2ol xat n BéAtio mpoogyyion eival povadiky énetat o
Y = Tp.
O

2 To Ocnpnpa tou Weierstrass

2.1 Tevika
To oAU onpaviiko Sedpnua tou Weierstrass €ival 10 mapakate.

@copnpa 2.1 (Weierstrass). Av a < b givar mpayuatxoi apduoi kar n f : [a,b] — C
glvat ouvexng t0te Utapx el axkofovdia ToAUOUUU®V Tou oUuyKkAivel opoouopga otnu [ oto
Swaotnua |a, b|.

'Evag 61apopetikog 1pomog va moupe 1o 1610 mpdypa eival va moupe OTl UTIAPXEL
axkoloubia moAvevinwv p, t.o. ||p, — f|l,, — 0, ormou n |||, eivat avagpopikd pe to
Siaompa [a, b], wxvet 6nAadn

I9llc = sup [g()|.

z€la,b]
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Tn 6evtepn autr) H1ATUTIOOT PITOPOUHE KA1 VA TNV TIAPOUHE ®G TOV 0P10110 NG O010110pPNS
OUYKA0NG.

Opiopog 2.1. Av f, f,, : K — C eivat ouvaptrjoeig oplopéveg mave os €va ouvodo K Aépe
ot nj akodouBia f,, ouykAiver otnv f opoldpoppa oo K av

IF = Fulle = SUP1F () = @) 0. (0= o).

ITapatrpnon 2.1. Yrniapxet Adoyog rou oto Osopnpa tou Weierstrass meplopidopacte oe
ouvexeig ouvaptnoelg, 6nA. 10 Ocwpnpa 2.2 MapaKATe.

Ozopnpa 2.2. Av K CCxrat f, f,, : K — C, ot f,, eivar ouveyeic oto K kar n axofouvdia
fn ovykiiver opuowopoppa otnu f tave oo K 1te karn f eivar ovveyxng nave oo K.

Anodeiln: Eow € > 0 xarx € K. @a dei§oupe ot unapyet 6 > 0 tétoo wote av y € K va
10XUEL 1] OUVENAYOY
[z —yl <d=|f(x) = fly) <e

IMa kabe n ypapoupe

[f(@) = fW)] = [f (@) = fulz) + fulx) = fuly) + fuly) — f ()]

< |f(2) = fal@)] + [ fal2) = fu(w)] + | faly) — f(¥)]
— A+ Ay + A

A6 mv opowpopen ovykAwn f, — f undpxetl éva n oo oote ||f — ful < €/3.
I'a autd 1o n ot 6pot A;, A3 napandve eivat kat ot 8vo < €/3. T'a autd to n erniong n
ouvapmnon f, ivat ouvexrg oto z, dpa urapxet éva d > 0 Gote va 10XVUeL 1] CUVENAY®YT)

[z —yl <0 = |ful®) — fuly)] < €/3.

Apa, pe my npounobeon ou |z —y| < § xat o1 peig 6pot Ap, Ay, A3 mapanave sivat
Hikpdtepot ou €/3 kat ouvenog | f(x) — f(y)| < € nog eixape va anodeifoupe.
(Il

Iapatrpnon 2.2. 'Exet onpaocia 6t 1o riedio oplopov g f eivat éva KA10T6 Kat @paypévo
draotpa. Eukola priopoupe va Bpoupe ouvexeig ouvaptroelg IAve o€ @paypéva avorytd
dlaotpata 1) agppakta daotpata mou de PIopouv va MPooeyylofouv opotopopdpa oto
nebio oplopou toug. Ta mapddetypa n ouvdaptnon fi(x) = e, pe nedio oplopou 1w R,
etvat ouvexng maviou addd yia kabe roduovupo p(x) 1oxvel puoKa

[/1(z) = p(2)] = +o0,  (z = +00),

adou 1 eKOETIKT) CUVAPTNOT) AUTAVEL IO VP YOPd AT Oro1adrmote MOAUGVUNIKT] GUVAPTNOon).

'Eva dAdo mapddetypa sival i ouvaptnon fo(x) = 1/z, pe nedio opiopov 1o (0,1). H
ouvdptnorn auty sival ouvexng oto nedio oplopov g addda dev propet va mpooeyylobet
opoldpopda ard MOAUGVUHO, Pl Kat Orolodrnote odAuovupo ¢(z) €xet

Am. q(z) = ¢(0),

eve yia v fa(x) 1o anod &e§1d 6pro oto 0 eivat +00.
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2.2 H anoéds¥n tou Landau

H ripatn anodeidn tou Sewprpatog tou Weierstrass rou 9a doupe opeidetat otov Landau.
Eow [ : [a,b] — C ouvexrg.

2.2.1 IHepropiopdg oto Sidotnpa [0, 1].

Kavoupe kat apyrv v napatipnor o0t Propoupe va urnobécoupe ot 1o [a, b] eivat oroto
OUYKeKppévo Slaotnua pag BoAevet, yia napddetypa to [0, 1]. O Adyog yU autd eivat ot
propovpe va avuotolicoupe ta onueia t € [0, 1] pe ta otoeia = € [a, b] pe ma apewr
anekovion (pa aneikovion SnA. mou eivat ng popeng x — Az + B), tnv

r—a

b—a

r =a+t(b— a) g oroiag n avtiotpoen eivarn t =

Av wopa [ : [a,b] — C eival ouvexnig tote kat n ouvaptnon

9(t) = fla+t(b—a))

etvatl pa ouvexng ouvaptnon oto [0, 1]. Av untdpxet moAucovupo p(t) t.o. |p(t) — g(t)] < e
yua t € [0, 1] tote n ouvdaptnon

q(z) = p((z — a)/(b - a))

elval K1 autr) TOAUGMVUPO KAl 10XUEL QUOIKA

lq(z) = f(2)] = [p(t) —g()] <€

A6 8w xat riépa Aowrov urnobetoupe ou f : [0, 1] — C eival ouvexng.

2.2.2 H f pndeviletal ota axkpa tou Sractrpatog.

Mropoupe emiong xwpis PAGBn tng yevikoutag va uvrobéooupe 6u f(0) = f(1) = 0.
Auto oupBaivel ylati priopoupe va agatipécoupe anod v f éva katdAAndo npotoBdadiiio
IOAUGVUIO (OTE va METUXO0UHE auty ) ouvOnkn. AkpiBéotepa, av 1 f : [0, 1] — C eivar
OITO1adIIOTE OUVEXNS OUVAPTI O TOTE Y€Toupe

g9(x) = f(z) = l(z), omou ((z) = f(0)+x(f(1) = f(0)),

Kal TIapatneoupe ot (a) n g sivat ouvexrg ouvdaptnon mou pndevidetal ota akpa Tou
Slaotpatog kat (B) av pmopoue va IPOCEYYIoOUE TV g Pe £€vd TIOAU®VUMO P

l9(z) = p(@)lo <€

101e 10 ToAuGVUpo ¢(x) = p(x) + ¢(z) eniong mpooeyyidet v f(x)

1 (2) = a(2)llo = llg(z) + £(x) = (p(2) + £(z))] <€

Ar6 6m kat mépa Aoy unoBétoupe ot i ouvaptmon pag, f(x), undevidetal ota dxpa
tou Swaotnuartog. T'a eukoldia pag tnv emnekteivoupe (e PNOEVIKEG TIHEG) OTO UTTOAONTTO
G MPaypatkng eubeiag, Kat n véa pag ouvdaptnon eivat ouvexrg oe 6Ao to R pa kat ta
pova onpeia ota oroia yevvatat ap@iBoria yi auto eivat ta daxpa tou [0, 1], dpeg exel ta
MAeUpIKA 6pla g f eival kat ta vo 0.
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2.2.3 Ta nMoAu®vupa MPOCEYYLoNg

Opigoupe topa (Supodpaocte ot n f pndevidetat £&w anod to iaotpua [0, 1))

/ fle +t)K dx—/ flz+t)K,(t) dx,

Orou

L =), il <1
Ko(t) = {0

[t > 1,

Katl 1 otafepd ¢, emMAEYETALl PE TPOTIO TETO10 WOTE VA 10XUEL

/Z Kot)dt = 1.

IMa va doupe 6t ot ouvaptoetg L, () eivat 6viwg moduovupa tou = av z € [0, 1]' k&dvoupe
mv adAayr) petaBAning u = x + t Kat maipvoupe €10l v EKPPAOoT)

= | ) - =y

1 oroia eUKoAa @atvetat 6t etval TOAUGVURO TOU &, Jia Kat iy ouvaptnon (1 — (u — x)?)"
€lvatl MOAUMVUO TOU T 1€ OUVIEAEOTEG TTOU £6APTOVTAL ATTO TO U

(1—(u—1x)?) qu

Lo(w) = Z (/ ' Fluay ) i) o

2.2.4 TIpootyylon tng povadag

Kat apa

H ouvdaptnon K, (yia v akpiBela, n akodoubia ouvaptrioenv K,;) eivat auto mou ovopade-
Tat mpoogyyton mg povadag, £xel SnA. TG MAPAKAT® 1810TNTEG

1. H K, (x) eivat kata tprpata ouvvexng (apket va urobéooupe 6u eivar Riemann
OAorANP®OOINn os KABe Siaotnpa),

2. K,(x) >0y xabe z € R,
3. [ K,(z)dzx =1,

4. Tha kabe § > 0 1oxvset hmn_mof‘ K,(t)dt =0.

t|>d

(To oAoxAnpopa f‘ H>6 etval ouvropoypadia tou abpoioparog f:jo + f 600.] H mo kaipla
1610tta plag mpoogyylong g povadag sivail n 1d010tnta 4 napandve. To vonpa auvthg
g 1810ttag eivat ot apou ta oAokAnpopata v K, 6ev adddlouv pe 1o n Kat adpou 1o
odoxrAnpena g K, ektog tou daotpatog (—d, ) teivel oto 0, tote 6An n “pdada” KAT®
aro 1o ypagnua tou K, padevetat 6Aa kat kovtutepa oto ) 600 1o n peyadapvel. Auto €xel
®G OUVETEld T0 akOAoubo.

! Eukoda BAémet xaveig 611 o1 ouvaptioeig L, (7) éxouv @paypévo @opéa dpa Hsv propouv va eivat
rnoAumvupa oe 0A6xAnpo to R. Tautidovial dpeg pe karnoo roduwvupo oto diaotpa [0, 1] nou pag evd-
apepet.
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Osopnpa 2.3. 'Eoww f : R — C ovveyng kar gpayuévn. Tote yia kade x € R éyouue
/ Flo+ 0K, (t) dt — f(x). (14)

Eavn f eivar opoduoppa ovvexrig oto R 10te n ovyriion otnu (14) bev eivar ania ovykiion
Kata onueio ajfa sival ka ouméuopqm ovykAion oe 070 1o R.

Anobealn. Tpagpoupe f(x f f(z) K, (t) dt (apou f K,(t)dt = 1) xat éto1, av d > 0

etval omo1odyToTE,

'f(:v)—/: flz+ 1)K, dt‘ ‘/ R
- /_oo |[f(z+1) = f2)|Ka(t) dt
- /_6 |f(z+ 1) = f ()| Kn(t) di+

d
[ o0~ s
=1+11.

Eoww € > 0. Apxkei va Sei§oupe ot1, yia apketd peyddo n, éxouvpe I < e kat I1 < e.
['a tov pwto 6po £xoupe AOy® tng ouvéxelag g f oto x ot unapyet 0 > 0 wote

[f(z+1) = f(z)] <€

vy [t| < 4. Av n ouvaptnon sivat ardd ouvexng oto R t6te 10 § autd e§aptdtat ano 1o €
KA1 TO & VR AV 1] 0UVAPTNOoT) €ivatl opotdpopda ouvexrg oto R tote e§aptatatl povo amnod to
e. 'Exoupe Aoutov
3 9]
I< / Koty di < [ Ko(t)dt = e
-0 —00
I"a 1o devtepo 6po Sa ypnotpornowrjcoupe v 810t Ta 4 G MPOCEYYoNg g povadag.
‘Exoupe
< [ ol mad=21sl, [ K@do
[t|>6 |t|>6
Katl dpa, yla apketda peyalo n, éxoupe emniong [/ < €. Tinv mapandve avicotnta Xpnot-
HOIOWoape Vv TPIYOVIKY avicotta yia va @pagoupe v noootna | f(z +1t) — f(z)] <
|fx+t)|+|f(?)] < 2| fl]l,,, xat n mocotnta

[flloo = sup | f(z)| < o0
z€R

aro v unobeor] pag ot n f eivat gpaypévn.

Ynv extipnon wou [ o 6eikting ng népa aro tov ortoio oxvel [/ < e bev e§apratat
arto 1o & aAAd povo armo 1o € Kat 1o ¢ gite i f elval opoldpoppa cuvexrg eite oxt (Apou 1o
HOVO TOU XPNo1oroloupe and v f sivatl ot eivat gpayuévn).

'‘Opwg 1 ermAoyr) tou § éytve otav gpadape to I kat ekei 10 ¢ e§aptatatl arod 10 &, KOG
av 1 ouvaptnon f urnotebei opodpopPa cuveXHS OMOTe To § £§aptdtal POvVo aro 10 €. e
aut) v nepimeon €xoupe tavtoxpova I 4+ 11 < € yua kabe x € R kat dpa n ouykAion

/_OO flx+t)K,(t)dt — f(x)
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etvat opotdopopon oto R.
O

Egpappodoviag 1o Ochpnpa 2.3 naipvoupe v opotopopdr cUYKALOT TV ITOAUQVUR®V
L, owmv f oto daotnpa [0, 1].

IIp6BAnpa 2.1. Bpeite 6/eg tig ovvaptioeig f : R — R mou eivat opoduopga (oto R) opia
TOAVOUVUUGV.

¥ 'Eva rofuadvuouo p(z) mou eiar gpayuévo oto R eivar avaykaotikd otadepd.

2.3 H anods¥n tou Bernstein

H 6eUtepn anodeidn tou Sewprjpatog tou Weierstrass (@swpnpa 2.1) rou 9a Soupe odpeide-
tat otov Bernstein kat eivat moAu evbiadépouoa yiati ouvdéet tn Sewpia ITBavottev e
TV MOAU®VUPIKY IPOoogyylon rou 9éloupe va netuxoupe. Emiong ta moAucdvupa mou
divel og mpoogyyion g f eival oAu amdo va meptypapouv.

2.3.1 Ta noAucvupa tou Bernstein xat n m@avoBswpntiky Toug eppnveia

Yrobétoupe kat At ot 1) f : [0,1] — C eivat ouvexng (8¢ xperaletat avty) ) @opd va
KAVOVIKOTTIO)ooupe v f wote va pndevidetal ota dkpa tou dactrjpatog). Opiloupe ta
noAvovuua Bernstein g f va eivat n akolouBia modvevipev B, (f) mou 6ibetat aro

CAOIOED BRI () 15
k=0

@a &ei§oupe ou ta B, (f)(x) — f(x) opoidpoppa oto Sidotpa [0, 1].

Ma mv anédeidn Sa xpelaotei va gpunvevocoupie ta noAuovupa tou Bernstein oe -
9avoBempnTiky yA®vooa.?

Ag urnoBéocoupe OTL £x0UpE €va VOPIOPA TO OIoio PEPVEL Kopova pe rmbavotnta & €
[0, 1] kat to pixvoupe n @opég. H tuxaia petaBAnt) B, , PETPAEL TO TTOCEG KOPOVES PEPAIE
oe autd 1o nelpapa. Ipopavog woyxvet avia 0 < B, < n kat evkoAa BAérnet Kaveig ot
n B, , akolouBel tn Aeyopevn Swwvupikny kartavoun, éxoupe dndadn ya k € Z

k
0 aAAM®G

("1 —z)"*F av0<k<n

P[Bx,n = k] = {

O A0Y0g yla TovV Maparndave turo £ivatl 0Tt 1o va Epoupe akplBag k Kopmveg OTo Teipapa
propel va oupBel pe akpBog (2) Tporoug (ermAéyoupe aro tg n piyelg oe moteg k Sa
£pB0UV 01 Kopveg) Katl KaOe évag améd autoug Toug Tporoug éxel mbavotnta ¥ (1 — z)"*
va oupBei.

Kdvoupe emiong v napatrpnon o1, av ypaypoupe /; ya v deiktoia tuxaia petabi-
Nt rou etvat 1 av gépoupe kKopwva otny j piyn kat 0 av gépoupe ypappata oty 7 piyn,
1oxUEl

Byp=5L+1+ -+ 1,
‘Exoupe E [[;] = x kat Var [[;] = z(1 — ) pe éva ando unodoyiopd ondte oupriepaivoupe

ot
E[Bw =E[L]+---+E[l,] =nz

2 Mropeite va avaépeote oTIg ONUEI®oElS 1ou Atakpitr) [TBavétnta yia 1oug 81adgopoug oplojious Kat
OP1OPEVOUG UTIOAOY10110UG.
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Kat aro 1o yeyovog ot ot /; elvatl ave§aptnteg mpoKuIttet eriong ot
0*(B,.,) = Var B, ,] = Var [[;] + - -- + Var [[,,] = nz(1 — z) < n. (16)

TéAog, 9a xpelaotovpe kat v avicotnta tou Chebyshev mou divel éva dve @paypa yia
v mbavotnta va amokAivel pia tuxaia petaBAntn amo ) peon Tun mg.

Ocwpnpa 2.4 (Chebyshev). Av X € Z givar pia wwyaia petaGAant ue

E[|X[°] <o
katav p = B [X] ka0 = /Var [X] wote
1
P[|X — ul > M| < 5YL (17)

yia kade A > 0.

Mp6BAnpa 2.2. Oa xpeactovue emiong apydtepa kai my avwwdma B [| X|] < E [|X |2} Y2
yla pa dtaxpurn tuyaia petab6inm X € Z. Anodeifte avtn v aviootna.

VY ou6v0 TOOOTNTES TIOU Uag evdlaPEPoUL givat ot

E[IX]=) IkP[X

kEZ

E[IX]"] =) [k'P[X

kEZ

Kat

Xpnowonociote v aviootnta Cauchy-Schwarz (3) yia va 6eifete 1o (nrovucvo. v (3) n
avoomta ivat SlatunOUEn yla TEnEPacpueveg akodovdisg aiia woxvet kat yia axojlovdieg
Omou o OelkIng maipvel Ofleg T aképaleg TIUES Katl Ta adpolopuata ylvovtal ATEPES OLPES.

[MapatnpoUpe tOpa OTL UITAPYXEL 1] €616 OXEOT avapeoa ota rnoAuovupa Bernstein, tyv
tuxaia petaBAn B, ,, Kat ) ouvapmon f:

Bn(f)(x) = E[f(Byn/n)]. (18)

IIpoBAnpa 2.3. Bebaiwdeite Ou karaiabaivete yiati woxvet avto. Ouuilovue ot av X € 7
eivar pa Staxpurn twyaia petabinm kar ¢ : Z — C wa ovvaptnon tote éyouvue

=> ¢(k)P[X =],

keZ

UE TV MPOUTOAEON @UOLKA OTL N ogipa ouykAivel anofvta. X dukid pag mepintwon, Omou
X = B, 6ev tidetar 9éua ovykiiong pia kai 67a ta adpoiopuata Exovv TemELAoUEVO TANOOG
un undevikwv opwv agov 0 < B, , < n.

A6 v (18) yivetat topa @avepo o ylati PEmet va ePTPEVOUNE T OUYKALOT)
Bu(f)(x) = f(x) yian— .

O Aoyog eivat 6t ) tuxaia petaBAnt B, ,/n, 1 omnoia £xetl péorn Tpr) T teivel va CUYKEV-
TPOVETAL YUP® amo T PEon g TR (Vopog tov peyadeov apibpwv). ‘Etot Aowuov, pe moAu
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peydAn rubavounta, ot tpég f( By, /n) eival modu kovia oty f(z) Adye tng ouvéxelag tng
f xat dpa eivatr avapevopevo Kat n péon TN g PETaBAnTtAig autrg va eival Kovid oto
f(z). Auto 10 6UAAOY10110 TTIOCOTIKOTIOIOVUHE MIAPAKAT® OtV anoddeidn.

Fpagoupe E yia to evdexopevo
>n 3},

n
Kal KAVOULE TV napatrpnorn ot n avicotnta tou Chebyshev pag 6ivel 1o mapakdie ave
@paypa ya my mbavowmta ou L

P[E] < n™'/% (19)

IIpoBAnpa 2.4. Anodeifte o n aviootnia (19) mpokruvnter ano v avicotnta Chebyshev
(17).

\Q’Xpnmuonowiozs 10 gpayua Var [B,,] < n kait mv uun A = n
aviootnta (17) yia to evdexduevo E yoauuévo ot puopen

/6 jear epappoote M

| By — nz| < An'/2.

dpdoooupe twpa ) dadopd g oUVAPTONG PAg KAl TNG IIPOCEYYIoNG TG aro éva
nmoAunvupo Bernstein:

(o) - Ef(Pzm)

= |f(x) =Y fk/n)P[By, = K]

n

=D f@P[Ben=k - f(g)IP’ [Ben = Kl

k=0

n

= |D_(f(2) = f(k/n)P B = K]

k=0

< i \f(z) — f(k/n)| - P[By, = k| (tpiyevikn avicotta)
k=0

n n

= Z + Z (8r1axwpiloupe ta k oe 6o £i61)
k=0 k=0
le—k/n|>n—1/3 le—k/n|<n—1/3

=1+1I.

‘Eotww € > 0. Oa dei§oupe 611 av 1o n eivatl apketda peyddo tote ta abpoiopata  kat 11
ppdooovial aro €.

Ta va gpadoupe 1o I Xpnotponolovpe v ouoduopgn ovvexeia g f (n oroia eivat
OUVErELd TG OUVEXelag g f o€ KAeloto Stdotnpa, Seite o [IpoBAnpa 2.5): yia kabe € > 0
urapxet 6 > 0 t.o. av |z —y| < § va énetar ou | f(z) — f(y)| < €. Av Aoutdv 10 n eivat
apKeTd peyddo mote va oxvet n” /3 < § tote oto dBpotona I 1 rocdtnta | f(z) — f(k/n)|
@PAoOoETAl ATIO € OTOTE 10XUEL

n

I<e Y  PBun=k<ed PlBin=k=e
k=0

k=0 .
lz—k/n|>n=1/3
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T'a tov opo 11 gpdacooupe myv rooouta | f(x) — f(k/n)| and 2| f]|, (n ouvapwmon f
elvat paypévn apou eivat ouvexng oe KAewotd Saotpa, ondte || f|| < 00) kat éxoupe

H<2fle Y. PBua=k = 2 fIIPE] <2/ f]n

k=0
\x—k’/n\<n71/3

Ermdéyoviag kat éAt 1o n apretd peydlo (dote va woxvet 2| f||  n~ Y3 < €) metuxaivoupe
va oxuet kat n avieotnta /1 < e. H anddedn pag eivat rAnpng.

IIpdBAnpa 2.5. Miwa ovvaptnon f : K — C Agyetar ouowopuoppa ovvexng oo K av yia
Kade € > 0 vndpyet § > 0 T.o.

lz—yl<d=|f(x) - fly) <e

H 6agopa pe tu anin ovvéyeia oto ovvojlo K eivai ot otnu nepintwon g aning ouvéxelag
10 § efaptatar oxt uovo and 1 € adia kar ano 1o x. H f éni. elvar ovveyng oto K av

Vee KVe>030>0: [z —y|<d=|f(z)— fly)| <e

Aeifte 6t av n ovvaptnon f : |a,b] — C givar ovvexric oto kKAo16 kKat gpayusvo Siaotnua
[a, b] tote elvar kar opoouopPa ovvexrs exel. Bpeite emiong wa ovvapton g : R — R kat
wa ovvaptnon h : (0,1) — R nov va eivar ovveyeic adia Oxt ouoouop@Pa oUveXeis oTo
7\3961’0 0pLOUOU TOUG.
Y Nava anodeifete TNV OUOIOUOP Y1 CUVEXELA TNG | TOETEL VA X ONOUOTIOU]OETE T CUUTLAYELA
@payucvou Kkiewotou Sraotriuatog [a,b]: kade axkofouvdia x, € [a,b] &xer umarofoudia n
onola ovyKAivel (avaykaotikd oe kamoo onueio tovu |a, b)).

Ynodéote ot n f dev eival opoduopgpa ovvexrg. Auto onuaivet ot ya kamoto € > () 10te
Yla UTAO)OUV Ty, Yy, € [a,b] 1. |2, — yn| = 0 adfa pe

Bpeite pua axofouvdia deiktov ny, té€rota wote ot 6vo akofovdieg T, Kaiy,, va ovykjivouvv
yia k — 0o kat ypnotuomnoieiote ) ovvéyela g [ yia va katainete oe atomo.

'‘Ooov agopa tig ouvaptioels g kat h mou mpémner va Poeite unopeite va SoKiudoeTe TUg
g(x) =e" karh(x) =1/x.

MpdéBAnpa 2.6. Av f : [1,00) — C elvar ovveyrig kat lim,_, o, f(x) elvar mpayuatucog
apdudg, beifte ou n [ mpooeyyifetar opoduoppa oto siaomua [1,00) anod ovvaptioelg mg
popng p(1/x), émou p moAvwdvupo.

2.3.2 To pétpo ouvéXElag plag ouvaptnong

To va roupe 011 pla oUVAPTN oL £1vatl CUVEXNS 0O KATIO0 OUVOAO £ival P1a IMO10TIKI) KAl 01
oooTIKY) 6Awon. Elval pia 1610tnta mou n cuvaptnorn my €xet 1) oxt. Katd kamnotov tporo
OP®G UTTAPXOUV OUVAPTHOELG TIOU £ivat “TIlo ouveXeilg” amod dAAeg, OTIOG yia apddeypa 1
TIPACIVI] CUVAPTNON 010 ZXHa 3 elvat o ouvexng arno IV KOKKIVI ouvdaptnon oto 1610
Zxnpa, petaBaidetat dnd. mo apyd.

H évvola tou uerpou ovveyeiag piag ouvaptnong naidel akpiBog autd 1o poAo g
TTOCOTIKOITOINONG TOU TTO00 ypriyopa adddadel pia ouvdaptnon otav aAAdadetl n petabAnty).
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VA

Zxfpa 3: Mwa ouvaptnorn mou eivatl “mo ouvexng” amo pid adAn

Oplopog 2.2. Av f: K — C tote 10 uépo ovveyeiag mg [ oto K eival n ouvdptnon
wi(0) =sup{|f(z) = f(y)|: .y € K, [z —y[ <3}, (6> 0). (20)

H rnooowuta wy(d), pe dAda Adyia, pag Aéet mooo oAy propet va petaBAnOei n tpr)
g ouvaptnong f av n petaBAnt) tng aAAdget 1o oAU Katd d.

H ouvaptnon wy(d) propet va punv eivat nenepaopévn akéun Kt 6tav n ouvaptorn f
etvat ouvexng oto K. Ta mapddetypa, eukoda propei kaveig va det ot av f(z) = €7,
optopévn yia = € R, tote yia kabe § > 0 woxvet wr(d) = +00. Aeite Opog o MpdBAnpa
2.7.

IIpoBAnpa 2.7. Acifte ou pa ovvdapmon [ : K — C eivar opotduoppa ovvexrg nave oto
K av rkat uévo av ws(6) — 0 yra § — 0.

Ip66Anpa 2.8. Av f : K — C kat f = u + v, émov u, v mpayuatikeg ovvaptroeig 6eifte
0Te Ot

wr(9) < |wu(6) + iw, ()] = \/wu 2 4+ wy,(0)2.

Mpdé6Anpa 2.9. Avn f : [a,b] — R eivar tapayayiown oto [a,b] (ota daxpa svvoeitar ot
unapxouv ot isupukes napaywyoy kai | f'(x)| < M yua x € |a ,b], eite ontwy(0) < M9,
yia kade 0 > 0.

'V Xonowonosiote 10 9edpnua ptone uurc yia va gpacete m sagopd | f(z) — f(y)|.
To pétpo ouvéxelag g f eival umompoodetiky ouvaptnon.
Mpé6Anpa 2.10. Av f : I — R, onov I C R Gudotnua, tte ws(dy + da) < wyr(d1) +wp(d2).

VAv |z —y| < 0, + 6, 1018, av undpyer z avdusoa ota © kary L. |z —z| < & kai
|z — y| < da.

IIpoBAnpa 2.11. Av f : [ — R, 6mov I C R Swaomua, kat A > 0 wte
Wf()\d) S (1 + /\)OJf((S)

\Q’Xpnowonowiots 10 ITpo6nua 2.10.

2.3.3 Extipnon twou o¢paipatog yla ta noAvovupa Bernstein

To @ewpnpa tou Weierstrass 6e pag 6ivel karowa eKtipnon yla 1o rmoco peydlo propet
va eivat 1o “opaApa” || f —pll, = Sup,ep [f(7) — p(z)] 6tav n f(x) eivar pia ouvexng
ouvdptnon oto Swdotmpa [a,b] kat to p(z) eivar moAuovupo Babpou < n. Kevipiko
epwInpa s Aewpiag [Ipoogyylong sival 1o mOCO PIKPL PITOPEL va Yivel auty] 1) oootnta
av pag srutpénietatl va SiaAégoupe katdAAnia to moAuoupo p(x). Me dAAa Adywa pag
evBlagepet 1 moootnTa

E.(f) =inf{||f —pll, : 10 p(r) eivar mtoAvedvupo Badpou to roAv n}.
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'Onwg arodei§ape ota e10ayyika padnuata, otav pidayape yia 1o poBAnpa g rpooey-
Y101G TV OTOIXEIDV £VOG H1aVUOPATIKOU X®WPOU AITO OTOlXEId EVOG UTIOX®POU, TO MAPATIAVE
infimum “rudvetar” and Kanoo nmoAuovupo p(z) Babpou péxpt n, Pia Kat 0 XOpog autog
TOV TIOAUQVUP®OV £XEl TIEMEPAOPEVT] didotaon kat paAtota ion pe n + 1 (apou kabe té-
1010 IMOAUGVUR0 propel va rpoadioptobet divoviag n + 1 mapapérpoug, ToUg OUVIEAEOTEG
ou). Puokd pia extipnon yua v noootna E,(f) 9a mpénet va ennpedletal and o
ooo “KaAn” eivat n ouvapton f. Autt] n 1610tta g f nocoukornoteitat and 1o PeErPo
ouvéxetag g f ) ouvdpnon ws(d).

@copnpa 2.5. 'Eote f € C([a,b]). Tote wyvet

E(f) < 20,(1/V).

ITo ovykerpeva, av B, (f) etvai to n-ooto mofluovuuo Bernstein g f e || f — Bu(f)|l,, <

2s(1/ /). o

'Oneg Kavape kat otnv anodei§n tou Sewprjpatog tou Weierstrass p1€06 1@V IMTOAUOVUPGV
tou Bernstein, propoupe ki €80, xwpig PAaBn tng yevikoutag, va niapoupe [a, b] = [0, 1],
IIPAYHA TO OI010 ArMAOUCTEVUEL TOUG UTIOAOY10H0UG.

Hekivape xpnowponowoviag g oxéon (18).

[f(2) = Bu(f)(@)] = [f(2) = E[f(Ben/n)]l
!E[f(:v) f(Ben/n)]
f

E[f(x) — f(Ben/n)|] @piyeviky avicowua: |E[X]| <E[|X])

—Z|f f(k/n)|P By = k] (am6 1o E[p(X)] = >, o(k)P[X = k)
SZCUf(.T—%‘)P[Bx7n:k]
& 1

=Y Wi A—=)P[Bon = k] (e A= V| — |

< wy(1/v/n) Z(l +vn

nlr — —‘) [Byn = k|  (am6 to IIpoBAnpa 2.11)

— (VR + VAE o - 22,
— Wy (1)1 + %E By — na)

1
<wi(1/v/n)(1+ —=0(B,,)) (amd to MpdéBAnpa 2.2)

vn

< 2wi(1/y/n) (and v (16)).

H arodei€n tou Oswpnpatog 2.5 eivat mArpng.

Iapartrpnon 2.3. Yriapyet oAU KaAutepn ektipnon yia to opdadpa F,(f) ano avt tou
@ewprpatog 2.5. To Bsvmpnpa tou Jackson pag Aget ou B, (f) < Cwy(1/n), émou C eivat
pia anodAutn otabepd.
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3 TPly®OVORETPLKA MOAUGVURA

3.1 Tpwywvoperpika IlIoAvovupa

'Eva 1otyevoustpiko moAdvuavuuo eival £vag TEMEPACHEVOS YPAPHIIKOG ouvduaopog, He Ht-
Yad1koug ouvieAeoTEg, HIYASIKOV EKOETIKOV OUVAPTHOERDV, ONA. TOV CUVAPTOE®V

en(z) =™, (n€Z).

"Evag dAAog 1po1og va Toupe 1o 1810 mpdaypa ival va moupe 0Tl IPIYOVOHETPIKA ITOAUQVUHA
etval ouvaptnoeig g pHopPpng

N
pla) = > prer(x), (21)
k=—N

orou N eivat évag pn apvnukog aképaog. O apibpog k ovopdietal kat ouyvotnia tou
exkBetkoU e(x). H peyadutepn, kat anddutn tpr, ouxvltnta mou spgavidetat o éva
TPIYOVOHETIPIKO TTIOAU®VURI0 ovopadetatl Babpog tou moAumwvupou Kail cupoBoAiletal je
deg p. Ta mapadetypa, av p(z) = 3¢ + 1 + €% 161e degp = 4.

Ta pi, oty (21) ovopdovrat cuvieheotég tou p(z) kat kabopidoviat povadikd. As propet
8nA. n i6ia ouvaptnon p(x) va ypagpei pe 6uo diapopetikoug tporoug ot ypadn (21).

IIp66Anpa 3.1. (Movadukomnta tov ouvteAeoTaV)
Av Z,iV:fN prett = Zngzv qe™™ yia kade x oe éva ovvofo A C R ue |A| > 2N + 1 1ote
Pr = Gk V1@ Kade k.
'V Apkei va eifoupe ot av Z,]::_N ppe*® = 0 yia kade v € A = {a1,as,...,a9n41,. ..}
61 pr, = 0 y1a kade k. Aeite ot aprei o (2N + 1) x (2N + 1) mivakag pe otoyeia ta e+,
k=—-N,...,N,7=1,2...2N + 1, givat avtotpéyog.

Auto avayetai oe éva mivaka Vandermonde A ps Aj, = xf

2 n—1
1 z 2z ... 2 X
2 n—
A - 1 =z x5 ... @
1wz, 22 ... 2!
omovj =0,2,...,n=1,k=1,2,...,n,kartaz; € C. Acite 61 av éjla 1a z; sivai brapope-

TKad 10t 0 mivakag glvat avtotpEyuog vroaoyiovtag v opifovod tou kat Seixvovtag ot
auvt) wovtat ue + 10 ywouegvo 04w tov S1apopwv I, — Ty, OMOU I # S:

AUt umopet va amodeiytel ue ENAY®YN GS TOOG T0 N.

v 'Evag aijog 1pomog va anodeifete ot éva tptyovouctpuco ntodvavuuo Baduov < N 10
onoio undevitetar oe 2N + 1 onueia éxel 0Aoug toUug ouVTEAEOTEG TOU UNdEVIKOUS glvatl va
XPNOWOTIOMOETE TNV avtioToyn Tpotaon yia ta ajys6pica nojvovuua, ot ona. sva ai-
ye6pud moAuvwvuuo Baduov < M mou unbdevitetar oe M + 1 onueia sivar avaykaotika
10 Undevko moAvwvupo, avto dnil. pe oAoug Toug ouvteAEoTEG looUg Ue Tto unbév. Xpnot
UOTIOLELOTE TO TTOAVUGVUUO

N
q(2) = p-~n+P-N412 +p N2t o pyN =2 Z izt
k=—N
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IMowa n oxéon 1V unbeVIKWL ToU TPY@VOUETPIKOU ToAU@VUNOU p(x) ue TG pileg Tou afye-
Boucov roAvevipou ¢(z) étav xoudete uovo ta z ue |z| = 1 xar 9éoete z = €'*;

Ajieon ouvénela Tou Jeped1dd0uUg TUMou €% = cosx + isinz, yia r € R, sivat ou
cosx = (e " +¢€")/2, rat sinz = (—e 4+ €)/(21),

IPAYHA ITOU OoNnpaivel 0Tt 01 OUVAPTIOELS COS T KAl Sin o eival IpIy@VOPETPIKA MTOAUGVUPA
Babpou 1.

IIpo6Anpa 3.2. (TPly@VOUETPIKEG OUVAPTHOELS adPOLOUATOV Kal H1aPpopaD)
Bpeite twnoug yia ta cos(a + b), sin(a £ b) péow tov pryovoustpikov apduov v a Kkat b
XONOWOTOIOUTAS ToV TUTo €% = cos x + i sin .

a+b)

¥ Bexweiore yoagovtag 1o el ue 6U0 Tpomoug.

Mua cuvaptnon f : R — C ovopadetat meptodukn ue nepiobo T av
flea+T)=f(z), (ze€R).

IMa napddetypa n ouvapnon sin x eivat replodikr) pe rnepiodo 27 kat n ouvapnon e
etval meplodikr) pe niepiodo 1.

2mix

IIpo6Anpa 3.3. (ZUvoo twv mepddwv pag ouvaptnong)

H nepiodog piag meprodiknc ovvaptnong 6ev givar mote povadikn. Amnobdeifte 0t 10 ovvoAo
TV TePlodwL pag ovvaptnong anotedel ouada. Av onA. Ty kai T, givar mepiodot tote Kat
ot apduoi =11, =15, Ty + T, eivar emiong mepiodor. Acifte emiong ot kade un oradepn,
ouvexn¢ Teplodikn ovvaptnon Exet ua efayiot Jetukny mepiodo kar kade aijn mepiodog
mg¢ ovvaptong ivat toAdaniaocto tmg.

IIpoB6Anpa 3.4. Av f : R — C givat ua ovveyrg (1), yevucotepa, pia Riemann ofokAnpootun)
T-meprobukny ouvdpmon tote av x,y € R €xovue

/x Ty /y "

Haparrjonon 3.1. Ot Jyadikég eKOTKEG oUVAPTHOELS €,(1) = €™, n € Z, éXxouv O6Aeg
riepiodo 27 (aAAd povo ot eq(z) kat e_1(x) €xouv eddxiot nepiodo 27), kat eivat 1diaitepa
XPIO1EG OTr PEALTN OUVAPTHOE®V TTOU £ival Tiep1od1kEG e autr) v repiodo. Eivatl opwg
APKETA KOO, av 9€AoUulie va PEAET|OOUE @ATVOLIEVA TTOU £X0UV AAAn Tepiodo, va xpnot-
porolouie eKOETIKEG oUVAPTHOelg TIoU eivat edadpwg Stapopetikég. Ta napadewypa, €§i-
00U KO1VEG JIE TIG TIAPATIAV® OUVAPTHOEIS eivatl Kat ot eKOeTikéG ouvaptrosig e2 ", n € 7Z,
ol omoieg €xouv mepiodo 1 avil yua 27. 'OAa 6oa Sa moupe MAPAKAT® 10XU0UV, PUOIKA
He TS KatdAAndeg eAA)X10TEG TPOTIOTIOINOELG, KAl 08 KADE TETO1A OIKOYEVELD MyASIK®V EK-
YeTKOV oUVaAPTHOE®V KAl Yld Td aviiotold IPIy®VOHUETPIKA IoAumvupa. H avaywyr) ano
) pla epm@on otnv AAAn yivetatl pe pia anirn ypappikr aAdayr petabAntng.

3.2 EOo®TEPLKO YIVOPEVO

Av f,g € C([0,27]) opidoupe 10 eowtepUcd TOUG YWdUEVO VA gival 1) oo A
1 2
) =5 [ Fa)ate) de
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Iapatrpnon 3.2. Eb6¢ @ etvat 1o pyadikd ouuyég ou g(x). Av ot ouvaptiioeig eivat
MIPAYHATIKEG TOTE O TIAPATIAVE® OPLOHPOG TOU E0MTEPLKOU YIvopEvoU 6ibetatl ouvrBwg X®pig to
piyadiko ocuduyég. Emiong o mapayoviag % XPNOTHEVEL OTO VA PETATPEYEL TO OAOKANPOUIA
ot éva poo 6po ave oto draotpua [0, 27| kat armdlouotevovial TOAU tunot étol. Mropeti
Op®G os dAAa Kelpeva va Seite 1ov 0p1opo Xwpig Tov mapayovia auto. a nmapadstypa, av
Ta eKOETIKA TTOU )(pr]mponmouwcu givat ta 2™, n € Z, 161e 0 0p1oPAG TOU ECRTEPIKOU
ywopévou eivat (f, g) fo x)dz. Te moAAd BBAia emiong Sa Seite 10 £00TEPIKO
YIVOHEVO va €X€1 TO OULUYEG OTOV 1'[p0)'[0 rapayovia avti yia to deutepo.

IIpoBAnpa 3.5. (Afye6pikég 1610TNTESG TOU E0WTEPIKOU YIWOUEVOU)

To £0WTEPUKO YLVOUEVO Elval OUOLAOTIKA YO AUULKO OTOUS SUO Tapdyouvteg, av e€alpE00UUE TNV
uukpn emmAiokn mov dnuovpyel n utapn tou uyadikou ouluyoug oto SeUTEPO TTapdyovta.
Anoéeifte ug napakdie 610z (f, g, h € C([0, 27])):

(9, 1) =(f.9)
(Af +ph,g) = X/f.9) + < g> (a A,y € C)
(f. Ag+ phy = X[, g) + ya X\, € C)
= () =Ifl5 = _/ )P dr  (mapafayr opiopot mg 2-vépuag).

Avo ouvaptioeig f, g € C([0,27]) ovopaloviat opdoywvieg av (f, g) = 0.

IIp66Anpa 3.6. (I[Tudaydpeio Oswpnua)
Av f1, fa, ..., fn €lvar ava U0 0pdoywuieg 1te

i+t fally = Al + -+ (1l (22)
QXp OUOTIOIElOTE EMaywyn w¢ mpog .. Iian = 2 ypayte
n

| f1+ f2||2 (fi+ fo, i + f2) = (f1, fr. B)(frs f2) + (fos [1) + (f2, fo)

Kat YpnoyonoLeiote TNV 0pdoy®uIoTNia.

Eival moAu Baoikd kat oAy XpriotHo Ot ot pyadikég eKOeTKEG OUVAPTHOELG €, (x) =
e n € Z, elvat ava 680 opBoyovies. Av m # n xkat 9étoviag k = m — n # 0 éxoupe

1 2 ) )
(e, €n) = %/ gime —inz g
0

1 2 "
- ikz g
o e dx
1 27 ikax\ '/
= — e. dx
2 J, 1k
b ke ko
=% )
=0.
Ioyvet eriong (€, €,) = ||en||§ = 1vyan € Z. TV auto 1o A6yo ot ouvaptoeig e, () Aépe

OTL AroteAoUV éva 0pdoKavovko OUOTNUA.
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IIpo6Anpa 3.7. (Opdoywuiomia TV IPIY@VOUETOIKOU OUVAPTHOEDD)
Amobeite ot ot ouvaptnoelg

1,cosnx,sinnz, (n=1,2,...)

givar ava 6vo opdoywvieg. Av g Srapeoouus OAsg (eKTO0g and ) otadepn ovvdptnon) Ue
V2 1ote EKTOG amo 0pdoywvIo OUCTNUA OUVAPTHOE®V glval kKat 0pdOKAVOVIKO.

¥ Tevica ot urtoAoytouot 0AoKANPOUATOV UE TIG TOLY@VOUETOIKES OUVaptioels Oev gival ano
¢ mo anofavotikeég aoyxoieg. Eivar moAu kaAutepo va TiC UETATOEWOUUE O ULYAdIKES
EKOETIKEG OUVAPTHOEIS KAl VA KAVOUUE eKEL TI¢ TR A EIg Uag ULa KAl Ol EKOETIKEG OUVAPTYOELS
elvar puayucveg yia va nojfanidaowalovtar. I'a mapabdetyua, yra va beifete v opdoy-
@UVIOTNIA IOV COS MIT KAt cos nx Umofloyiote 10 oAokAnNpeua apou mpata yoayete

1 . . , .
COS T - COSNT = Z(e’mx + M) (M 4 e ).

®upidoupe tov oplopd ng yoauukng avelaptnoiag Savuopdiev vy, . . ., U, O €va O1-
avuopatko xopo V: Sewpouvial autd ypappikOg ave§dptnta av 10XUEL 1] OUVENIAYOVT)

n
Z cur =0=c1 =cp=---=1¢, =0, (yuakdBe emdoyn twv cuvtedeotav ¢; € C).
k=1

O1 Savuopatikol XOPOl TIOU pag arnacXoAouv oe autd 10 pabnpa eival Katd rKavova
Xxwpot ouvaptioenv orwg o C([0,27]) pe tov oroio acyodovpaocte ede. Eivatr modu
Baowkod o1l 1) opBOYy®VIOTNTA CUVENIAYETAL 1] YPAPIIKY ave§aptnoia. Av ot prn pndevikeg
fi, fay -y fu € C([0,27]) eivar ava 8Uo opboycvieg tote, unobétoviag ot Exoupe éva
BPNndevidopevo ypappiko ouvéuaopuo Toug

n

0= chfka

k=1
KAl aipvoviag 1o e0WTEPIKO YIVOREVO KAl Tov U0 peAav pe tnv f, €xoupe

n

0= clfi, i) = erlfr, 1) = cal All5

k=1

npdypa nou ouvendayetat ¢; = 0 agou || leg > 0 apkel n f1 va pnv sivat n pndevikn)
ouvaptnon. Opoieg anodeikvioupe 0Tt 6Aa ta ¢; eivat pndév kat apa twa fi, ..., f, etvat
YPAPUIK®OG avegaptnta.

IIp66Anpa 3.8. (H 2-vdpua ev0¢ Tply@VOUETOUIKOU TOAUGVUUOU)
N ikr o7 .
Avp(x) =Y, _ N pre™ Seite ou

N

2 2

= pli= D> ekl
k=—N

\Q'Xpnomonowiots NV 0pHoYy®VIOTNTA IOV EKOEUIKMV OUVaptnoe®v kat 1o ITudayopeio OBswpnua.

25



IIpoBAnpa 3.9. Anodeilte ava ™ povadkdtnia OV OUVTEAEOTOV TOV TOIYGDVOUETOIKOU
ToAVG@UUUOU xwpic tov tivaka Vandermonde (6eite 1o Ipo6anua 3.1). Av p(z), q(z) eivar
&U0 toryevoustpika tojuavupa Tou tavtifovtat og oJ0KkAnpo 1o swaotua [0, 2| tote éxouvv
0Ug i61oug oUVTEAEOTES.

¥ Amnobeifte 0t 01 oUVTESEOTES EVOG TPY@VOUETPKOU ToAuwvupou dibovtat amod Tov TUmo

1

2m
T pe = (p(x), ™) = —/ p(x)e ™  dx, (k€ 7). (23)
0

27

Hapatpnon 3.3. To 6e&l pnédog ng (23) prmopel va epappootel 0e OMOIAdNTIOTE OUVEYXT)
ouvéptnon p(x) oto diaotpa [0, 27]. H nmoodwta auty ovopddetat ovviefeotrc Fourier k
agng g ouvaptong p().

MpoéBAnpa 3.10. Avp(z) = SO0 pee™, q(z) = S0\ qre’™ beite 6u

(p(x),q(x)) = > pelr.

'Eote® Py 10 0UVOA0 OAGV TRV TPIY@VOUETPIKOV ITOAUVUP®V Babpou < N

N
Py = {p(x) - Z pre’™ s pr € (C}'

AgoU 10 abpotopa §Uo TETO1RV MTOAUGVUN®V TIAPAPEVEL OTOTXEIO TOU Py Kal YIVOPEVO EVOG
Piyadikou ap1Bpou pe otoyeio tou Py rapapével ototxeio T1ou Py mpoKUITIet 0Tt T0 GUVOAO
auto etvat évag pyadikog Stavuopatikog xopos. Mdaliota pe tv avtiotoixion

p(x) = (P—N,P—N+41s-- -, PN—1,PN)

IOV eival KaA®g oplopévn (LovadikotTa T®V CUVIEAEOTOV TOAUMVUHOU), YPAPHIKY Kt
AVTIOTPEY N €ivatl @avepd TG 0 XWPog P €ival 100H0pPIKOG, OG YPAPHPIKOS XDPOG, H1E
10 xopo C*N*t1 Mua Bdon tou xopou Py amotedeitat anod ta 2N + 1 1pryovoperpikd
moAuavupa
e—iNx’ e—i(N—l)z’ o 76—1}1” 1, ez'ac7 o 761‘Nx'

Autr) pdAota n Baon €xoupe arodeifel ot eival kat opborkavovikn, eivar dndadr ta
otoyeia tng avda 6vo opboyovia kat kabe otoixeio g €xel 2-vopua ion pe 1.

Yriapyxet pia akopn opbokavovikn Baon tou Py 1 oroia ivat Xpriotjn otg EQapHoyEg,
€101KA OTav MPOKELTAL Y1d TPIYOVOHREIPIKA MOAU®VUNA TIOU NAIPVOUV TIPAYHATIKES TIHEG.

Oswpnpa 3.1. Ot ovvaptroelg

1 1 1 1
1, —cosx, — cos 2z, .. cos Nz, sin z, sin 2, . sin Nz (24)

V2 V2 V2 f f V2

elvar wa opdoravovikny Baon tou Py. EmmAcov, av pa ovvaptnon p(x) € Py maipvet
TPAYUATIKEG TIUES TOTE Ol OUVTESIEOTES TNG GG TPOG autr T Bdon ivat TP ayuattkol.

A6 1o [IpdBAnpa 3.7 éxoupe v opBoymviotnta t®v ouvaptioewv avda dvo. To ot
KAOe pa anod auvtég €xel 2-voppa ion pe 1o 1 eivat évag amdog UroAoylopodg mou otnyv
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TIEPIUTTIOON NG otabepr)§ oUVAPTNONG £ival TIPOPAVIG KAl O OAEG TIG AAAEG TIEPITIWOELS
avayetat otov TUIo
2w
1
/ cos? xdr = .
0 2

IMa va arobei§oupe 10 Heutepo pépog tou Oswprjpatog Sa urtodoyicoupe akpiBwg Toug
OUVTEAEOTEG TOU TTOAURVUIOU

N
pl) = > pe™
k=—N

®G 11pOGg TN Baon (24). 'Eote Aotrtov ot

N
p(z) = ag+ Z(ak cos kx + by, sin kx) (25)
k=1
N ikx —ikx ikx —ikx
e +e a —e
= b . 26
ag + ; (ak; 5 + Ok % ) (26)

Egloovoviag (and ) povadikomia 1oV OUVIEAECTOV TOV TPIYOVOUEIPIKAOV MTOAUGVUH®V)
TOUG OUVIEAEOTEG TRV SU0 HeAGV, KAl MAPATNPOVIAS OTL Ol ouvaptrioelg e** kar e *
epgavidovrat povo otov k ripoobeteo tou abpoiopatog (26), aipvoupe ot pg = ap Kat yia

k=1,2,...,N ou

ikx —ikx ik —ikx
ik e +e

: a™ —e
pre™ 4 p_re” T = qy, + b .
2 2

Kavovtag mpdgeig auto ypdgetat
(Pe — ak/2 — b/ (20))™ + (p_r — ar/2 + by/(2i))e ™™ = 0.
A6 ) povadikotnta naipvoupe g dUo e§1000e1g
P = ag/2+bp/(2i), p_g=ar/2—by/(20). (27)
AUvoviag ©g IPog Tig IOCOTNTES Ak, by, Taipvoupe
ax = pr + Dk, bk = i(pk — pi). (28)

Ot ot (27) xkat (28), padi pe tov ag = po, Pag Aéve To g ypaPoupe pa ouvdaptnon p(x)
OtV TPIYOVOUETPIKY) Baorn (24) av v €X0Upe YPapHEevn ®G IPoGg TV eKOetikn Bdon kat
10 avtiotpogo.

TéAog, ag urobécoupe ot i ouvaptnon p(z) naipvet mpaypatukég tpég. 'Exoupe tote

)s
ar = pr +p_i = ((p(x), €™ + e %) = 2(p(x), cos k)
ikx 7ikx>

b = i(pr — p—x) = i(p(x),e™ —e = —2(p(z),sinz).

'‘OAa 1a £0®TEPIKA YIVOUEVA TTOU epdavidovial mapandve £Xouv Kat toug SU0 mapAayovieg
TMIPAYHATIKEG OUVAPTNOELS, dpa eival mpaypatikd.
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3.3 ’Aptieg KAl MEPITTIEG OUVAPTIOELS

Mia ouvaptnon f : R — C Aédyetat gapua av f(—z) = f(x) yua x&0e = € R (orolodninote
redio oplopou D priopoupe va £€xoupie €8 TO OO0 £ival CUPHETIPIKO ®G 1pog to 0, 10X Vel
dnd. 2 € D <= —z € D). H f : R — C Aé¢yetar nepur av woxvet f(—z) = —f(z) yua
kabe x € R.

Eivat @avepo ot 10 va eival pia ouvdaptnon aptia 1 MePIn €ivatl Yia OXETKA ord-
via 1810tnta ot ‘o oAAEG” ouvaptroelg dev eivatl oute 10 €va oute 1o dAdo. ITlap’ oA
autd 10YUEL TO TIAPAKAT® Je@Pna TO OTI010 KATIOIEG (POPES 11AG ETIITPETIEL VA TIEPACOUNE
16101 1eG TV APTIOV KAl TRV MEPITIOV OUVAPTIOEDV O YEVIKEG OUVAPTLOEIG.

Ocsopnpa 3.2. Av f : R — C 101e undpyet pia apuia ovvaptnon f. : R — C kat pa nepry
ovvaptnon fo : R = Cra. f(x) = fo(z)+ fo(z) yia kade x € R. Mafwra avti n sidonaon
mg [ oe adpoiloua mepttn¢ Kat dotiag ouvaptnong elvat povadiki).

H arnodei€n eivatl e§apetika amdn. [Haipvoupe

f(@) + f(==)
o) = HEELED,
Eivat pavepo ou f = f, + f, kat 6u n f, eivat apua kat n f, meptre).

[a va dei§oupe ) povadikotnta vrobetoupe ot undpxet kat Seuteprn Sidoraon g f
oe abpolopa aptiag Kat mePLTtng ouvaptnong

f=Je+fo
Ané my wéma f. + f, = f. + f, naipvoupe
fo=fo=fo=fo
To apiotepo PEAOG eival Aptia ouvaptnor Kat 1o 8ei mepttr) (wg YPAPRHIKOG oUviuaopog
avuotoixev ouvaptoemyv). ‘Opueg 1 Povn ouvaptnon Iou UMAPXEL IOV givatl tautoxpova

aptia Kat rneptry eivat n pndevikn ouvdaptnon, apa f. = f. xat f, = f,.

Ot ouvaptioeg f. kat f, ovopadoviat dotio kat mepitto pgpog mg f.
Mpdé6Anpa 3.11. Av p(z) = ag + chvzl (ay, cos kx + by sin kx) eivar éva tprywvouetouco
TOAUOVUUO YOAUUEVO 0NV TOLY@UOUETPIKY TOU UOP@T T0Te BpEite 1ig ouvaptnoelg p.(r)

Kat Po(T) yoaupeveg emiong omnv 1oy@VOUETPIKY Toug uopdn. 1610 gpwtua av 1o 1oty.
nofuavupo p(z) sibetar otnuv ekdetikn 10U UOPPT|

N
ple) = > pre*.
k=—N

3.4 TIIpooiyylon amod TPIyOVOHETPIKA MOAUMVURA

Avtictolxa pe v mPOoOoLyY10n H1ag oUuvexoug ouvaptnong aro alyeBpikd (ouvnOiopéva)
MOAUGVUHA £X0UHE KAl TIPOCEYY10T] ATO TPIY®VOHETPIKA oAuovupa. Agsivat f € C([0, 27]).
Mua nipogavnig avaykaia ouvOnkn yua va propei n f va nipooeyyloBel opotopopda oto
[0, 27] ano tpry@vopetpikda oAucovupa etvat 1

f(0) = f(2m).

Auto 10xUel yati i ouvOnkn autn 1oxUel yia KA IpIy®@VOUETPIKO MTOAUOVUNO (A0Yy® NG
2T-miep1od1KOTNTAG) Katl dpa 10XUEL Kal yla KaBe ouvAaptnorn mou eivat 0p1o (€0to Kat Katd
onpeio 6p10) Tp1y. MoAvwvupwv. H ouvOrnkn autn népa anod avaykaia €ival Kat iKavn :
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@copnpa 3.3. Av f € C([—7,7]) éxea

10te yia kade € > 0 unapyet ory. moAvovuuo p(x) t.o. |f(z) — p(z)| < eyax € [—7, 7.

Iapatrpnon 3.4. To Bsohpnua 3.3 10xvet av oty déon tou [—, 7| Bddoupe oroodrnote
dAdo ddotnpa g popeng [s, s + 27| kat anawtjooupe n f va gival cuvexng oe auto o
KA€1010 Srdotpa kat va €xet g 1d1eg Tipég ota duo akpa. '‘OAeg ot anodeifelg eivat 1ieg.

Yridpxet kat évag S1adpopetikog TPOIog va EKPPACOUHE autr) thv urobeon yia tmyv f: n
f mpénet va eivatl ouvexng oe 6do 10 R kat 27-nieprobikr). Ipaypatt, av n f eivat ouvexng
Kal 27-miep10d1KI) TOTE O TIEPIOPIONOG NG O omolodnnote Sidotnpa PrKoug 27, €016 OTo
[s,s + 27|, elvat ouvexng kat n f maipvel v idia tpn ota §vo dakpa tou Haotpartog.
Avtiotpoga, av 1 f eivat opiopévn povo oto [s, s + 27| kat eival ouvexng ekel Kat pe v
i61a iur) ota §vo axkpa tou Sraotpatog tote ) f propet va enektabel oe 6Ao 10 R g pa
OUVEXNG KAl 27T-TIEP10B1KT) OUVAPTNOT) : EMEKTEIVOUHE TIpOTa 010 draotnpa [s + 27, s + 47|
xpnowponowwvtag m oxéon f(x) = f(x 4+ 27) mou 9édoupe va 1oxvel yia kabe = xat
napatnpoupe Ot 1) CUVAPTNOT] PAg elval ouvexng oto Katvoupylo g redio opiopou. To
HOvVOo onpeio oto oroio urdpyel kanowa apgBodia yia v ouvéxela g f eival ekei ou
KoAAdve ta duo Swaotrpata, 1o onpeio s + 27 6nAadr), addd ekel n ouvapinon pag eivat
OUVEXNS KAl arto Ti§ dU0 HePIEG WG OUVENELA TG UOOeong 1ag yia idieg tipég g f ota
U0 dxkpa tou apxikou diactpatog. Me op010 TPoro enekteivoupe v [ oe daoctpata
pfKoug 27 8e§1d K1 aplotepd tou mediou oplopou tng Ki £tot opietal tedika n f oe 6do
10 R pe 1ig ermbupntég 1610tnteg. Acite 1o Zxnua 4 o6rou @aivetal n S adikaoia autn g
neptoburonoinong ya s = 0, Tekveoviag dnd. ano to dwaotnpa [0, 27].

—2m \/ | \/27? A

Zxnpa 4: H dadikaoia tng enéKtaong pag ouvaptnong oe meplodikr) (repodukomnoinon).
To ypagnpa ota daotjpata [—27, 0] kat [27, 47| eival petapopég tou ypadprpatog oto
draotua [0, 27|

Me dAAa Adyia opidoupe f(z) va eival nupny f(x — 2k7m) onou k € Z eivai o povadikog
AKEPA10G TETO10G MOTE VaA 10X UEL

x —2km € [s, s+ 2m).

Ipo6Anua 3.12. Av f,, f eivar T-neprodikég ovvaptjoeg kar f,, — f opoduoppa oto
Swaotua [s, s + T wte f,, — f opowdpopga oe oforkinpo o R.

Ipo6Anua 3.13. Avn f : R — C eivat ovvexrg rxat T-nepioducn 10te givar opoopuoppa
ouvexn¢ oc ook npo 1o R.

A6 6w rat oto £€§ng Aowrtdov 10 va PAGHE yla pla ouvAaptnon Iou eival CUVEXNG O
KAE10T0 Sraotpa pnkoug 71 kat £xel 1g id1eg tpég ota o axkpa tou draotrjpatog ivat to
1610 pe 10 va piddpe yla pla ouvaptnorn mou eivatl Oplopévn) KAl OUVeEXTS 08 OAOKANPO TO
R xat eivat emiong T'-mieplodiky).
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Ag arodeifoupe twpa 10 O. 3.3. Ba Sewpoupe ) ouvdptnon f oploPévr KAl CUVEXT
og 0AoKrANpo 1o R péow 2m-neprodikotntag 6nwg avadpepape oy [apatrpnon 3.4.
Brijpa 1. Av 11 f eivat dpua tote mpooeyyiletal opoopopda ard dptia tpty. oAumvuud.

Agou ) f eivat dptia apkei va v rpoosyyicoupe opotopopda arod ApTio TPYOVOUETPIKA
rnoAuovupa oto Sdompa [0, 27] pévo. Tro Sidompa autd n ouvdptnon cos T eival pa
ouvexng kat 1 mpog 1 amewovion tou Saotjpatog [0, 7] oto dwaotnpa [—1,1]. 'Eoww
arccos (‘160 ouvnEITdVoU”, MoU Kaptld @opd To oupBoAidoupe kat pe cos 1) i avtiotpogn
g, £miong ouvexrg, ouvaptnor rnou anekovi¢et o[—1, 1] oto [0, 7:

y=cosz < x =arccosy (z€[0,7], ye[-11]).

Apa n g(y) = f(arccosy) sivar pia ouvexng ouvdptnon opiopévn mave ot [—1, 1] xat
anod 1o ®. Weierstrass yla alyeBpikd nmoduwvupa (Bewpnpa 2.1) yia kdbe € > 0 untapyet
rioAuovupo p(y) oo wote
l9(y) —p(y)| < €
yia xkabe y € [—1,1]. 'Opeg auty) ) ouvOnkn, petd my addayr) petaBAnmg y = cosz, e
Aéet tinote aAAo mapd 1o ot
(@) = pleosz)| < e

ya xkabe x € [0, 7]. Tédog Be pévet mapd va rapatnpriooupe Ot 1y ouvdaptnon p(cos ) eivat
APTIO TPIYWVOUETPIKO MTOAUMVURPO. AUTO gival ouvénmela Tou OTl 1] OUVAPTNOoL COS T €ival
APTIO TPIY®VOHETPIKO TIOAUMVUHO KAl TOU OTL Td TPIYGVOHETIPIKA TIOAUOVUHA ival KAE1oTA
(0rwg kat ta aAyeBpika moAumvupa) otig mpdaselg g rpoobeong Kat rmoAdaniactacpou
oUVAPTOE®V.
Brjpa 2: H ouvdpwon f(x) sin? z nipoogyyidetal opoopopda aro Ipty. IMOAUGVUNd.

‘Eoww € > 0. Ot ouvaptwjoeis fi(z) = f(z) + f(—=) kat fo(z) = (f(z) — f(—x))sinz
elval aptieg, 2m-TEPOBIKEG KAl OUvVEXEIS Kal apa amo to Brjpa 1 unmdapyouv dptia tpty.
rioAvovupa 11 (z) kat Tr(z) .o. ||fi — Th|| < e ka ||fo — T3], < €. Autéd propoupe va
10 eKPpPAcOoUlE Kal WG €8§NG

file) = Th(z) + Ev(z),  ([Ey(2)] <€)
fa(x) = To(x) + Ex(x),  (|E2(z)| < €).
Apa
f(z)sin®(x) = fi(z)sin®z + fo(x)sing = Ty (z) sin® z + Ty(x) sinz + E(x)

émou E(x) = Ey(z)sin®x + Ey(z)sinz, onéte |E(x)| < 2.
Brjpa 3: H cuvdptnon f(z) cos? x mpooeyyiletal opotdpopda arnd tpty. moAuovuua.
AuTo eivatl ouvénela g epapnoyng ou Brjpatog 2 ot ouvapnon F(z) = f(z — §)
rou eivat Quotkd 27-mieplodiky) Kat ouvexng. And to Brpa 2 €xoupe ou n F(z) sin® z
npooeyyiletat opoidpopda and tpty. moAuevuna p(z) 1o onoio onpatvet 6t 1 ouvaptnon
s m
f(z)cos’x = F(x + 5) sin®(z + 5)
rpooeyyidetat opodpopga and ta moAuavuna p(z + 7).
IMa va tedeidooupe tnv anddedn tou Aewprjpatog 3.3 apatnpoupe andd ot

f(z) = f(z)sin®z + f(x)cos’

Kat rpooeyyidoupe v f amo 1o dabpolopa OV U0 TPIYOVOUEIPIKMV TTOAUGVUPGOV TTOU
rpooeyyidouv g dUo ouvaptrjoeig tou He§lou péAoug avtiotolxa.
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Iapatpnon 3.5. 'Exoupe €101 arnodei§et 10 Ocwpnpa tou Weierstrass yia mpooéyyion arno
TPIY®VOUETPIKA TOAUuGVUNa (Beodpnpa 3.3) xpnowponowwviag 1o @swpnpa tou Weierstrass
yla adysBpikda nmoduwvupa (Osoprpa 2.1). Eivat evbiadépov ot Kal 0o avtiotpopog CUA-
Aoylopog etvat 6uvatog. Av 6nd. uroBéoet kaveig 10 Ospnpa 3.3 g YVOoTo T0te PIopet
va arodeigel, xprnowonowwviag to, 10 Oswpnua 2.1. Autd eival evblapépov pia Kat ur-
apxouv kat aileg arodeifelg tou Bewpnpatog 3.3, mou e Xpnotporolouv 10 Aewpnua
2.1, &ivovtdg pag €tot véeg arodei§elg tou Oswpripatog 2.1. Ta nmapadetypa, éva anod ta
Baowka Sewpnpata tng Appovikng Avaluong eivat 1o @ewpnpa tou Fejér, rmou Aget ot av
£XOUHE H1a OUVEXT KAl 27-TieP1od1kr) ouvdptnon f 1dte autr) eival to opotopopPo P10 TV
TPIYWVOHETPIKGOV MTOAUGVUH®V, TTou ovopdlovtat Cesaro péoot g f:

on(f)) = 3 g,

~

Ot apBpoti f(j) ovopdaloviatl ovviefeotég Fourier (toug eidape kat oy Mapatjipnon 3.3)
g f kat divovrat amno tov o

~

21
f) = % /O flx)e 9 de, (j € Z). (29)

Ag Soupie Adortov topa NG arodeikvuel Kaveig 1o Oswpnua 2.1 vnobEtoviag ®g yveooto
10 Ocwpnua 3.3.

Xwpig BAABN NG YEVIKOTNTAG UIIOPOUHE vd MAPOUNE T0 drdaotnpa avapopdg va sivat
10 [—1,1], kat ag eivar f € C(|—1,1]). H ouvdpmon g : R — C opidetat og

g(x) = f(cosx)

Kat elvat ouvexng, 2m-nieplodikr) kat apta. a va dei§oupe ou ) f mpooeyyiletat opod-
popga aro £va alyeBpikod modumvupo ¢(z) oto diaotua [—1,1] apkel va deioupe ot
n ouvdaptnorn g(x) npooeyyidetat opoldpopda aro to roAucvupo ¢(cosz) (to oroio eivai
TPIY@OVOHRETPIKO TIOAUGVURO) oto Sidotnua [0, 7).

‘Eow € > 0. Ag eivat p(x) éva 1ply@vopetpiko moduovupo oo oote g(x) = p(z) +
E(x), pe |E(z)| < € (ed6 xpnowonoovpe 10 Oeopnpa 3.3). 'Exoupe

_g(x)+g(=2)  plx)+p(—r)  Ex)+ E(-)
g(r) = 5 = 5 + 5 .

[Tpopavog ’ w

< € xat n ouvaptnon ¢(r) = BEEZTEE efvar éva dpto tpty-

WVOHETPIKO TIOAUWVULIO OITOTE
N
q(z) = E qx cos kx
k=0

Yyl KAT010 Uotko apdpd N kat karnowa ¢ € C (autd gaivetatl moAu eukoAa av ypayet
KAVELG TO TP1Y. TIOAUGVUPO ¢(T) O TPIY@VOUETPIKY Hop@dr), Kavet 1o 1610 yia to ¢(—z) kat
XPNOHOTION 0L T0 Se@pnpa povadikotntag).

l'a va tedeiwoet n anodedn npénet va dei§oupe 6t n ouvaptnon ¢(x) eivar adyeBpiko
TIOAUGVUO TOU COS Z, Yld TO Ortoio mpoaveg apkei va dei§oupe yia xabe k = 0,1,2, ...
ot

n ouvdaptnor cos kx eivat aAyeBpiko IOAUGVUHO TOU COS . (30)
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'Onwg
cos kx = Re [e“"’ﬂ

= Re [(cosz + isinz)*]

k
= Re Z ( > (cos )54 (sin x)J] (a6 1o Siwvuniko Sswpnpa)
» J
7=0
[k
= Z ( > (cos )" (—=1)7/%(sin? z)7/2 (apov ¥ = +i yia j meptttd)
— J
jjdptow
[k
= Z ( > (cos )" 7 (—=1)7/%(1 — cos? x)7/? (apov sin?z = 1 — cos® )
J

=0

J apuo
10 OI1010 TIPOPAVHS £ival éva adyeBpikd MOAU®VUNO g rocdtntag cos x. H anodei§n pag
etvatl mAnpng.

4 I810tnteg TG PEATIOTNG MPOCEYYLONG

Enavepyopaote topa oto rpoBAnpa tng rpoogyylong ano adysBpikd noduvwvupa. 'Eote
f € C([a, b)) karéotw p* € Py pa BéAtiot ripoogyyion tng f arno 1o ouvodo Py (aAyeBpika
rioAuovupa Badupov pexpt N) o véppa ||-||.. To moAuavupo p* 8nA. €xet v 1816tta
OTl yla KaBe dAdo rmoAuovupo p € Py 1oxuet

1f =2l < I =Pl (31)

H Urtapén tou oAuevupou autou dev eivat mpogpavrg. Eivat opweg dpeon oxedov ouvéneia
TOU YeYOVOTOG OTL O YPAPHIKOG X®Wpog Py €xel memepaopévn 6iaotaon (ouykekpipéva
dimPy = N + 1), 6nwg arodeifape oug §Uo nputeg sloaywyikeég diadélelg (propeite
va 1o Bpeite oug onpewwoetg tou Carothers, Keg. 1). ®a doupe KATo1eg 1610TNTEG TTOU £XEL
auto 10 TIOAUGVURO p* Katl ot oroieg, petasu dAAwv, Sa pag ermrpéyouv va arnodeifoupe
KAl T1] Lovadikotntd 10U, 1610T11a Iou HEV IIPOKUITIEL ATTO KATIO0 VEVIKO ETTIXEIPN A OTIOG
auto g menepacpévng diaotaong.

Ileplopgopaocte and e Kat népa oe npaypatikeg ouvaptioetg fla, b — R pa xkat o
oupnépaocpa oto oroio YéAoupe va katadnoupe Sev £xel vonpa yia piyadikég ouvaptr)-
oelg. Eivatr mpogavég oe autr) v mepinmoon Ot Kat n p* eivat €mong mpaypatiko
moAuwvupo (yarti;).

Av p : [a,b] — R sival orowadfnote ouvextig ouvaptnon Ttdte Ao T CUVEXEW TNG
|f — p| mpoxurttel 6t aut) “Tudver” o supremum tng yla KArowo T € [a,b]. loxvet 6nA.
yla KArmow

f(x) —plz) = £|f —pll

Av {wypagicoupe yupe ard to ypaenua g f pa {ovn pe miatog p = || f — pll, ano
KABe pepld (BAtme Zxnpa 5) tote auto MOU HOAIS eimape onpaivel 0t 10 ypapnpa g
p(z), to onoio Bpioketat €§ oAokArpou péoa oe auty ) {wvn (agou |f(z) — p(x)| < p ya
KAOe x) olyoupa akouprdetl 1o Ave 1] T0 KAT® 0UVOPO aUTrg g {Ovng.

Y10 Oewpnpua 4.1 rrou akoAouBei Seiyvoupe 0TI AKOUUITIAEL KAl TIAVE KAl KAT®.
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Zxnpa 5: H BéAtiotn moAU®VUpIKY IIPOooeyylon (UAg) tng ouvAaptnong mpérnet va
QKOUUITAEL KAl TO OUVOPO NG p-{ovng (drakekopévn ypappr) Kat rmpog td rmave Kat IIpog
ta kaw. Eéo p = ||f — p*|| .-

@copnpa 4.1. 'Eowo f : [a,b] — R ovvexrg. Av p* € Py eivar éva mojvovuuo mou
efayotonoiel v mooownta || f — pl|.. p € Pn. 101€ undpyouvv onueia x,y € [a,b] T.o.

f(x)=p*(x) =p"(y) — fly) = If ="l

H anodeidn tou Oewprpatog 4.1 eivat oAU eUKOADN av OKePTel KAVEIG Aly0 YEQUETPIKA.
Tt Sa ywotav av, 1.x., 1 {HAe ypappn oto EXnpa 5 akouprnouoe Povo 0To KAT® 0UVPO NG
ovng (katw dakekopévn ypappn); IToAu amAd S9a propouoape va PETATONicOURE Alyo
P0G TA TMAVE TI] PITAE YPAPHL QOTE va mapdpeivel eviog g {®vng Katl va £€X0UpE twpa
H1a KaAutepn IMPOOEYY1on Ao mptv, pdypa aduvato pia Kat urobéoape ot n p* eivat
BéATiotn mpoogyyion.

Ag urobéooupe dowtdv ou ya kabe = € [a, b] wyver p*(x) — f(x) < p = ||f —p*ll
(6ev akouprdel enave). Agou 1 ouvexng ouvaptnon p*(z) — f(z) eivar < p naviou oto
[a, b] émetat o1 untdpyet kanoog apBpog 0 < p' < p wote va 1oxvet

p(x) = flz) </, (x€ab]).

(Auto eival arAd cuvérnetla Tou 0t KABe oUVeEXTG OUVAPTNOLN O KAE10TO draotnpa “rudver”
1a akpotata g oe Karota onpeia tou dactpatog.) ‘Eotw 6 = (p—p')/2 > 0 kat opioupe
) ouvapton pi(z) = p*(x) + J, n ornoia eriong eivat oto Py apou ernpsacape povo
otaBepd TOU MOAUGVULIOU.

Ioyuetl twpa

pr(a) = f@)+d<p +d<p
fx) =p*(x) =0 <p—30=p+0<p,

pi(z) = (=)
f(x) = pi(x)

1), ne dAda Adyia, |f(x) — p1(2)| < p'+d < p yia kdbe x € [a, b]. Autd avupdokel Gpeg pe
1 oxéon (31), apa xanou péoa oto didotua [a, b n ouvdpmon p*(z) — f(r) woutal pe
p. Me 6po1o tporo anodeikvuoupe Ot KArnou péoa oto daotnpa n f(x) — p*(x) woxoutat
e p, Kat n anoden sival miAnpng.

Ipdé6Anpa 4.1. Av f : [a,b] — R 6eifte ou n BéAriom npoogyyion and otadepa (n Bétion
npooeyyion bni. ano 1o xwpo Py) otu co-vdpua eivar n otadepa (max f + min f)/2.

To @sopnpua 4.1 propel va 1oxuporonBel dpa oAU, 0e ONUEI0 TTOU va ATIOTEAEL
Xapaktnpiopo g BEATIOTNG MOAUMVUNIKLG TIPOoEyylong. AnA. n 161otnta mou epgavidetat
oto enopevo BOedpnpa 4.2 ox1 povo eival avaykaia yla va givat 1o moAumvupo p* pla
BéAtiotn mpoogyylon addd sivatl Kat ikavr.
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Oplopog 4.1. Av F' : [a,b] — R eival pua ouvaptnon nou dev eivatl tautotikd pndevik)
(@ote ||F||, > 0) xaty; <y < -+ < y; elvat kanowa onpeia tou [a, b] Aépe ot avtd eivat
evaifiaoousva yia mv F av

@ |F(yj)| = | Fllo, via k&be j =1,2,... k, kat

(B) Av ta mpéonpa wv F(y;) evaAdacoovtat, 10xvet dnA.

F(y;)- F(y;j11) <0, j=1,2,...,N—1.

@copnpa 4.2. 'Eoto [ : [a,b] = R kat N @uotkdg apduog. Tote undapxet akoibag pa
BéAuom mpooéyyion p* € Py g f. 'Eva moAvavuuo p € Py eivat to p* av kat uovo av
unapyer éva ovvoflo toufayiotov N + 2 onueiov tou |a, b] mou va givar evajlacooueva yia
m ovvaptnon [ — p.

IIpoBAnpa 4.2. Anodeifte ot n BeAtiom ypoauuwkn (dnA. modveovupky Baduov uéxpt 1)
moooéyyion g ovvdpong f(z) = 2% oto saotua |0, 1] yra v co-vépua sivar n ouvdptnon
p(a:) =z — i

\Q’Ecpapydow 10 Ospnua 4.2 ue N = 1.

IIpoBAnpa 4.3. Bpceite n SEATI0TN TPOOEYYLON amo ypauuka toAvevuua (and mroAvavuua
énA. oto Py1) mg ovvdptong f(x) = x* oto &dotnua [0, 1] aAAa wpa omv L? vépua.
Ve xpetaletar va xpnoyonomoete €6a kamowo fapu Jewpnua. Ilpemer va Ppeite ta
a,b € R ¢ote n mooomra ||2* — ax — b||§ va efaytotonoieitat. H moootnia avty eivai
uia ovvaptnon tv a,b € R v onoia unopeite va vrnoAoyioste eukoda. Ot ugpuég mg
Tapdywyol ®¢ mpog a, b mpénet va undevidovtar oto onueio eAaxloTonoinaNg.

4.1 Anods1¥n tou Oswpnpatog 4.2

®a anobdeifoupe twpa 10 Oevdpnpa 4.2. Ag §eKViOOUNE 1€ TO va artodei§oupe 611 av 1o p
elvatl BéAtiotn npoogyyion tote untapyouv toudayiotov N + 2 evadAlaoccopeva onpeia yua

) ouvapmon ¢ = [ — p. Ag ypagpoupe
E=|¢|l, > 0.

(H povn nepinmtoon va eivat £ = 0 eivat otav f = p étav énd. f € Py ondte kat n f eivat
n 161a n BEAtiotn mPoogyyilon Tou £autou tng Kat dev €xoupe tirota va arnodei§oupe.)
A@ou 1 ¢ eivat ouvexng oto [a, b| eival kat opoopopda cuvexng. Ag eivat Aourtov A > 0
T.0.
[z -yl <A = [¢(z) — d(y)| < E/10. (32)

Xopioupe to Sdotmpa [a, b] o ioa Sraotpata prxoug < A xat ag eivat
a=th <t <ty < - - <tp_1<tp,=>

1a Staywpiouikd onpeia. ‘Eva onpeio = € [a, b] 9a 1o ovopddoupe (+)-onpeio av ¢(z) = E
kat (—)-onpeto av ¢(r) = —E. Ano v (32) énetat 6u oe éva dwaompa [t;,t;11] e
propei va mepiéxetal kat éva (+)-onpeio kat éva (—)-onpeio, apou n upr g ¢ de
propei va aAddget péoa o éva tétoio Sidotpa neptoodtepo and F/10. Metd and aut) v
IAPATrPNon HIOPoUHE va ovopdooupe éva dwaotnpa [t;,t41] (+)-8idotpa av nepiéxet
éva (+)-onpeio, (—)-8iaotpa av nepiéxet éva (—)-onueio kat ovdérepo diaotnua av dev
TIEPIEXEL OUTE ATIO TO €va £160g oute aro 1o daAdo.
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Cpagoupe S yia Vv éveor toVv Ipoonpacpévey Staotnpatev kat N yia v éveoor) tov
oubétepwv Sraotpdatev. 'Exoupe guowka [a,b] = SUN.

Ag anap1Bpunooupe twpa ta npoonpacpéva H1aotpata KIVOUHEVOL Ao aplotepd IIpog
ta 6e§ia, opadorodviag ta tautdxpova. Kdavoupe v aBlabry undbeon Ot 10 MPAOTO
POCHIAcPEVo laotnpa rmou cuvaviape eivat turou (+):

L, I, ..., I, eival (+)-8aotipata

Ieyv1s -y Iny, gtvar (—)-81aotipata

L a1y s Iy, etvat (=1)™"-8uactipata.

I'a xka&Be beixktn j 1o Sraotnpa ; etvat mpwv 1o 41, 1oxver 6nA. max [; < min ;4.
®a €yxoupe anobdeiet 1o {nrovpevo av dei§oupe 61t m > N + 2, pa KAt 101 Propouie
va TIAPOUHE TO TIPMOTO ONHEI0 NG eVAAAACOOEVNS aKoAoubiag onueiov Ao Vv P
ypapun dtaotpdtev, 1o eutepo anod 1 deutepn ypapprn K.A. . ‘Eote ot dev oxvet 10
{nrtovupevo, ot dnA. €xoupe
m< N+ 1. (33)

Aro v (32) énetat 6u éva (+)-81dotpa 8¢ prnopei va akouprndet éva (—)-8iaotnpa, apou
8¢ yivetatl va petaBAnOei n tpn mg ¢ xkata 2F péoa oe pnkog < 2A. Apa avapeoa ota
dlaotpata pag ypappng napandve Kat ota dlaotpata g EmopPevNng UApXEl mavia
éva toudaytotov oudétepo daotnpa. Emdéyoupe m — 1 onueia 23 < 20 < -+ < Zp1
raipvoviag 1o z; va eivat ornoodrnote onpeio tou cuvérou [a, b]\ S avapeoa oty j-opdda
kat omv (j + 1)-opdda Saotpatev. Opiloupe énetta to oAuovupo q € Py,

9(z) = (21 = @) (22 —2) -+ (Zm1 — 2)

10 oroio €xel v 1610tta o0t aAAddel TIPOCNHOo Otav (KIVOUHEVOL A0 APloTeEPd TIPOG Td
de€1a) mepvape kamnoto z; Kat oe kKAbe drdotnpa g npwng opadag £xet Yekd rpoono.
EuxkolAa BAémoupe 0Tt autd ocuvendayetat 0Tt o€ KA0s MPOoAcHEVO dlaotnpa 1 CUVAPTNoT)
o(z) = (f — p)(x) ka1 n g(x) €ouv ido mpoonpo.
®a 6¢eiSoupe tpa Ot propoupe va ermAé§oupe éva KatdAAnda pikpo addd deuxo A
1.0. 1] CUVAPTINOT)
p(x) + Aq(x) € Py

va sivat KaAutepn) npoogyylon g f art 6t n ouvaptnon p(x), npaypa atoro, dpa 1oXvet
tedka m > N + 2 onwg Sa édape.
'Eotw

e = max |¢(x)|.

zeN

‘Exoupe e < E pua kat oe ka0e oubétepo draotmpa gxoupe |o(z)| < E yia kdbe x oto
Sraotmpa kat dpa to supremum g |¢(x)| oe autd 1o Hidompa sival k1 autd < F (autd
gival ouvénela g ouvéxelag g ¢(x)). Emdéyoupe twpa oroodhnote A > 0 mou va
IKAVOTTOlel TG OX€0n

A< Lmin{E—e,E/Q}. (34)

4]l o
®¢Aoupe topa va deioupe
If =+ Al < E.

Ao ) ouvéxela g ouvaptnong f — (p + Aq) apkel va deifoupe ou yua kabe = € [a, b
oxUeL

|(f(z) —p(z)) — Ng(z)| < E.
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Aakpivoupe topa U0 MEPUTIWOELS yia to = € [a, b]:

e r €N
ATIO TV TPIYOVIKL avicotnta £€X0Upe

(f(z) = p()) = Aq(z)| < |f(z) — p(z)| + Mg(z)] < e+ gl < E

ano v npotn aviootnta g (34).

excSs
Exoupe |f(z) — p(x)] > (9/10)E > Al|q|| ., (aré tn Sevtepn avioduta g (34)), kat
dpa ot apbpoi f(x) — p(x) xkat A\g(z) éxouv 1o 810 ipdonpo. T'a 8Uo opdonpoug
apdpoug a, b pe |a| > |b], wxvet |a — b| = |a| — |b, apa éxoupe

|(f(z) = p(2)) = Ag(x)| = | f(x) = p(2)] = Alg(2)] < £ — Amin [¢(2)] < E.

H tedeutaia avicomta opeidetatl oto 6t ) ouvaptnon ¢(x) &e pundevidetal moubeva
oto S (apou ot pideg g eivat ta z; rou dev avrikouv oto S) Kat dpa 1o min,eg [¢(x)|
eival avotnpa 9etikr) nmooodtnta.

H amédeidn eivatr mAnpng ya 1o ott éva PEATIOT0 TMOAUOVUHO €Xel H1a eVAAAQOOOUEVT)
akoAouBia onpeiov pe tovddayiotov N + 2 onpeia.

Avtiotpoga tpa, ag urobécoupe Ot yia to moAumvupo p € Py 1 ouvdptnon ¢(z) =
f(x) — p(z) éxel ta evaAdacopeva onpeia

To <X < -+ <ITN41

oto Sdompua [a, b]. @éhoupe va dei§oupe ot 1o p(z) eival pa Bédtotn npoogyyion g f
otnv co-vopua aro 1 Xopo Py. 'Eote ot dev eivatl kat ot to rmoAuovupo g € Py eivat
KAAUTEPO, OTL 10XUEL ONA.

If = dlloe <IIf =Pl (35)

Ma kabe 7 =0,1,2,..., N + 1 éxoupe

[f () = p(z))l = E=If = pll > If = dllo = 1f(25) — ala)]

dpa n ouvaptnon
q(z) = p(x) = (f = p)(@) = (f — ¢)(z)
éxel evaddaocodpeva mpoonpa ota onupeia x;.  AUTé 10XUel ylati and v naparndve
av1ooTNTd IMPOKUITIEL OTl
—E <|f(z;) —a(z;)| < E

yua kae j, kat dpa n agopa (¢—p)(z;) etvar Seukr) otav f(z;) —p(x;) = E rat apvnuk)
otav f(x;)—p(x;) = —E. Avapeoa oe KdOe evadAayr) IPOCT)I0U PLAG CUVEXOUG OUVAPTIOL)
UTTAP)EL TOUAAX10TOV £va onpeio 6rou n ouvaptnon pndevidetatl apa to moAuovupo ¢(x) —
p(z) éxe1 touddyiotov N + 1 pileg. Agou opwg deg (¢ — p) < N énetar out 10 ¢ — p eivat
10 UNdevikd TOAUMVUNO, Atoro Aoy® g (35). 'Apa to moAumvupo p(x) sival 6vieg pa
BéAtiotn pooéyyion.

Armopével va dei§oupe ot 1 BEATon mpoogyylon eivatr povadikr. ‘Eote ox1 kat ag
urod£ooupe 6Tt To MoAumVUNO ¢*(x) eivat eriong pia BéAtiotn npoogyyion. Tote Opeg Kat
0 P£00G 0POG TOUG

Lot
2
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etvat ertiong pa BéAtiotn mpoogyyion (arodeifte 10 autd: 1oxvet yia onowadrote vopua,
OX1 MOVO TNV 00-vopua). Xpenoiornowwviag autd rmou exoupe 1drn arodeifel, urnapyouv
N + 2 onpeia

To <X < -+ < TN41

rou eivatl evaldacoopeva yla ) ouvaptnon f — r. Auto petagpadetatl oto ot
(f =p)ag) + (f —a")ay) = (-1)2B, (j=0,1,2,..., N +1).
Apov opes |(f —p*)(z;)] < E kat |(f — ¢*)(z;)| < E énetat 6u yua xabe j
(f =p")()) = (f = ¢")(z;) = (1) E,

orote ta roAuevuna p(z) xat ¢*(z) tavtidovtat oe N + 2 onueia. Agou o Babpdg toug
etvar < N énetat 6t ta moAuwvupa tautidovrat.

5 IToAucvupa Chebyshev xat 18610tntég Toug

5.1 Op1opog TV noAduwvipwv Chebyshev

"Exovtag arodei§etl 1o Oehpnpa 4.2 rou xapaxkinpidet t BEATIOT IIPOoEyy1on ag GUVAPTNONG
aro éva Xwpo MoAuavUpev Py 9a 1o epappocoupe oto va AUCOUHE 1o £§ng mpoBAnpa:

[Towa eivat n BEAtiotn mpootyyion g ouvaptmong " amo 1o Xopo P, 1
(moAucvupa Babpou péxpt kat n — 1) kat yia o dwaotnpa [—1, 1J;

®¢loupe pe adda Aoyila va Avooupie 1o ipoBAnpa PeAtiotonoinong

la oo nmoAuovupo p(z) € P,_1 ehayiotonoieitat n voppa

n __ — n __ % 2
2" = pl@)ll. = max |o" —p ()]

H Urnapgn g Avong p(x) e§aopalriletal ano 1o yeyovog ot 0 Xmpog P, 1 £Xel ENMePacpévn
6tdotaon (ion pe n) kat n povadikointag arno 10 Oewpnua 4.2. To Osopnua 4.2 pag
egaopalidel ertiong kat v vrapgn n + 1 = (n — 1) + 2 onpeiov

—1<rpy<rn << - <zrp1<z,<1

ta oroia eivat evadacodpeva yia to moAuvmvupo p(z) = 2" —p*(x), 1oxvet nd. |p(z;)| = M
yvaj=0,1,...,nkap(z;) p(rjr1) <Oy j=0,1,...,n—1, érou

M = p(@)ll = ll2" = p* (@)l -

[Tpwta kdvoupe v napatrpnor 6tt oe KAbe £éva anod 1a e0RTEPIKA Onpeia ; n napaywyog
P/ (x) pndevidetat apou oe kAbe tétolo onpeio 1 p(z) €xel oruko péyoto (dtav n wpr
g eivat M) 1) torukd eddayioto (dtav n upr g stvar —M). Agou degp'(z) < n — 1
OUUIIEPATIVOUE OTL

n p'(x) pndevidetal akpBog ota 1, Lo, . . ., Ty g (36)

Kat dpa ta onpeta o Kat x, dev eival eowtepkda onueta tou Saotparog [—1, 1] kat
OUVETIOG
ro=-—1, x,=1. (37)
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[Tpoxurtet erdong, arod v éAAewpn pndevikav g p(z) oo Sdompa [1,4+00) kat to
yeyovog ot lim,_, 4o, p(z) = 400 61 np upn g p(z) oto 1 eivat

p(1) = +M. (38)

To moAumvupo M? — p?(x) etvat mavtoy pn apvnuké oto ddotnpa [—1, 1] apa kdbe pida
tou oto (—1,1) ogeidet va eivat Surdr}, touddyiotov (addiwg ) ouvaptnorn 9a énapve Kat
detkég Kal apvnukeg tpég oe KGOe yerrovia pag pidag p agpou da ypapdtav wg (x — p)g(x)
yla xarnoto moducovupo pe g(p) # 0). H ouvaptnon autyy pndevidetal touddyiotov ota
onueia zo, 71, - . ., T, dpa, AapBavovrag undyw ot deg M? — p?(z) < 2n,

0Aeg o1 pideg tng M? — p?(z) eivat o1 zg (ardn), x; (Bumdr), zy (BumAL), .. ., 2,1 (B1TAR), z,, (aTAD)
(39)

Ano Tig potdoetg (36) kat (39) mpokurttet 6t ta oAvavupa M2 —p?(z) xat (1—22)(p/(x))?

€xouv arpBag 11§ 161eg pideg, apa sivat 1o €va moAAarAdacio t1ou dAAou

M? —p*(x) = K(1 —2*)(p(z))? (yia xdrowa otabepd K).

H otaBepd K mpoodiopidetal kottoviag Toug pey1otoBdtiioug ouvieAeotég tov SU0 pedmv.
Apou
pla) ="+

(ne “ - -~ oupBoAidoupe dpoug pikpdTEPNG TAENG) éxoupe P/ (7)) = nx" 1+ -+ xat (p/(x))? =

n2x?=1) 4 ... xat dog

(1=a)(p/(@)* = —n*a™ + -

Emiong éxoupe M? —p*(z) = —2®"+--- dpa K = # [Taipvoupie T1g YeUKEG TETPAYDOVIKEG
piles otn oxéon M? — p*(z) = n—lg(l — 2%)(p/(2))? Rai, xdvoviag v maparipnon ot
P(x) > 0vyax > x, 1 (Apov Sev €xel pndevikd mépa amod 10 T,_1 Kal TIPETEL va TAEL 1|
p(z) oto +00) naipvoupe ) Siagpopikn egiowon

ple) _ n
VM2 —p2(z)  V1—2a?

IOV 10XUE1 TOUAAYX10TOV O€ H1d Yettovid tou © = 1. Auvoupe ) S1adopikn autr) €§ionon
e ) PéBodo Tou Xwp1lopou petaBAntov Savaypdpovidg thy og

(40)

dp _ ndx
VM2 —p2(z)  V1—2a?

Ka1 XP1NOHOTIOIMVTAG TOV TUTIO f \/fl—f7 = arccos x + C' (auto mpoxurttel eUKoAa aro 1o Ot
n arccos x ivat nj avtiotpodn ouvdaptnon g cos x). Ilaipvoupe £tot i Avon

p(x) = M cos(narccos z + C) (41)

orou C' givat pa otaBepd mou pével akopn va rpoodiopilobei, donwg kat n tpr) ou M.
Av 0 € [0, 7] xat x = cos 0 () adAdwwg 6 = arccos ) BAémoupe ou 1) avuotokia (aAAayr)
petaBAng) v  kat f eival pia ouvexng kat 1-1 avuortoiia v Sactmpdaev = € [—1, 1]
kat € [0,7]. Ano 6w xat répa omote Xpnoworoovpe 0 x 1) 1o # autd mavia da
ouvdéeovtal pe v napandave oxéon. 'Etot n oxéon (41) propet va ypagel kat og

p(x) = M cos(nf + C). (42)
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INa z = 1 (f = 0) naipvoupe (apou p(x) = M) 6u cosC = 1 kat apa to C eivat kanowo
aKEPA10 TTOAAATTAAGO10 TOU 27, OTIOTE PITOPOULE Va TO TIapaAeipoupie Tedeing amno 1) oxEon
(41) 1) (42) adou dev ennpeadetl v T tou cuvipnrovou. [a va Bpoupe twpa v Ty
tou M ot oxéon

p(z) = M cos(narccosx) = M cos(nf) (43)

XP1NO0ITO10UE TOV UTIOAOYIOHNO TIOU KAvape otnv anoden mg (30) érou Bprikape ot

cosnf = Z (?) (cos )9 (=1)7/2(1 — cos? 6)’/2. (44)

§=0
Jjapto

Agou o peylotoBadpiog ouviedeotnig ToU = Ot0 Aplotepo PéAog tng (43) eivar 1 to 1610
ogeidel va eivatl kat o peylotoBaduiiog ocuviedeotrg tou cos 6 oto el pédog g (43). And
KAOe mpooBetéo tou abpoiopatog oto 6e€i péAog g (44) mPorUrttel akpBwg €va TTOA-
AarAdoto tou (cos )" pe ouviedeoty)

(7;) (—1)7/2(—1)1/2 = (Z) (—1) = (?) (apov j apto).

O ouviedeotrig tou (cos#)™ 8nA. oto deti pédog g (43) eivat

" /n
M ( ) = M2" 1. (45)
Japuo
Ao auté npokurttet 6tt M = 217" kat 1) teAdikr] pop@r) 10U MOAUGVUI0U

p(z) = 217" cos(n arccos ) = 21" cos(nf) (46)

IMapatrjpnon 5.1. H (45) ipoxurttet TOAU €UKOAA A0 T0 S1@VUNIKO Sedpnpa

(a+b)" = i (”) b

=0
rnaipvoviag a = —1 kat b = 1 Kat xpnoornoimviag iy tautotnta
" /n
=3 ( )
=0

1 ortoia £riong IPOKUITIEL ATTO T0 H1OVUPIKO Sewpnpa Stoviag a = b = 1.

Opiopdg 5.1. Ta noducvupa Chebyshev nipatou eidoug 1), () eivat ta moAumvupa yia
ta orota woxvet ya = € [—1,1]

T,(z) = cos(narccosz), n=0,1,2,.... 47
Iapatpnon 5.2. Exoupe 16n 6et ot 10 6e&i pédog g (47) eivatl €éva MOAU®VUPO TOU
x. Ioobuvapa auto eivat éva oAuwvupo tou cos . Ta nmodumvupa Chebyshev opidoviat

@uOKA yia kabe = € R av kat 1o 8e&i pédog g (47) ev £xetl vonua yia |z| > 1 apou ev
opiletal n ouvAPTINON arccos T Tote.
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5.2 IS10tnteg TV NoAuwvupwv Chebyshev

Ocwpnpa 5.1. Ian > 2 wyvet

To(z) = 22T, 1 (x) — Th—o(z). (48)

aT_b coS “TH’ TIPOKUITIEL TTIOAU

Ao Vv IPIY®VOPETPIKY Tautdtnta cosa + cosb = 2 cos
€UKOAd 1] OX€0n

cosnfl = 2cosfcos(n —1)0 — cos (n — 2)0

ano Ty oroia mPokuIttet 1o sopnua 5.1 pe v avukatdotaon r = cos 0.

H avadpopikn oxéon (48) eival onpaviikn yia rmoAAoug Adyoug, £vag arod T0Ug 0Ttoioug
givat 6t pag erutpérnetl va unodoyicoupe ta noduvovupa 7, () moAu eukoda, Bpiokoviag
ar6 ta Ty(z) = 1 xar T1(z) = x mpota o Th(z), petd o T3(x), kA.n. Tapabétoupe
napardate pepka arnod w 7, (x):

To(z) =1

Ti(x) ==

Ty(z) =22% — 1

Ts(z) = 42 — 32

Ty(z) = 82" — 82* +1
Ts(z) = 162° — 202> + 5z

MpdéBAnpa 5.1. Anobeifie ou yia n douo ta nofdvevvua T,(x) mepigyouv udvo dotieg
SUVALELS TOU T €V® YA N TTEPLTTO UOVO TLEPITIES.

V?(pnozuonowiore mv (48).

IIpoBAnpa 5.2. Anodeilte ot yia x € R woyver

T, (2) = % (04 Va1 4 (2= Va2 1)) (49)

\Q’Aeifts 10 mpata yia x € [—1, 1] kavovtag v avukataotaon x = cos 0. Acite éneita ou
10 6l péfog e (49) givar moAvwvupo U T (0Tt dev urmapyouv dNA. TEPAYOUIKES PLES
otav avantuete g n-00te¢ SUVANELS) Kal dpa N 1ootnta tov dUo uefwv woxvet yia ofa ta
z € R wa xat ta dvo mroAvavuua tavtidovtar oe éva oAdkAnpo draotnua.

ATi6 ToV TUTI0
To(x) = cosnf, (pex =cosh, §el0,7], re[-1,1)

MPOKUITIel Ot o1 ouvaptroeg 1,(+) Sev eival mapd ot cuvaptioeig cos(n:) 6rou OGpwg
0 afovag v T €xel umootel pa avarapapérplon, pia “aAdayr petaBAntng” onwg Ague
ouv0wg.

H aAAayr) petaBAntrg auty eivatl oAU xprjotn yia va anodeikvuoupe S1apopeg 1610t teg
TV MoAuavupev Chebyshev avayovtag ta avtiotolxa epa@trpata otig ouvaptroelg cos nb.
lNa napddetypa, av 9¢doupe va Bpoupe ta pndevikd twov T, (z) (ya z € [—1,1], ma
Kkat éxoupe 1dn arodeifel ot dev unapyxouv AAda) apkel va Bpoupe ta pundevika tng
ouvaptnong cos nf yua 6 € [0, 7] xat va mdpoupe ta ouvnpitovd toug.
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-1
Zxnpa 6: Ot cuvaptioeig T, () (kOxKvn) Kat cos(nd) oxediaopéveg n pia mave oty
AaAAn. Mnopeite va deite 6t n addayr) petaBAnig © = cos 6 £xet Satnprjoet ta
XAPAKTINPIOTIKA TG KAPITUANG TTOU £X0UV va KAVOUV POVo € Tov dafova TeV Y, I.X. 10
IMO0EG (POPEG TEPVEL 1] KAUITUAD TOV £-Afova 1) T0 1ooeg popég adAdadet n povotovia tng
ouvaptnong. Asv £xel Opwg dH1atnProel KAt AvAYKI Td XAPAKINP1OTIKA TG KAPITUANG
rou eaptwviatl kat arod tov dfova tov z. 'Eva xapakinplotuko napadetypa eivat n kAion
G KAPIuAng (mapayeyog). Lta 6uo dxkpa tou daotjparog ((—1, 1] o pia nepintwon
kat [0, 7] oy aAAn, ta onoia ta éxoupe oxediaoel wg éva £86w) @aivetat kabapd ou 1
Haupn Kapmuln €xet napayeyo 0 eve n KOKKivn Oxl.

Mpo6BAnpa 5.3. Acifie ou ta undevika mg ovvaptong T, (x) eivar ot apduoi

coS (M), k=1,2,...,n.
2n

\Q’Bpsits npota ta undevika mg cosnb yia b € [0, .

H aAAayr) petaBAntig autn eivat emiong Xp1otpin 0Ttov UTTOAOY1010 H1apOp®V OAOKANPOUAT®V.
Apou

9 = _\/%, dz = —sin 0 df

1A OP1OPEVA OAOKANPOUATA PETATPEIOVTIAL CUPP®VA € TOUG KAVOVES

/ ‘”"/ m’

1 T
/ ---dx:/ -..sin@df.
—1 0

Amo 10 IIpoBANpa 3.7 yua napdadetypa yvopioupe ot

Kat

™
/ cosmzcosnrdr =0 avm #n

—Tr

EVQ
s
2 _
/ cos“nrxdr=m avn > 1.

AUTEG 01 161011EG 0pHOYWVIOTNTAG TV OUVAPTH OV cos nf petappdadovial Apeoa oe 1810t Teg
opdoywvomiag 1oV noAvavupnv Chebyshev.
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IIp66Anpa 5.4. Anobeifte 01t av m # n glvar 6U0 uoLkol apduol tote
1
dz
Ton(x)T, (2)—— = 0. (50)
| ma@ne@

INa v mepintwon m = n €xovue

! dx /2 n>1
/ Tf(az:)—2 = o
-1 \/1—1’ (e n=>0

\Q’Xpnmuonowicns MV apuotnIa meg ovvdpInong Cos T Yla va UETATPEWETE 1a OJoKANPG-
uata f:r oe foﬁ Kat peta kavie mu afiayn petabinmgc x = cosf onwg meptyodgeral
napandve.

H 1610tnta (50) ovopddetal opBoymviotnta 0§ rmpog 10 E0MTEPLKO YIVOHEVO P Bdoog

1
V1—a?
oto Sdotpa [—1, 1]. Ta xaBe avotpd Setikr) ouvdpton w(z) > 0 nave o éva diaotpa
[a, b] opiletal to eowtePIKO YvOpEVO

w(z) =

(9 = / f(@)g(z)w(z) da (51)

Kdal 1 avtiotoiyn 2-vopua

1= ([ @)l ) " 52

ITOU ouVvOEovTal KAt MAAl e T OXEoT)

Hf”g,w = <f7 f>w

Qg MPOg aUTo T0 £0RTEPIKS yvopevo, yia w(z) = (1—22)~Y2, ot cuvaptiioeig Ty(x), Ty (), . . .

artoteAouv pia opboyovia Bdon tou ypappikou xopou Py.

IMpo6BAnpa 5.5. Anobeifie ot wyvet n aviootnia Cauchy-Schwarz ue Bapog w(x) > 0:

(s @wl < 1Al

Vi@)g@)w(z) = fla)Vw(z) - glz)\/w(z). Xonowonowiote m ovindouévn avodtia
Cauchy-Schwarz, yia w(x) = 1 éniabmn.

To va €xetl raveig pia opboywvia Bdon eival TOAUTIHO ylati KAVEL TIOAU €UKOA1 1)
Sradikaoia eupeong tou avarrtuypatog evog noAuwvupou f(z) € Py og ypappikou ouvs-
UaopoU otolXelwv autig g Baong. Av

f(z) =coTo(z) + erTi(z) + - - + enTiv(2)

yla karowa ¢; € C o tporog va Bpolpe ta ¢; eivat va apoupe 10 E0MTEPIKO YIVOHIEVO Kt
TV 6U0 peAdV autng g wotntag pe o 7. Anod v opboywviotnta Sa “ermidrjoet” povo
évag 0pog 6e&1a Kat maipvoupe €101 UV 100THTa

U
Ly
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6 IlapepBoAn Tip®Vv oc onpeia

6.1 ITlapespBoArn ocuvaptroswv oto R and nmoAvovupa

Av 11,29, ...,xy € R elvar kanowa onueia (Srapopetikd petadu toug) kat dy, ..., dy € C
elval kAamoleg TIPEG, AgPe 0T pla ouvaptnon p (tng omoiag 1o 1edio 0plopoU TEPIEXEL Ta
x;) mapepubaiie ug upeég d; ota onpeia z; av p(z;) =djya j=1,2,... N.

To mpoBAnpa mou Sa pag arnaocyoArnoest €dw eivat 1o av (Kat 10 NeG) HUIOpoUpE va
Bpoupe TETOEG OUVAPTNOEIS P Ol oroieg ermAéyoviat péoa arnd KAmola eupeia KAAoN
ouvapINoE®V, I.X. {NTdpe ol p va eivatl moAumvupa. Av rieplopicoupe 11§ apepBaiAovoeg
ouvaptoelg p va eivatl karnowa noAuevupa Babpou < N 1 yevikr) popdr) tou p(x) sivat

p(x) = po + prz + pex® + -+ + pya?,

egaptatat dnd. 1o moAuwvupo p(z) and N + 1 piyabikég petaBAntég (1) “Babpoug eleu-
Yeplag” onwg Adpe kapa @opd). Etvatl Aoyiko Aowmdv pe 1€tola ImoAumvupa va mpooria-
Youpe va Avooupe éva rpoBAnpa napepBoAng pe péxpt N + 1 onpeia, apou kabe onpeio
riapepBoAng dnpoupyel pa erurdéov e§iowon (tnv p(r;) = d;) MOU MPEMEL va 1KAVOITOoEt
10 p(z), Kat dev meppévoupe va PIOPOUHE YEVIKA va AUCOUHE Tieploootepeg arnd N + 1
tautdxpoveg e§lomwoetg pe N + 1 ayvaootoug (ta pj). Ta N + 1 onueia opeg to npdBAnpa
€XEl IAvta Auor], oneg Aéel 10 akoAoubo Ospprpa.

Oewpnpa 6.1. I'a kade N + 1 duagpopetika onueia o, 1, ...,y € R kat omotadnmote
beboucva do, dy, . .., dy € C undpyet akpiBog eva pyabucd mofvavuuo p(x) Baduov < N
térow wote p(x;) =d; ylaj =0,1,... N.

Emiong, av 0/sg o1 g d; ival mpaypuatikeg t0Te oL OUVTEAEOTES TOU TOAVGVUUOU TTapep-
Boing eilvar kar avtol mpayuatikoi apiduoL.

Av ypayoupe p(z) = po+p1x +pox? 4 - -+ pyr 101e 10 Ypappiké cvotnpa e§1000EMV
p(x;) = d; mou 9éAoupe va Avooupe propei va ypadei oe noper) mvakev og e§ng

VP=D (53)

émou P = (po,pi1,.-.,pn) ! wat D = (dgy,dy,...,dy)" etval Sraviopata otrdeg prkoug
N +1 (P eivat to 81dvuopa v ayveotev) kat o (N +1) x (N + 1) nivakag Vandermonde
V etvat o

1 oz 22 ... Z

1z 22 N

. o 1 .. 1
V=V(xg,z1,...,2n) = ) (54)

1 zy 2% ... ¥

To va €xet autd 1o ouotnua Avon P yua kdBe 6e€i pédog D eivar wooduvapo pe to va
€xel mavia povadikr Avon kat ooduvapo pe 1o va eivat o mivakag Voavuotpéyipog.
Apxet dowrov va dei§oupe ot o mivakag V' navia (yia kdOe ermdoyn onueiov x; 6nd.) etvat
avuotpéypog. Ba dei§oupe ot ) opidouod tou Sev eivat . ITo ouykekpipéva Sa Gei§oupe
ot

det V(zg, x1,...,2N8) = H (x; — xj), (55)

0<j<i<N

1 oroia moootnta dev etvat pndév apou ta onpeia z; eivat oAa StaPopetika. L10 yIVOPEVO
rou epgavidetat oto 6edi pédog g (55) €xoupe amnd €va mapdyovia yia Kabe {euyog
dlapopetik@V onpei®v OMoU 10 onpeio pe o peyadutepo deiktn €xel mpoonpo + Kat 1o
AalAlo €xel mpoonuo —.
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Ag xpnopororjooupie enaywyr og ripog N. Ta N = 1 éxoupe

1 =z
det [1 x?] =T — X

Aapa o TUT0G 10X UEL O aUTH) TV Iepinoon. 'a 1o enayoyko npa (and N — 1 onpeia oe
N onpeia) apket va 6ei§oupe tov turno

det V(ZL‘O,Il, e ,IL‘N) = det V(xo,l‘l, e ,ZEN_l)(.I‘N — l’o)({L‘N — Il) s (ﬁN — (I)N_l).

BoAeguetl €60 va 9ewpriooupe 10 'y ©¢ pla petabAntr) ypdgoviag ot 9€orn tou T, OmoTE 1)
OX£€0n 10U €xoupe va Hei§oupe ypadetal @g Pia 100TNTd TOAUGVUHR®OV

det V(zo, x1,...,xn_1,2) =det V(zg, 21, ..., 2n_1)( —x0)(x — 1) - - (x — xN_1).

(To 6ut n mooownta det V(zg, x1,...,xy_1,%) eivatl éva moduovupo tou z Babpou < N
yivetat gavepod av avarntu§ouie v opi{ouoa wg Ipog v tedeutaia mg ypapur).) Ot pideg
TOU TMOAUMVURIOU ToU 6e810U PéAOUG ival mpopaveg ta onpeia o, Ly, ...,rn_1. OP®G
autég eivatl kat ot pideg tou apiotepou pédoug adou 1 opidouvoa det V(xg, 1, ..., on_1, )
pndevidetat émote x = z; (1 < j < N — 1) apouv anoxktd 6vo idieg ypappés. ‘Otav 6uo
rmoAuovupa Badbpou N €xouv tig 161eg pideg to0Te €ivat 0 €va moAAAAAdcio tou aAAou (erti
éva pyadiko apdpo). ‘'Onwg eUkoda PAEmel Kaveig 0Tt TO aplotepd Kat 1o el pédog Exouv
oV 1610 peyiotoBadpio cuviedeotr), o onoiog eivat o apBpog det V(zg, 1, ..., xn_1). AUTO
elvatl @avepo yia 1o 6e€i pédog Katl oto aplotepd PEAOG lvatl EMMIONG PAVEPO AV TAPATHPT)-
ooupe 6u, oto avarttuypa g det V(xg, 21, ..., 2y 1, ) ©§ TIPog v Tedeutaia ypapyn
(Be T1g Suvapeig tou ), 1o V¥ moAdarAactddetat pe pia unoopidouca Tou eivat akp1Bag 1)
det V(zo, x1,...,oNn_1).

Zuvenog ta 6Uo nmoAuwvupa eivat akplBog id1a kat n anddeiln £xel teAeidoet.

To @exhpnpa 6.1 propet va anodeyBel kat aAAdg, TOUAAX10TOV TO KOPHATL TTOU adpopd
Vv Urapgn ToU MOAU®VUHOU TapepBoAng, pe ) Asyopevn pébodo napepBoAng tou La-
grange.

Opidoupe ta Bondnuka noAvwvupa Babpou N

xr — T;
Gy = ] I (i=0,1,...,N).
j=0,1,...,N Ti = Xj
J#i

1 6=9)
Wﬂ')_{o (i #9)

To moAucvupo p(x), Babpou < N, rmou napepBaddet ug upég d; ota z; (j = 0,1,..., N)
ypagetat Aoutdv

EuxkoAa BAénoupe ot

p(x) = dolo(x) + dily(x) + - - + dyln(z). (56)

Ao mv (56) yivetat @avepod 6t av ot apBpot d; eivat 6Aot MPAyHatikol Tote 10 MOAUGVUIO
riapepBoArg p(x) Xl MPAYHATIKOUG OUVIEAEOTEG.

IIpoBAnpa 6.1. Me ) ugdodo mapsuboine Lagrange (56) £xouue Seifer ot omowadnmote
debopéva d; pumopovv va mapsuindovv e mofvwvuuo Baduov uéxpr N oe omowadrmote
N + 1 onueia. INati kade 1€to10 MOAUGVUUO TTapeuBoAng eivat povadiro ;

Q Eb6 urtapyouv toujlayiotov dU0 TpomotL yla va anavinoouue : £vag Kouwvtag 1o mpobAnua

w¢ mpo6inua yoauukng aiys6pag (6eite v (53)) kar évag anffog mov kottdet 10 TANOOS
0V p{ov tojvevuuou Baduov < N.
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H 11£6060g mtapepBoArig tou Newton ekppdletl 10 TIOAUGVUHO TTApePBOATIG Ot opd1
p(x) = ap+ ar1(x — xp) + as(x —zo)(x —x1) + - - -an(z —xo)(x — 1) - - (x —2N_1). (B7)

Exppdadoupe 6nA. 10 moAumvupo rtapepBoAng ®G YPAPRHKO ouviuaopo oV OTOXEIOV piag
Baong tou Py dadopetikng and ) ouvnOiopévn {l,x, 2?23, ’fole}’ OnA. g
Baong

L,z —xo, (x —x)(x —21),...,(x —20)(x — 1) (T —22) -+ (T — xN_1). (58)
IIpoBAnpa 6.2. Iati eivar ot ovvaptioeig (58) wa Baon tou xwpou Py ;

[Mog propet kavelg va Bpet toug cuviedeotés a; g (57) yia debopéva onpeia r; kat
d6ebopéva d;; H amavinon eivat moAu ardn kat petadpaldetal o €va aroteAeopatiko
aAyop18110 y1a Tov UMOAOY10H0 TRV a;.

®¢toupe KAt apxnv ¥ = xg otV (57) rail maipvoupe €10t v 100TNTA

do = p(z0) = ag

agou o6Aot ot 6pot He€1d exktog arno tov rpoto pundevidovtat. 'Etot Bpiokoupe ay = dy.
'Exovtag Bpet 10 ag 9toupe oty (57) ¢ = x; Kat mapatnpoupe ot pndevidoviatl 6Aot o1
opot He&la ektdg toug o mpatoug. Iaipvoupe £tot

dy = p(r1) = ao + a1(x1 — 70)
otnv ortoia 6Aa eival yvootd €KTOG A6 10 @1 yld TO 0Ioio Auvoupe Kat Bpiokoupe

dy — ag
a; =

1 — X ’
Yuveyidoupe 9toviag r = 9, ¥ = T3, KA, KAl BPlOKOUNE PE AUTO Tov Tporto dradoxika
0AOUG TOU OUVIEAEOTEG ;.

ITotog eival opwg £vag Aoyog yia tov ortoio Sa ermbupoucape va XPnolOIO|COULE T
pébodo Newton évavtt tng pebodou Lagrange yia tov urodoylopo tng rapepBodng; (Na
tovicoupe £6® OT1 TO TIOAUMVUO0 TIOU UTToA0Yiel 1 KaOe 11€6060g eivatl puoika o 1610, adda
etvat ypappévo pe dtapopetiko tporo.) Mia andvinorn eivat ot pe ) pébodo Newton eivat
ITOAU €UKOAOTEPO va 1pocbéooupie €va akoprn onpeio mapapeBoAng, X®pig va xpetaotet va
Savaurodoyicoupe ta mavia (énwg oupBaivel av £€XOUHE TO TOAUOVUNO Pag Ot Hopon
(56)). Ilpaypat, av unobocoupe ot £€xoupe 16n Bpet TOUG CUVIEAeoTEg a; otV (57) xat
9édoupe topa npoobécoupe éva onueio 1 Kat edopévo mapepBoAng dy i1, tote dev
g€xoupe apd va rmpooBecouie Eva akOpUn 0po 0Tto MOAUMVURO [ag, orote yivetat

p(z) = ag+ ar(x — o) + ag(z — x0)(x — 1) + - -an(x — xo)(x — 1) -+ (T — xN_1)+
ani1(x —zo)(x — 1) - (. — xN).
®¢toupe TOPA * = 41 Kal raipvoupe v §lomon
dyi1 = p(TNny1)
= ag + a1($N+1 — $0) + CLQ(l’N+1 — $0)(1’N+1 — 1’1) + -

an(n+1 — o) (Tny1 — 1) - (TN41 — Tno1)F

ClNJrl(INH - Io)(xNH - Il) T ($N+1 - 13N)
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O1IoU OAda £ival Yveotd €KTOG Ao 10 Gy 41, TO OIMOI0 KAl urtodoyidoupe Auvoviag autr) v
npetoBddbuia egiowon.

Ae ¥pelaotnke va urtodoyiooupe &ava ta ag, dq, - - ., 4y APOU OTOV UIIOAOYIOPO AUT®V
dev prnaivel pe kavéva TPOIo 10 Ty 11 1) TO dy 1.

Fevikd, 1o moAuwvupo p(z) Babpou < N mou mapespBallel pla ouvexr) ouvdptnon
f € C([a,b]) oe xarowa onpeia g, 1, . .., Ty Sev éxel Kadég 1816tteg npootyyong g f.
AUTO gilvat 1o TIEPIEXOPEVO TG MAPAKAT® IPOTACTG, TV ortoia 6e Sa arobei§oupe.

@copnpa 6.2. INa kade Siaotnua [a, b] kai yia kade arxofovdia ovvdAY KOUEOL Ttapey-
Boing

a§xé<x%§b

a<zi<al<as<b

a<az) <al <-o<aN<b

(xouue dnAadn yia kade euatko apduo N > 1 éva ovvodo ano N + 1 kouboug tapeuboang
ot [a, b)) vnapyer f € C([a,b]) .. n mooomra || f — Ln(f)||,, 6ev elvar gpayusvn. Eb6
Ln(f) etvar 1o povabdikd mofvovuuo Baduov < N mou mapeubaiier v f ota onueia
N N N
Ty, L1 5 Ty
Ae propovpe ouvenwg va reptpévoupe ot n noootnta || Ly (f) — £l Sa eivat pkpr)
av dev éxoupe kAmnola napandve minpogopia yia my f and ) ouvéxeld g oto [a, b]. To
emopevo Sewpnua eival mpog autn v Kateubuvor.

Oplopég 6.1. O xopog ouvaptioeav f € C"([a, b]) anotedeital and 1g ouvaptroeig mou
etval n Qopég Mapaymyiolpes e 0Aeg T TAPAYOYOUG TOUG ouveXElS. (Eta dkpa sevvooupe
T1G TIAEUPIKEG TTAPAY®YOUG.)

@cdpnpa 6.3. Av f € CV([a,b]) kata < xg < 11 < -+ < xy11 < boteyrakadex € [a, b]
LOXUEL TO @PAYUA

7(8) ~ Ln(F)@)] < ilF el = 2o) - (@ = ). (59)

(N +
‘Eow W(z) = (x — zo)(x — 1) -+ (. — xn). Apkeil va &ei§oupe ou undpxet € € (a,b)
1.0.

@) = In(D(a) = g/ OW ) (60

O turnog (60) ovopddetat kat “tunog tou Lagrange e urtoAouto” (mapatnpeiote tv opototnta
pe tov turo tou Taylor pe unddoirto rou ouvdéet 1o moAunvupo Taylor plag ouvaptnong
He ) ouvaptnon).

Eivat gavepd ou n (60) woxvet yua © € {zg,x1,...,Tx} yia orowodfrnote £ pa kat
pndevidovtat kat ta §Uo péAn. Mropoupe ouven®g va unobBeooupe Otl 10 o Oev eival
Kavéva arno ta z; kat dpa W (z) # 0 xat priopovpe va opicoupe

f(x) = Ln(f) (@)

A= W (z) !

o(t) = f(t) — Ln(f)(t) — AW (2).

H ouvaptnon ¢(t) éxer N + 2 Sapopetxkd pndevika oto [a, b], ta zg, z1, ..., Ty KAl 10 .
Amo6 1o Sewpnua tou Rolle énetat ot avapeoa oe 6U0 Si1adoxika 1€Tota Undevika UTtapyet
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éva pundeviko g ¢, kat apa n ¢ éxert N + 1 dapopetird pndevika oto [a, b]. Kat raAt
ard 10 Yewpnpa tou Rolle avapeoa os dUo pndevika g ¢ undpyet éva pndevikod ng
¢, onote n ¢ éxer N Brapopetikd pndevikd oto [a, b]. Tuveyidovtag Kat autd Tov Tporo
BAémoupe 6t undpyet € € (a,b) t.o. gNTV(E) = 0.

Onag NV = fWNVHD) Ly (HNFD — AWWNFD - Aot deg Ly (f) < N énetat 6t
Ly(f)N+D = 0 apov W(z) = 2N + (6pot pipdtepou Babuov) éxoupe WHNHD(€) =
(N + 1)!. Tlaipvoupe étot tn oxéon

f(x) = Ln(f)(=)
W(x)

0= () — (N +1)!

rmou eivat wooduvaun pe myv (60).

IpdéBAnpa 6.3. Av f(x) = €” 6beifte ou ya kade bwaomua |a,b] kar yia omowobnmote

ovotnua KOU6wv tapeuboang xév N=12,...,,7=0,1,..., N, (Onwg¢ oo Ocwpnua 6.2)

n axofouvdia tofvevuuwv Ly(f) ovykiivet opuoduoppa otnu f oo [a, b].
\Q’Xpnozuonowiow 70 Ozwpnua 6.3.

6.2 IlapepBoAn ot mapandve S1aotacelg
'Eote ot 9édoupe va napepBaddouvpe g 1peg dy, dy, . . ., dy ota onpeia xg, 1, ..., Ty HE
éva moAumvupo Pabpou < N

p(x) = po + pra + por® + ...+ pya’.

‘Exoune 6e1 611 auto 1o mpdébBAnpa £xet mavia povadikn Avorn p;. Av doupe 1o TipoBAnua
®G éva YPapuIKO ouotnpa, oneg kavape oty §ioworn (53)

VP=D

omou V. = V(xg,21,...,7N) eivat o mivakag Vandermonde xat D = [dy,...,dy]" ei-
vat 1o diavuopa otAn TV TPV 1ou dedoupe va rapepBAAAoupe, 1oTe 1 Unapdn Kat
povadikotnta g AUong autou TOU CUCTHIATOG £ival 1006Uvapeg pe 1o va givat o V' avtt-
otpeP1pog. Me aAAa Adyla 1o poBAnpa £xel povadikr Auon akpiBeg emeldr)

det V(zg,...,xn) #0

onotednnote ta onueia x; eivat Srapopetikd.
'Evag 81apopetikog 1po1og va eKPppAcoupe 10 MPOoBAnpa tng napepBoArng sivat va
TTOUPE OTL avadnToupe £va YPAPHIKO oUuviUuaoo TV OUVAPTI|CEDV

folx) =1, filz) =a, falz) =2*, ..., fn(z) =2V 61)

o oroiog maipvet Tipég d; ota x;. Me autr) ) YAdooa to rpoBAnpa pnopel va yevikeutel
aAddagoviag tig ouvaptrioetg fi(x). Ta napddetypa, Priopovpie va APOUHE WG CUVAPTIOELS
TapePBOANG TIG
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o1 ortoieg avtiotolxouv otnv rapepBoAn Newton mou €xoupe 11dn 6el ol €xel emiong
povadikr) Auon. Autd ouvenayetat ot yia kabe N + 1 Sapopetkd onpeia xg, 1, ..., TN
1 opiouoa tou mivaxka

gl‘((L’j), i,j:O,l,...,N,

etvat # 0.

Iapatrpnon 6.1. H eniduon tou mpoBAnpatog rapepBoAng pe ypappikoug ouvduao-
poug v f; 1 v g; divel uotkd 1o 1610 moAukvupo (adou autd éxoupe Seigel ot eivat
povadiko). ‘'Opwg oty Mpwin MePIMI®Oor auto ival ypappEevo od YPAappiKog cuvduaopog
WV f; eve otn devtepn Mepinmwon oa ypapuikog ouviuaopog tov g;.

Aev givat anapaitnto ot ouvaptnoelg tapepBoArng va eivatl moAvovupa: av givat 1ote o
KA0Oe ypappikog ouvduaopog Toug £ival UOIKA Kl AUTOG ITIOAUMVUR0. LUV Omg arnattoupe
OP®G va eival ouvexelg ouvaptroelg.

IIpoBAnpa 6.4. Acifte ou yia kadse N > 1 ot ovvaptioeig

T

eo(z) =1,e1(x) = e ea(x) =™, ... Jen(x) =€

umopovv va napepubaifovv onowadnmote debouéva d; os omowadnmote drapopetika onusia
T, X1, ..., TN € [0,27) ue povabuco roomo.

[Tapd 1o 611 ot pia iactaon popoue va €xoupe povadikr apepBoAr) pe mAeldada
ouvaptnoemwv apepBoAng (beite mapadelypata f;, g; Kat e; nmapandave) oe pHeyaAutepn
S1dotaon auto bev eival Suvarto.

@cdpnua 6.4. Ac sivar Q2 C R? éva avoiyto ovvoo kar N > 1. Asv undpyouv ouveyeic
ovvaptioes f; : 0 -+ R, j =0,1,..., N, t.6. yla kade drapopetika o, x1,...,Tn € §) kar
yia kade do, di, . . . ,dny € C va vnapyet povaducog C-ypapuixog ovvdvaouds tv f; mouv va
naipver m uun d; otox; yiaj =0,1,..., N.

Hapatrpnon 6.2. 'Exet onpaocia oty anodegn napakde ot ot ouvaptroetg f;(z) naipvouv
MPAYHATIKEG KAl OX1 PYAdIKES TIHEG.

To @awvopevo autd ogeidetal oe TOTIOAOYIKOUG AOyoUg Orwg da yivel pavepd amod v
arnddei€n mou akoAoubet.

Ag unoBeooupie ot 10 Bswpnpa 6.4 Sev 10XUEL KAl OTL UTIAPYOUV TETOIEG OUVAPTIOELS
fj. Zuvénela autou eivat 6Tt ] oUVAPTNOT)

(b('rOa L1y ,I’N) = det[fi<xj)]i7j:071,,,,,N

etvat # 0 omotednmote 6Aa ta onpeia z; eivatl Stapopetka.

H ouvapwmon ¢(xg, 21, . .., xy) eival (@) mpaypauks (apou 6Aa ta otoixeia tou mivaka
etvat mpaypatikd) xat (B) ouvexrg ouvdptnon v z; (adouv ot f; eivatl ouvexeig kat i opi-
fouoa eivat éva dBpotopa ano opoug KABe Evag arto toug oroioug eivat yivopevo KAMolwv
fi(x;)).

Emdéyoupe topa ta onpeia g, 1, ...,ry € €2 pe 1a rp katr x; va eivatr omyv ida
OUVEKTIKE] OUVIOTQOod tou §2. Ao v unobeor| pag Exoups

0 # D = det[f;(z;)]ij=01,..N-

Z1aBepOITo10UIE Ta ONUEld Zo, . . . , Ty KAl PLETAKIVOUHE 1€ OUVEXT] TPOITO Ta Onueia Ty Kat
1 £101 WOTE
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1. e kabe xpovikn) ouypun) t ta onpeta zo(t), x1(t), x2, T3, . . ., T eivat 6Aa Sragpopetira
petagy toug.

2. v apX1kn Xpovikr ouypr) t = 0 éxoupe x¢(0) = xo kat z1(0) = z4.
3. Ty tedikr) Xpovikn) ouypn t = 1 éxoupe zo(1) = 27 xat z1(1) = xo.

AnAabdr pe ouvexn 1porno aviadddooouv 9éon ta o Kat r1. To ot autd eivar Suvato oto
erinedo eival draoBnuka @avepd KAt 6ev 10 ATOdBEIKVUOUPE AUCTNPA Pa Kat da pag
£MAIPVE TIOAU X®OPO KAl XPOovo o€ KateuBuvon mou dev eival Baoiky) yU auto 1o pdbnpa.
Eivat emiong @avepd ou autd de yiverat ot pua daotaon: 6vo onpeia de propouy,
OUVEX®S KIvoupevd, va avtaAAa§ouv tig 9£0e1g T0Ug X®WP1§ VA CUYKPOUOTOUV.

H ouvaptnon

T/J(t) :¢(.Z'O(t),$1(t),$2,l‘3,...,:L'N), 0<t< 17

etvatl pa ouvexng mpayuatikr ouvaptnon tou t. loxvet eniong ¥(0) = —1(1) apou ot
6U0 autég TipEg 1oouvial pe 11§ 0ptdouceg HUO TIVAK®V TTOU £€X0UV TIG HU0 MPAOTEG OTNAES
toUg evadlaypéveg Kat Tig undAotreg otideg toug idieg. Apa yia kanoio t € [0, 1] 1oxuet

Y(t) = 0 mpaypa rmov avugdaoket oto | pndeviopd g opidovoag det|fi(z;)]ij=o1,.. N VIO
KAOe ermAoyn 51aPOPETIKWY CNUEi®V ;.
Autn) n avtigpaon ocuprAnpwvetl v anodeln tou Oewprpatog 6.4.

7 ZXZelpég Fourier

7.1 XZuvteldeotég Rat oelpég Fourier

YupBoAidoupe pe C?™ 10 0UVOAO OAGV TV CUVEXGOV OUVAPTHOE®VY et Tou R Tou etvat
eriong 2m-mieplodikég. Iooduvapa, C*™ eival 10 oUVOAO GAGV TV OUVEXMV CUVAPTHOE®V

f:]0,27] — Cpe f(0) = f(2n).

210 xopo C*™ opioupie 10 E0CRTEPIKS YIVOHEVO

1 2

<f,9>=% i f(x)g(x)dx

kabwg kat ug LP voppeg (1 < p < o0)

2 1/p
i1, = (55 | lroras)

H 2-voppa ouvdéstal, g ouvr0ng, Pe T0 E0MTEPIKO YIVOHUEVO HIE TI] OXEOT)

1£15 = (f. )

O1 Baoikég 1610TTEG TOU E0MTEPIKOU YIVOHEVOU £X0UV KaAupBOet otnv §3.

Opiopdg 7.1. Av f € C* ka1 n € Z 161 0 n-ootdg ouviedeotng Fourier g f opiletat og

N mMoooTNTA
1 2

:27r0
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Hapatpnon 7.1. O napandave oplopog eivatl oAu rneploplotikog. To §e&i pédog tng (63)
opiletat 0x1 povo otav n f eivat cuvexrig adAda orotednote eivat Riemann oAokAnpoouur.
Ia napadetypa opidetal orotednrote 1 f eival katd tarpata ouvexng kat e xpetadetat
kav va éxoupe f(0) = f(27). Tia toug okoroug tou pabipatog autoy 6uwg da apkéoet
va pdape yua ouviedeoteg Fourier ouvex®v Kat 27-Tiep1o81K@V oUvVApTOE®V.
e pla ouvexr) ouvaptnon avilotolXoupe 1) “oelpd Fourier” tng
o0

> fln)e

n=—oo

KaOwg KAl Ta OUUUETpIKA UEPIKA TG adpoiouata

)

(n)e™®,

~

Sn(f)(z) = Z

Aev kAvoupe £ apXng KATO0 10XUPIOPO yla Tt oUyKAlon tng oslpdg Fourier tng f, mou
opiletat va onpaivet m ouykAion v Sy (f)(x) oe karnow piyadikd apOps. H “1davikn”
KAtAotaon eivat n oe1pd autr] va ouykAiver oty f. Autd opeg dev 1oxUel yevikd (untdpxouv
OUVEXEIG oUVAPTHOElS TV o1toiwv 1 oglpd Fourier &g ouykAivel moubeva) av katl undpyxouv
(PUOI0AOY1KEG OUVONKeG TI0U pag to e§aodadidouv auto (.. n f va éxet ouvexn deutepn
apPAY®Yo).

Mpdé6Anpa 7.1. Av p(z) = Ziv:, ~ DE€™T givar éva tpryovopetoud moAucdvupo Ppeite Tig
noootnteg p(n) oa ovvaptnon v p. Acifte ou n ogpa Fourier g p(x) ovykiiver otnu
p(T)-

'V apte 10 eowtepuesd ywdpuevo me p(z) pemue
IOV EKOETIKOV OUVAPTNOEDD.

Fm)| < 171

Ipdé6Anna 7.3. Ynooyiote toug ovvtefeoteg Fourier tov ovvaptrioeov f(x) = 1, g(x) =
Xlap (%) Omou [a,b] C [0,27]. (H ovvdptnon g(x) bev eivar Bé6aia ovvexns afia kat yi'
autnv ot ovvtefeateg Fourier opifovtat ue tov i6to tumo.)

inT

Katl YpnOOTOLEIOTE TNV 0PAOYRVIOTNTA

IIp66Anpa 7.2. Acifte ot

~

@cdpnua 7.1 (Afppa Riemann-Lebesgue). Av f € C?" t6te f(n) — 0 yra |n| — oo.

To Bexhpnpa 7.1 1oxVel KAtd mpodavy] TPoro av n f eival Iply@VORETPIKO TTIOAUMVULIO
apou n akodoubBia twv ouviedeot®v Fourier tng ox1 anmAd ndet oto O adAd esivatl tedika
undeviky (av o |n| Sermepdocet 1o Babpo tou oAuevupiou).

Ia va arnodeifoupe 10 Oedpnpa 7.1 yia pia yeviky f € C?" xpnomponoloUpe 10
Bewpnpa 1ou Weierstrass yla mpooEyylorn amno IPIY®VOUETIPIKA ToAuwvupa (Oshpnpa
3.3).

‘Eoww € > 0. Yiiapxet t0te 1ptye@vopetpiko nmoAvavupo p(z) ta. || f — p||, < e kat dpa
oxvet kat || f — p||; < € n onoia ouvenayetat (IpdBAnpa 7.2)

Aot yia |[n| apretd peyddo 1o p(n) pndevidetat énetat ou yia |n| apketd peyado ‘f(n)‘ <

€, IOV onpuaivel akpBwg 6Tt limy,) o0 ‘f(n)‘ =0.
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@chpnpa 7.2. '‘Eotw f € C*". Tote yia kade n € Z 10xU0UV 1a TapaKdaie.

-~

1. Avg(z) = f(z — a) Wte g(n) = f(n)e".
2. Avg(z) = e** f(z) wre G(n) = f(n — k).
3. Av emiong f' € C*" 1éte f'(n) = inf(n).

H anoden tou Oswprjpatog 7.2 aprjvetal @g AOKNOnN yid TOV avayvootr] O Ortoiog
propet va arodeifel 1o NTOUPEVO XP1OTIH0ITOIWVIAG TOV OPIOR0 TV ouviedeotwv Fourier
aAVTIKATAoTAoelg PETaBANTOV KAl OAOKANP®OT KATA PEPT.

Opiopdg 7.2 (ZuviAiEn ouvaptriosav). Av f,g € C*™ n ovvéién tov f kat g opidetat va
etvat ) ouvapton f * g € C?™ ou divetat and tov TUTIo

1 2

frgla)=qo- | f)g(z—t)dL.
T Jo
IIpoBAnpa 7.4. Anodeifte oun f * g elvar ovvexng kKat 2m-ngptodiky kar ot [ x g = g * f.
VY Ta m ovvéxela mg f * g Boeite éva avw gpayua yia v nocomia f x g(x +h) — f x g(x)
XONOUOTIOLOUTAS TV OUOLOUOP PN OUVEXELA TV [ 1 g.

IIp66Anpa 7.5. (Euvtedcotég Fourier ouvéAlng)
Av f,g € C? 6eifte ou f * g(n) = f(n)g(n).
?Xpnozuonozsiozs OV 0PLOUO TV ouvtefleotav Fourier kat ajijialie t osioa oAokAnpwong.

Oplopdg 7.3 (Zuvédi€n akodoubiwv). Av a,, b, € C, n € Z, eivar 6o (Sumdrg kateubuv-
ong) akoAouBieg 1€101eg WOTE 1) @, Elval @paypévn Kat 1) b, 1KAVOTIOIEL TV 2202700 by < o0

() to avarnodo), tote 1 oUVEALET) Toug opiletal g n akoAoubia a*b twv oroiwv o1 6pot Hivov-

Tat arod tov TUIto
oo

(axb), = Z apbp_k. (64)

k=—o00

IIp6BAnpa 7.6. Acite OtL Ol UTOIETELS TOU OPIOUOU THG OUVEAIENS akoAoudiav eyyuovtal
ovyiion g ogipag (64) yia kade n € 7. Acite emiong ot (a * b),, = (b a), ytan € Z.
\Q’Anéﬂum ovyk/ion piag ospdg ovvertdystatl ovykaion.

IIpoBAnpa 7.7. (Euviedeoteg Fourier ywvopévou)

Av f € C* ka1 p() oryovopstoncd moAvodvuuo beite on

f-p(n) = (f*D)n-

Vou f(n) eivar gpaypévor amo Kat n axofouvdia p(n) eivar tefuca undevikn, dpa
pPAyu. 1 n p punoevikn, ap
opiletar n ovvéMiEn TV 6U0 akofoudio. Asite 10 Inrovusvo mpota yia p(r) = e**.
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7.2 O nwupnvag tou Dirichlet

Kevipikd avuxkeipevo yla ) pedét mg Katd onpeio ouykAiong

Sn(f)(x) = f(z)

etvatl o Aeyopevog rtuprjvag tou Dirichlet ta§ng NV, 1o tpty. moAumvupo dnA. mmou opiletat
N
N
Dy(x) = Z ek, (65)
k=—N

Aev eivat 8Uuokoldo va Bpet kaveig éva kAewoto oo yia to Dy (x):

_ sin(N 4+ 3)x

Lz
sz

21

N =10

- \/\\//\V VAV/\V

Zxnpa 7: O ntuprjvag tou Dirichlet

1 1

—N 0 N
Lxfpa 8: Ot ouviedeotég Fourier tou ruprjva tou Dirichlet Dy (z) yia N = 10

[a va dei§oupie v (66) XpnO1HOIToI0UHE TOV TUITO Yld To dBpoiopd g MEMEPATHIEVNS
VEDUETPIKNG OE1PAG

1 — Zn—l—l

Ltz 4 2" = (2#1), (67)

(Re € otn 9¢on ToU 2) Kat TovV TUTIO yid 1) S1adopd CUVNPTTOVRV

A+ B B-—A
cos A — cos B = 2sin ;L sin 5

IIpoBAnpa 7.8. Anodeilie ¢ (67) kat (68).
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IIpo6BAnpa 7.9. Kdvie tig mpadeig uovot oag yia eaoknon kar anodeifte v (66). Ouundeite
OTL pa €v YeveL kajln otpamnykn otav Exete éva kAaoua pe putyadko mtapavouaotn givat va
nofldanAaoctalete apdunTy Kat Tapavouaotn Ue to ouluyn TouU Tapavopuaocty WOTE va yivetal
TOAYyUaTikog O Tapavouaotrg.

Mpo6BAnpa 7.10. Anobeifte 6t av f € C*™ 161e yia kade N > 0 1o0yvet

Sn(f)(@) = f* Dn().

Zuveénela tou [Tubayopeiou Oewprjpatog (IIpdBAnpa 3.6) eivat i) tautdtnta tou Parseval
Yl TPIy®VOHPETPIKA moAumvupa. Ta v anodein andd Xpnotonotovpe v opboravov-
KOTNTA TV EKOETIKOV ouvaptrnoewv. Oupopaocte emiong (deite to IIpoBAnua 7.1) ot ot
ouvtedeotég Fourier evog Tply@VvopETpikoU TIOAU®VUNOU €ival ot {6101 01 OUVIEAEOTEG TOU
riodvevupou (p(k) = p).

Ocwpnpa 7.3 (Tautdtnta Parseval yia tpty. moAuovupa).
Avp(z) = SN pre’* wote

N
Ip()% = Z|pk| S k)P (69)
k=—N

'Eva Baoiko epotnpa tng avaiuong Fourier eivat to Katd mocov Priopouie va avaKATaoKEUA-
OOUPE Pla ouvaptnon ano toug ouviedeotég Fourier tng. 'Evag @uotodoyikog tporog va
€8e101KeEVOEL KAVEIG AUTO TO £PAOTNHA £1val VA PWINOEL AV Td PEPIKA abpoiopata g oelpdg
Fourier ouykAivouv otnv 1d1a tr ouvaptnon

Sn(f) = f;

[Ma va eivat minpwg kKabopiopévo 1o pdBAnpua mpérnet Kaveig va egnyrjoet u eidoug ouyk-
Aton) evvoel. Av yia apddetypa n oUykAlon evvoeitatl katd onpeio (Vo @ Sy(f)(x) — f(x))
1 opowdpopea (|[Sn(f) — fll, — 0) tote n anavinorn yevikd eivat apvnukn. Autd onuaivet
0Tl UTapxel ouvexng ouvdaptnon f yia tyv oroia dev 10xUeL 1 KATd Oonpeio oUYKALOT av-
10U (0UTE QUOIKA KAl 1] OPO10PopPr oUYKALon). Autd 6e Sa to arodei§oupe oe autod 1o
padnpa. Av 6peg 1 oUyKAton evvoeitat otnv L? voppa tote 1) andvinon eival Katadatikr)
(Bewpnpa 7.5) Kat auto €xel Tepdotia onpaocia yua 1§ epappoyeg g avaduong Fourier.

[ToAAég @opég otnv Avdduorn pia 1810TnTa cUyKAloNg €ival CUVETIELM P1Ag AVIOOTNTAG.
'Etol kt €80, yla va arodei§oupe 10 Oevdpnua 7.5 Sa xpelactovpe éva @pdypa yla 1o
ypappiko tedeoty f — Sy (f). Mpw Satunwooupe auto to gpaypa (aviodtrta tou Bessel)
opidoupe Vv £vvola g opboynviag rpoBoArng oe €va UnoX®PO.

Oplopog 7.4. Av ey, . .., e;, eival éva opBokavovikd ouotna ouvaptrioswv oto C2F
(€j,€5) = L xat (e;, ;) = O(yra i # j),

kat V = span{ey, ..., e} eivat o ypappikdg XOpog mou rapdayouv 1 0pdoyauvia mpo6oin
piag ouvdptnong f € C?" oto V eivat n cuvdptnon

k
=2 (feide
7j=1
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Iapatrjpnon 7.2. Eival avepo ou Py (f) € V. 'Exoupe emtiong 6t 1o diavuopa f — Py (f)
etvat kabeto oto xwpo V, eivat dnA. kabeto oe kabe Sidvuopa tou V. Av v € V mpénet
va &et§oupe 6u (f — Py(f),v) = 0. Apxkei va 10 kavoupe yia ta avvopata ey, . .., e
ot 9¢on ToU v Pa Kadl €lval pia YpappiKy ox€on g rpog v. Auto enaAnBsuetal eUKoOAa
(kavte 10).

Kdtt dAAo mou ogeidoupe va moupe €66 eivatl ott Kabe ypappikog Xowpog (rdve otov
011010 £X0UE OPIOEl KATTO10 E0MTEPIKO YIVOHUEVO (DOTE va €xel vonpa va piddape yla opboy-
@V10TNTa) £xel KAarmota opBoravovikn Baon ey, ..., e, onou k = dim V. Autd eival eukolo
va Seiytel enaywylkd g rpog ) Sidotaon k KAt Propet emiong va arodelytel pe xpnon
G Aeyopevng opBokavovikoroinong Gram-Schmidt tnv onoia Sa dovpe apyodtepa.

IIp66Anpa 7.11. Acifte ou

k
1Py (I3 =D [(F el (70)
j=1

\Q’Ecpapuéats 10 ITudayopeio Pswpnua (IIpo6Anua 3.6).

Mpo6BAnpa 7.12. Anobeifte ou 1o Siavvopa Py (f) eivar 1o povabdico diavvopa v tov V t.o.
(f —v,w)y =0ypuaradew € V.

YV Av unapyet kat aijo tétoo Giavvoua v’ tote 10 piyovo fuv’ éxel 0pdN yovia kar otnu
Kopu@n v kat otv kopuen v'. Asifte 6t avto givar abvvato epapuoloviac U0 GOPES 10
ITudayopeio Yewpnua. Me adfa Adyia n vnoteivovoa givar Tavia n avotned Ueyautepn
mAgupa oe Eva 0pdoy@LI0 TPlywVo Kat apa 6 UTOPEL va UTtApXouv SUO UTOTEIVOUOTEG.

MpoBAnpa 7.13. Av V = span{es,...,e;} kat wa e; gvar ava vo opdoywuvia afid oOxt
Kat' avaykn puovabiaia, ano noov twno divetar n mpo6oin Py (f);

¥ Kavovcornoiote 1a ¢;.

MpoéBAnpa 7.14. Anobeifte ou 1o biavvoua (ovvapinon) Py (f) éev efaptarar and ta
€1,€2,...,ex adia uoévo anod 1w xwpo V. Av dni. €}, ..., e, givar éva aifo opdokavov-
U0 ovotnua oto xwpo V (ondte avtduata V' = span{el, ..., e} }) 10t woxver kar ma

Po(f) = D U E))e)

J=1

\Q’PV( f) = 2521 Aje yiaranoa \; € C agot ta e mapdyouvv 10 V. Ilaijpvovtag 001010
YIOUEVO auTi¢ NG 100TNTAg Ue Ta €, Talpvete T0 {NTOUUEVO.

Mpdé6Anpa 7.15. Acifie 6u ta ovppetpuca uspuca adpoiouata Sy (f) g oepag Fourier piag
f € C?™ eivar axpi6er¢ N Mpo6o e f 010 YPAUUIKS XGPO TIOU TAPAYOUV Ot CUVAPTIOEIS

—iNz _—i(N—1)z iz i '
e Jen WD e e e
To emopevo armotédeopa €ival TIOAU onpaviiko yla i @swpia IIpootyylong kat v
avdaduon yevikotepa

Oswpnpa 7.4 (H ripoBoAr) eivar n BéAtiotn ipooeyyion).
Av V evar évag unoxepog tou C°" memepaouévng bidotaong kar f € C*™ Seifte ou
10 &wavvoua Py (f) evar o povabucd dwavvoua v € V' mou efayiotonoisl mu anootaon

1f = vll,-
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Apxkei va bei§oupe ot av v € V eivat iagopetikd and to Py (f) tote

1f = Pv(Dlly < I1F =l

'Opwg to tpiyevo fPy(f)v eival opBoywvio pe opbr) yovia oty xkopuer Py (f), dpa n
urotetvouoa fv éxel peyaAutepo pfkog and v kabew mievpa f Py (f).
Zuvénewa (ylati;) tou Oswprjpatog 7.4 sival ot

12 (AN < (111

10 OIT0i0 AVadlaTuUNIOVOUE MG TTOP1od.

IIoplopa 7.1 (Avicotnta Bessel).
Av f1, ..., fr elvai éva opdokavovukod ovotnua ovvaptrioswv oto C*™

(fi, [;) =1 war(fi, f;) =0 (yiai # j),

kat f € C*™ 161e

k
1B ()l = Z [ f 1P < 1Al

ormou V' = span{ fi,..., fx}

Ioépopa 7.2. Av f € C* 161
N 2
2 Y 2
Isv(nlz =Y [Tw] <1713 7
k=—N

@cdpnua 7.5 (ZUykAion g oslpdg Fourier kata L?).
Av f € C*™ wote Sy (f) — f omu L? véppa. AnAabdn

T [[Sx(f) = fll, = 0. (72)

To Bswpnpa 7.5 eivat ipopaveg av 1) f eival Iply@VoPETPIKO TOAUGVUHO, adOoU OE aUTH)
v nepintwon podig o N > deg f n ouvapinon Sy (f) dev §avarddader kat pévet otabepr)
kat ion pe f. Ta ) yevikn mepintoon Xpnotpornolovpe 1o Osmpnua tou Weierstrass
yla TIPy®@VOPETplkA oAuovupa (@sowpnpa 3.3). Av € > 0 101e UTApXEL TPIY@VOHUETPIKO
roAuovupo p(x) téroo oote |p(r) — f(x)] < € yia xdbe x € R. Aut) n avieduja
ouVvenAyetal UOIKA TV aviootnta

If —pll, <e (73)

'Exoupe Aoutdv

If = Sn(Dlla = If —p+p—Sn(p) + Sn(p) = Sn(/)ll,

<|If =ply+llp = Sy + 158 () = Sn(Hll,  (Tewyovikh avicduta)
<etllp =Sy + 158 (f = p)ll (ar6 mv (73))
<e+lp =Sl +I1f —pl. (avioétnra Bessel)
<2e+|p— S, (amé mv (73)).
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Av opa ermdégoupe 0 N va eivat toudayiotov degp tdte Sy(p) = p omote éxoupe ano
v napanave avieotnta ou ||f — Sy(f)]l, < 2e, mpaypa mou onpaiver akpBog ot
If = Sn(f)ll, = 0.

'Exovtag arnodeifet ) ouyrAion Sy (f) L—2> f propoupe twpa eUKOAA va EMEKTIEIVOULE
Vv tautotta tou Parseval oe k40 ouvaptnon f € C?™. To napakdie mpdBAnua 1o KAvet
IT1I0 EUKOAO.

Mp6BAnpa 7.16. Av f,,g € C* xa ||fn — gll, — 0 e || full, = |l9ll,- Toxver kar yia
omnowadnmote ajjn vopua.)

Y rpawre £l = l1f2 = 9+ glly < 12— gl + gl natopoiog [lgl, = llg — £ + Full, <
lg — fulls + | fally via va anobeifete oulimsup || fo|l, < |lgll, < Uminf || f,]],-

Ocpnpa 7.6 (Tautotnta Parseval).
Av [ € C°™ 1o1e

(74)

1715 = > |7k

k=—00

‘ 2

H anédeidn tou Oenpnpatog 7.6 £yKeltdl 0T0 va mapatnPriooupe ot 1o el 1EAog g

(74) eivat 1o op1o v ||[Sy(f) ”3 KAl va XPNOopoIotjcoupe ) ouykAtorn Sy ( f) L2 f pati
pe 1o IIpoBAnpa 7.16.

Mropet piia ouveyng ouvaptnon va “avakataoKeuaotel” arno v akoAoubia t@v ouvie-
Aeotwv Fourier ng; H andvinon sivatr katagatkn Kat avutod €ival mdpa 1moAu onpaviltko
ylati pag e§aopalidel ot av anodaocicoupe va SoUpe pia ouvdaptnon Povo oto “Tedio
Fourier” tote 6ev £€xoupe xaoel mAnpogopia.

~

@csdpnua 7.7 (0. Movadikétntag). Av ot f,g € C*™ éxouvv f(n) = g(n) yia kade n € 7Z
e f(x) = g(x) yia kade z € R.

‘Eow h = f — g. Tote h € C?" xat ﬁ(n) = 0 yia kaBe n € Z. Tpénet va deifoupe
ot und autr) tyv urnobeon h = 0. AAAAG and v tautotnua tou Parseval (Beopnua 7.6)
g€xoupe

18li3 = > [ak)| =o.

k=—o00

‘ 2

apa fo% \h(z)|” dz = 0. Ané m ouvéxela g h ripoxvIer 6t 1 h eivat aviov O.

KAeivoupe 10 KepdAato tov Zepov Fourier pie pua mepintoon oty onoia cupBaivet
10 “1daviko”, n oepa 6nA. Fourier piag ouvdaptnong ouykAivel katda onpeio (kat pdAiota
opolopopda) ot CUVAPTHOT).

@copnua 7.8. Av [ € C* (n2n-nepiobucr) SnA. [ éxet ouvexn bevtgpon Tapdywyo Taviov)
01¢

Sn()(x) = f(x)
ouoduoppa yia r € R.
To xAeldi oy anoden eival 6t 10 péyebog twv ouviedeotov Fourier piag t€rolag

ouvaptnong eivat Pikpo, Kat autd €Xel 0a OUVETEL Tr) OUYKAlON g osipag. [paypatt
Xpnoponoloviag duo popég tov kavova (beite Osmpnpa 7.2)



naipvoupe ﬁ(n) = —an(n) Kkat apa, yua n # 0,

~

Fin) = 3 Fi(m).

Xpnotlpornolwviag T0 @edypa F(n)‘ <||f"|l,; naipvoupe

f/l 1
U, )

)| <
Ao auto énetat ou ) oepd Fourier g f
> fk)e™
k=—o0

ouykAivel oe kamnola 27-nieplodiky) ouvdaptnon ¢(z) enedr) ouykAivel ardduta. Autod 1o
tedeutaio eival ouvérnela Tou 0Tl

k=—o00

H ouyxkAion opwg sivatl kat opolopopdrn apou 1 “oupd” g oelpdg Fourier

Z f(k)ezkt

|k|>N

@paocoetal (IPy®VIKL avicotnta) and v oupd g ouykAivouoag oeipdg (75) n omoia
(eme1dn n oepa eivat cuykAivouoa) raet oto 0 pe o N.

Ene1dr) ta pepika abpoiopata g oepag Fourier sivatl tpiy@vopetpikd moAuovupa Kat
apa ouvexeig ouvaptroelg £metat Ot Kat to 0p1o g(x) eivat ouvexng ouvaptnor). Arnopévet
va deifoupe 6u g(x) = f(z) yia ka0e = € R.

@a deioupe o611 J/”\(n) = g(n) yia kabe n € Z xat apa, ano 1o @sopnpa Movadikotntag
(Bewpnua 7.7) Sa éxoupe f = g. Agpou Sy(f) — g opowdpoppa €xoupe (yiati;) éu ya
KAOe n ol

Sn()(n) X2 G(n).

— o~

'Opeg 1 akodoubia Sy (f)(n) eivat otabepr) kat ion pe f(n) yia N > n, dpa éxoupe beitet
10 {nroupevo.

8 OpOoywvia noAvwvupa

8.1 OpOoywvionoinon Gram-Schmidt

'Onwg eidape kat oto Oepnpa 7.4 1o va prnopesi kaveig va unoAoyioel tv opBoyovia
poBoAn evog dlavuopatog f oe éva ypappiko xopo V' 1oobuvapel pe to va Bpei to mAn-
otéotepo diavuopa amnd to xopo V' oto diavuopa f. To anodeiape autd oto Oswpnpa 7.4.
Exkel n anodedn €yive yla €éva OUYKEKPIPIEVO S1aVUOPATIKO XDPO KAl EOROTEPIKO YIVOHEVO
alld oxuet oe orowadrnote nepintowon. Kat to va urodoyiooupe v opboywvia ripoBoArn)
tou f av dabétoupe 1161 pa opbBoravovikr Baon e, . .., e, Tou V eival oAU eUKOAO Kat
oivetat amo tov Opilopo 7.4.
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O11EP1000TEPOL YPAPHIIKOT XWPO1 TTOU Pag artaoX0Aouv e eival @UOIKA X®OPO1 OUVAPTI|CEDV
Kat ta dtavuopata eivatl ouvaptroelg, aAdd dg XAvoupe TIOoTE HE T0 va TV KPUWOUHE aUTh)
v mMAnpogopia os autr tr] @Aor], pia Kal 1o €1dog diavuopdiev yia to onoio pddape dev
evdlapépet (akoun) aAdd povo 1o Ot PIoPOUHE AUTd va ta IpooBétoupie Petady toug Kat
va 1a rtoAAardactddoupe pe aplbpoug apapévoviag otov 1610 x®po. AUTo Tou Xpelado-
Haote twpa, PEXPL va apXiooupe va PIAdPE yid XOPOoUG MOAUMVUN®YV, elval akpiBmg auth
N YPAUMIKI SOHI] KAl T0 €E0MTEPIKO YIVOUEVO TTOU JE@POUNE OTL UITAPXEL OPIOHEVO OTO
VPAPHIKO pag Xwpo.

Eivat Aoutdv moAutipo 1o va €xoupe pia opbokavovikn Baon tou V. Autd 1o ermtuyyavet
Kaveig pe pia adyop1Buiky Siadikaocia, tn Asyopevn opBoxkavovikoroinorn Gram-Schmidt.

H 61adkaoia autr) naipvel og ei0odo pia akodoubia fi, fo, . . . amod ypappikeg ave§aptta
dlavuopata oe kAo ypappiko xopo V(o xwpog V' propet va eivat kat aneipodiaota-
10¢ Kal n akolouBia f, prmopsi kat va eivat pia arnelprn akodoubia Siavuopatev). H
dladikaoia mapdyetl pia addn opBoxkavoviki akoAoubia eq, es, . . ..

Oswpnpa 8.1 (H Swadikacia Gram-Schmidt). 'Eotw V yoauukog xopog ue e0wtepkd
ywouevo (-, ) kat fi, fa,... € V wa ypauuukog aveEapmm axofovdia Siavuoudtwv. Ta

dtavvouata ey, es, ... € V (kar n Bondnukn axodouvdia vs, vs, . . .) opidovtal ¢ ENg:
1
er= 7N
11l
g = fr — (froen)er + - (fr, er—1)er—1 yak > 2)
1
ep = ——Ug yia k > 2).
[[orl

Tote 1a e; sivar ava Vo opdoywuia kat £xouvv |le;||, = 1 war emiong mapdyouvv toug i61oug
ypapukous xwpoug ue ta f;, onA. ya kads k > 1

span{ f1, ..., fx} = span{ey, ..., ex}.

To 611 n voppa v ¢; eivat 1 eivat apeco ano tov opiopo.

Armode1kvioupe e EMAYyWYH OG pog k o1l ta Stavuoparta €, . . . , € £ivat opforavovika
KAl rapdyouyv tov i610 xmpo pe ta fi, ..., fr. Auto sival mpodpavég yia k = 1 agou to e, &i-
vat rioAAarAdoto tou fi. Av urtoBooupie 611 10XUEL 1] Tipdtaoct yia to k — 1 arodeikvioupe
KAt apxrnv Ot 10 € eivat KAOeto pog ta €4, . . . , €,_1. AUTO €ival @avepo pia KAt 10 Vg 100U-
tat pe o f peiov v ripoBoAr) tou oto xopo span{e, ..., ex_1} kat dpa ([IpdBAnpa 7.12)
gtval kaBeto oe 0AOKANPO 10 XOPO spanies, ..., e, 1} Kal apa xat ota ida twa ey, .. ., €.
To Savuopa e, eival amdd n KAvoVvIKOIIOinor ToU ¥, KAl apd £ival Kt autd opbBoyovio ota
€1, ...,er. TéAog, apou

fr —vp € span{es, ..., ex_1} =span{fi,..., fi_1}

TIPOKUTITIEL OTL
span{ey, ..., e, 1,0k} = span{ fi,..., fe—1, fa}

Kal apd, apou 1o vy £ival TTIOAAATTIAAGC10 TOU €, £XOULE KAt 10 rmbupnnto

Spaﬂ{eb ey €1, ek} = Span{fh oo fre—1s fk}

KA1 1 EMAYEYKL arnodeifn eival mAnpng.
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Katd xkdaroio tpéro n Sabikacia Gram-Schmidt e§etalet ta otoxeia fr éva mpog
éva Kal Kpatdet anod Kabe fi 1o “Koppdir” tou mou eivat opboywvio pe e; Imou €xouv
urtoAoylotel péxpl eketvr ) ouypr), dnA. 1a e, ..., ex_1. Elval onpavuko va toviooupe
0Tl OTOV 0P1OPO TOU € PEo® Tou Bondntuikou diavuopatog v (TOu €lval ouolaotikA To
er TPV KavovikoronBei) 6Aa ta otoixeia mou sudavidoviatr oto 6edi péAog €xouv 1dn
urtodoytotel ota ponyoupeva otadia g dadikaociag kat dpa yvepidoupe 6,11 xpetddetat
yld TOV UITOAOY10HO0.

IIpoBAnpa 8.1. Acifte 01l KAdE Y WPOG TEMELAOUEVNG OLATTATNS UE EODTEPUKO YIVOUEVO EXEL
opdokravovikr} Saon.

IIpoBAnpa 8.2. Egapuoote m Sabucaocia opdoravovuonoinong Gram-Schmidt ota 6t
avvouara

file) =1, fo(z) =1—-2% faa)=1—=
oto ypauuko yapo C ([0, 1]) ue ecwtepuco ywoupevo (f, g) fo dz.
Ipdé6Anna 8.3. Zwo ywpo C([a,b]) tov ouvsxd)v ouvapm’oemv oto 6idotnua [a, b| Boeite éva
TUTO y1a 10 €0wteptd ywouevo (f, g) f f(z)g(z)dx av

flo)y =Y fial, glx)=> gz’
j=0 J=0

givat 500 moAVOLVUNA, HEO® TOV OUVTEAEOTAV f;, g;.

IIpoBAnpa 8.4. Ag sivar V' o ypauuixdg xepog tov wnuatma OUVEX®V OUVAPTHOEDV OTO
[0, 1] pe 10 ouvndiouévo eowtepucd yrwouevo (f, g) fo x)dx. Ag eivar emiong W o
unoxwpog tou V' mou mapadyerat and ta dravvouara

Xo.1(), X[%,u(if)-
Av f(t) = t> + 1 eivatr éva otoyeio 1ou V Bpeite tu opdoywuia mpo6oAn tou oto ywpo W.

Ipdé6Anpa 8.5. Zw yxapo C([0,1]) ue eowtepid ywiuevo (f, g) fo g(x) dz Boeite
v opdoyavia mpo6oin g f(x) = e* oto ywpo mou rtapdyetar and ta 6lavuouata

filz) =1, falz) =

IIpoBAnpa 8.6. Z¢c va ywpo V ue eowtepud ywousvo ta dtavvouara fi, fa, - - - elvar yoau-
uikog avefaptta kat ot (nemepaousvoy) ypauuucoi ovvdvaouol toug givar tukvol oto V.
Ag glvat e, eq, -+ 1N opdokavoviky] akoflovdia mou mapaystar ano m Swabikaoia Gram-
Schmidt. Aeifte ot o1 (memepaopévor) yoauuikoi ouvduaouol tov e; gival eniong TUKVoL oTo
V' (éva ovvofo dravvuouatwv Agyetar tukvo oe éva ajifo ovvoio av kade atoryeio tou dAfou
oUVOAoU UTopEt va mpooeyylotel 0oo kaida 9€Aoupe ano oToLEla ToU TPWTOU OUVOAOU).

8.2 H axoAouBia 0pBoywVvinv MOAUKMVIP®OV G MPOG fla ouvaptnon
Bapoug ot éva dractnpa

Me 6ebopévn v 1epdoTia onpacia Imou £Xouv Ol XMPOol MoAumvuuev P, otn Sswpia
IPooEyy10Ng KataAaBaivel EUKOAA Kaveig mOCo onpaviiko eivat to akoAoubo amotédsopa

59



rou pag divetl éva aroé poro va Bpoupe pia opboywvia akodoubia arnd povikd nmoAvevupa
OAwV TV Badbpov.

YrioB£toupie ota mapakdie o0t £Xoupe otaBeportolr)oel £va KAE10TO KAl gpaypevo dtdotnpa
[a,b] € R xat pia 9eukn ouvdapton Bapoug w(z) nave oto didotmpa auvtod, péow g
ortoiag opidetal £éva e0MTEPIKO YIVOIEVO

b
_ / f(@)g(@)w(z) d

kat 1 avrioton 2-vopua || f|2 = (f, f).

Oswpnpa 8.2 (H kataokeur) twv opboywviov noAvevipev). 'Eote 1 akofovdia moAvovUpuav
Qn(z) mou opiletar wg e&rg:

Qo(l’) = 1
Qu(z) = (x = ao)Qo(x) =  — ag
Qni1() = (x — ay)Qn(x) — b, Qp_1(x) (ytan > 1)

onou

o = <:L’Qn(l‘),Qn(l’>> b, — <$QR(ZL‘),QH_1(JI)>
TAQn(2),@u(@) T T {(Quer(@), Quea(2))

Tote deg Q,, = n, 10 Q,(x) elvar povikd (6nA. Q,(x) = 2™ + - -+ ) kat ta roAvevuua Q,(x)
etvat ava 6vo opdoyavia. Emiong ta mojvovuua Q,(z) eivar mpaypatika mojvovupa.

(76)

Ipdé6Anpa 8.7. Apou mpata urofoyioete kai 1o Q2 () amobdeifte ot ta tofudvuua Qo, Q1, Qo
glvat ava 6vo opdoyavia.

IpéBAnpa 8.8. Anobeifie ue emayoyn wg mpog n ot 1 Q,(x) elvar povuko, mpayuatiko
noAvavuuo Baduov n.

Arodeikvioupe v opboyeviotta v (o, . . ., (), pe enayoyr og mpog n. a n =
0, 1, 2 autd eivat to avuxkeipevo tou [TpoBArpatog 8.7. Av uniofécoupe ot ta Qo, Q1, - .., @y
elvat ava 6Uo opboywvia TPEretl, ylia va OAOKANPOOOUNE TNV E£MAYOYIKL arodedn, va
dei§oupe ot 10 (Y, 41 eival opboywvio mpog ta (o, @1, ..., ,. Acixvoupe Aoutov ot
(Qni1, Q) = 0 yua k < n daxwpiloviag 3 meputtwoeig yia 1o k.
[Tepimwon k = n:

Xpnopomnotwviag Tov 0plopo ToU @, KAl T0 YEYOVOG (EMAY®YIKI ®©G ITIpog 7t urdbeor)
ot (Qn, Qn_1) = 0 éxoupe

<Qn+17 Qn> - <($ - an)Qn - nQn 1, Qn>
<IQH7 Qn> — an Qnu Qn M
_ . (2Qn, Qn)
= <xQn>Qn> - <xQn; Qn>
= 0.

[epimwon k =n — 1:
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<Qn+1a Qn—l) = <xQn7 Qn—1> - anW_ bn(Qn—b Qn—1>

_ o <xQn> Qn—l>
- <‘/EQN7 Qn—1> <Qn—1, Qn—1> <Qn—1a Qn—1>
= 0.

[epimwon k < n — 1:

(Qnr1, Qr) = (2Qn, Qu) — Qs @k — bi{Qu=r-Q1)
= <$Qna Qk>

= <Qm ka>

= 0.

Zinv npotedevtaia 100tnta XPNoIHonow0nKe 11 CUYKEKPTHEVT] POP(PI) TOU E0MTEPIKOU Y-

VOHEVOU 1] OTT01a OUVETIAYETAL TNV TAUTOTHTA

yla oroteodnrnote ouvaptroelg f, g, h (to xpnowonowjoape ya wm ouvaptnon g(z) = x).
Téhog, deg(zQr) < n xkat Gpa (Q,, Q) = 0 apov 1o @), sivat opboywvio (ard v enay-
®YIKI pag urobeon) rpog oda ta Qy, @1, ..., Q,—1 Apa Katl rpog 6A0UG TOUG YPAPHIIKOUG
toug ouvduaopoug mou eivatl 6Aog o xopog P, 1.

H anééeidn tou Bewpnpatog 8.2 ivat mArnpng.

IIpoBAnpa 8.9. Anobeifte ot b, > 0 oo Bewpnua 8.2.

IIpoBAnpa 8.10. Av p € P, motot glval ot CUVTEAEOTES TOU P ¢ TPOog THL opdoywuia Baon
QOa Qh s 7Qn tov Pn;

Mpdé6Anpa 8.11. Av Fy(z) = 1,Fi(x) = 2 4+ C,--- eivar wa axofovdia povikdv op-
Joywviov moAveoviuev ue deg Fj, = k tote 6¢ifte ou 1o F, () eivat 1o povuco moAvavuuo
Baduov n ue mu eAdyiom L? vipua, kar sivar emione 10 povadukod 11010 TOAVOVULO, Kat
apa n axoflovdia HovIK©OV 0pA0Y@VIGL TOAUGVUUGV & TPOG VA E0MTEPIKO YLVOUEVO glval
uovadixn.

Ipdé6Anpa 8.12. Av T, eivai ta nojuavupa Chebyshev oto [—1, 1] beite 6u ta moAvavuua
Q, = 217"T,, eivai 1a opdoysuvia moAuovuua yia 1o Sidotnua [—1, 1] ka1 10 Bapog

1
V1—2a2

Aeite emiong ou n avadpoukn oxeon (48) yia ta moAvwvvua Chebyshev sivar ibia ue
™MV avadpoukn oxEon mou meptypapetatl oto Oswpnua 8.2.

w(x) =

®a 6ei§oupie 10 ak6A0UBO CNPAVIIKO ArOTEAECHA TO OIoio apyotepa da epappocoupie
o€ neBodoug aplOPUNTUKAG OAOKANP®ONG.
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Oswpnpa 8.3 (Pideg opboywviov nmoAuevipav).

'Eote [a,b] éva kieiwoto gpayuévo siaomua oo R kar w(z) > 0 wa ovvexrig ovvaptnon
Bapoug oo [a,b]. Ag elvar Qo(x), Q1(x),Q2(x),... n akofovdia povikov opdoywvicv
TOAVOUVUUGD yIa TO EOWDTEPIKO YLVOUEVO

(f.g) = / H@)g@)w(z) d.

Tote yia kade n > 0 10 moAvavupo Q,(x) éxet Oieg tou g pileg aniés kat oto diaotua
(a,b).
To Bswpnpua 8.3 eival dpeon OUVETNELWD TOU MAPAKAT® ANPHATOS.

Afjppa 8.1. Me 1oug 0piouols ou Oewprjuatog 8.3 av wa ovvdpmon [ € C([a,b]) evar
opdoyauvia mpog 0ia ta mofvaovupa p € P,_1 te n f(x) éxer toufdyiotov n 51apopetices
pileg oto (a, b).

[Mpaypat, agou 1o @, sivat opboywvio mpog ta (o, @1, - . ., Q,_1 eival kat opboywvio
pog KAabe ypappiko ouvdéuaopod toug, dnd. mpog kabe p € P, 1 Kai, ovppeva He 10
rponyoupevo Afjpupa, €xet n Siagpopetikég pideg oto (a, b). Autég eivatl 6Aeg ot pieg tou @),
agpou deg ,, = n.

IMa va arodeifoupe 1o Anppa 8.1 Sa xpelactovpe v MAPAKAT® IPOTaot).

Afjppa 8.2. H f € (C([a,b]) eivar opdoywvia mpog 10 P,_1 av kai uévo av urdpxel u €
C"([a, b)) r.o. u™ = fw karu®(a) = u®(b) =0 yia k =0,1,...,n — 1.

Eilvat moAu eUkolo va Ppet Kaveig pla ouvdaptnon w Ing oroiag n 7n-ooty napday-
oyog va eivat n fw. Ta napadewypa n ouvdpwnon v(xr) = fax f(t)w(t) dt wavorotei
V'(z) = f(zr)w(r) kat priopoupe va enavaddBoupe auvty ) Sadikacia n Qopég Gote va
Bpoupe pia tétola u. I[pooBEtoviag éva omnolodrrote moAumvupo p € P,,_; oe autr) ) u dev
nipoxettat va aAAd€et ) n-ootr) g napdayaeyo (apou p™ = 0) dpa éxoune erurdéov n Ba-
91006 eAeuBepiag 1€ TOUG OTTO10UG EUKOAM UITOPOULIE VA TKAVOTTO|COUHE TI§ 72 CUVOPIAKEG
ouvOnKeg u(k)(a) = 0. To onuavuko sivatl 0tl PopoUHEe TAUTOXPOVA VA 1KAVOITO)COUE
Kal TIG OUVOPLAKEG oUVONKeg KAl 0Tto AAA0 AKpo Tou draotrjpatog, pdypa rnou de gaive-
tal Kat apxnv duvatod pe toug Pabpoug sAsubepiag mou €xoupe ot 61d0eor] pag, adda
TeAIKA PITOPOUHE va 10 Kavoupe Ady® tng undbeong g opboywviotntag tng f mpog 6Aa
ta otoixeia ou P,,_1.

‘Eote Aowév u pia ouvapton t.o. u™ = fw katu®(a) =0yiaa k =0,1,2,...,n —
1. ®a &ei§oupe O Kavorolel KAt 11§ AAAEG OUVOPIAKEG OUVONKEG u(k)(b) =0y k =
0,1,2,....,n—1.

®a XPe1aoToUE TOV TIAPAKATE TUTTO TIOU YEVIKEUEL TOV TUTIO OAOKATP®ONG KATA PEPDN :

[ i@t = Y P @@ 1y [ e e @

a k—1 = a
IIpoBAnpa 8.13. Anodeifte tov twmo (77) ue enaywyn g mpoo¢ n. I'nan = 1 &youue 10
oUVNAIOUEVO TUTIO OJI0KANPWONG Kata UEPN.

Av wpa p € P,_1 16te Xpnowonoiwviag tov turo (77) kat 1o ot p™ = 0 éxoune
b n
/ fow => (=1 P 0)p* D (b). (78)
a k=1

‘Opwg ot apdpoi p(b), p'(b), p? (b), ..., p* Y (b) eivat tedeing ot 61abeor pag omeg Aéet
10 entopevo IpoBAnua.
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Mp66Anpa 8.14. Avag, ay, ..., a,_1 € Cxrarb € R 1612 undpyerp € Pn_i t.o>. p*)(b) = ay.
yaak=01,....,n—1.

IMa va eivatl Adourtov 1o apiotepd pédog g (78) ico pe 0 yua kabe p € P,_1 0 povog
1porTog eivat va eivat 6Aot ot ouviedeotég u" ¥ (b) = 0 yia k = 1,...,n. Me dAAa Adya
MPETIEL KAl APKEl u(k)(b) =0ya k =0,1,...,n — 1, kat n anéden tou Anppatog 8.2
etvatl mAnpng.

Enavepxopaote topa oty anodeidn tou Anppatog 8.1. Ag eivat f € C([a, b]) opboyo-
via 1pog 10 P,_1 (6nA. opBoywvio mipog 6Aeg ta otoixeia tou P,_1). Amo to Anppa 8.2
¢xoupe 6Tt undpyet ouvaptnon u € C™([a, b)) 1.6, fw = u™ kat 6Aeg o1 mapdymyot g u
1agng pikpdtepng tou n pndevidoviat ota dxpa tou dractpatog. Agou u(a) = u(b) ano
10 9evpnpa tou Rolle éxoupe ou n v’ éxet kanoa pida oto &wdompa (a,b). Apou n v’ pn-
bevidetal ota HU0 axkpa Kal og éva evo1APECO ONPEio TTPOKUITIEL, KAl TTAAL Ao 10 Sewpnpa
tou Rolle 6t n u?® éxer 8vo drapopetkég pileg oto (a,b). Zuvexilovtag kat autdv tov
poto, epapuodoviag dnA. ouvexwg 0 Yedpnua tou Rolle dote va “kepdioupe” aro pa
erurAéov pida kabe @opd mou aveBaloupe Vv TA§N NG MAPAYWYOU TG U, KATAATYOUHE
tedika ou n ul™ éxer n Sragopetikég pileg oto (a,b). H anodedn tou Anppatog 8.1 eivat
ANPNG Kat apa 1o Oswpnpa 8.3 £xel emiong anodesiytel MANPES.

9 AplOunTtiry oAoKANPKOY

9.1 AmnAoi Kat oUVOETOl Kavoveg aplOpuNTIKNG OAOKANP®ONS

IToAU ouyva dev eival duvatd va umodoyicoupe akplBwg €va odorAnpopa. I1.X. 10 oAok-

Anpopa
B 2
/ e " dx
A

dev eivatl duvato va urodoyiotel akpBig (EKTOg arod e181kéG Tipég twv A kat B) agou €xet
arodeiytel 011 10 AdPlOTO OAOKANPOUA NG e e propel va ypagel oe KA10T6 TUTIO,
Xpnoponolaviag dnA. 11§ ouvnOiopéveg ouvaptnoels (IPIYOVOHETPIKEG, Aoyapibpoug, ek-
Oetikég, KAM) KAt alyeBpikég mpddelg. Avaykaotikda Aoutdv 1o mpooeyyiloupe pe apt-
Sunukég pebBodoug. TMoAAEG popEg AAioTa, OTav To 1OVO TToU Jag eviladEpet eivat ) TN
€VOG OAOKANPOPATOG Y1a CUYKEKPIHEVO Hlaotnpa 0AOKANP®ONG, €ival POTIHOTEPO va UIT-
oloyidoupe €va oAoxrArpepa apldpnuka (mpoosyylotikd) rmoAu anid ylati eivat Kkatd 1moAu
E€UKOAOTEPO.

Ye adpég ypappég pa tétola Hadikaoia yivetar oe duo otdadia. Ilpota xwpioupe
10 draotnpa odorAnpeong [A, B] oe pikpdtepa daotpata, ylia amoma ag movpe ot
xopidoupe oe N ioa Swaotfpata, kat oe KAOe éva arod ta Pikpd auvtd daotrpata Xpnot-
portoloupe éva “ardo kavova aplOpnukng 0AoKANP®OoNS” yla va IPOCeEYYioOUHE T0 OAOK-
Anpopa skel péoa. H mpoogyyion tou 6Aou oAokAnpwpatog ovopddetal “"ouvietog Kavovag
apOuNTIKAG 0AOKANPOONG™.

Me autég tig mapadoxég ag doupe pepikd rapadeiypata armlov Kavoveov aplOpntikng
oAoxrAnpwong. '‘OAot ot kavoveg rou Ya eEetdooupe eival YPAPHPIKOL, HIPOUHEVOL TO
paypatiko (axkpiBég) oAorkAnpwpa rmou eivatl emiong pla ypappikn dwadikaocia. Xta-
Seporotovpe Aowrov éva didotnua [a, b] kat oupBoAioupe kat apxfv pe I1(f) to akpBig
odoxAnpena g f oto [a, ]

b
1(f) = / f(z) d.
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H ypappikomta t1ou 0AoKANpopatog oty oroia avagepbrkape onpaivel armda ot ya
Kka0e 8U0 ouvaptroeig f kat g (ag ovpe ouvexeig oto [a, b)) kat kGO dUo otabepig A, u € C
1oxUeL

I(Nf + pg) = M(f) + pl(g).

To 1610 10xUEl KA1 y1la TOUG armAoug KAVvoveg aplOunTiKhG 0AOKANp®ONG TTOU TIEPTYPAPOUE
TIAPAKATR.
Kavévag apiotepot onueiou

I (f) = (b—a)f(a). (79)

Eb® n moodtnta mou rpooeyyidet 1o odorAnpepa I(f) eivat to odokAnpepa mou Sa eixe
n ouvaptnon av frav otabepny oto [a, b] pe py ion pe f(a). Opoing opiletal puokda o
ravovag 6e§lou onpueiou.
Kavévag péocou onpueiou

Lu(f) = (b—a)f <a;b> (80)
Kavovag tpaneliou
() = (- ) IO 1
Kavovag tou Simpson
0 =0-a) (g + 57 () + 510). 82)

[Mapatnpeiote 611 0A01 AUTOL 01 KAVOVEG €ival TG PLOpPHS
I(f) = Aif(ty), (83)
j=1

orou ty, to, . .., t, elvat onpeia oo [a, b] kat Ay, A,, ..., Ax eivat otabepés.

Op1opog 9.1 (Tagn tou Kavova 0AOKAHPWONg).
Tagn evég kavova aplOpnuKhg OAOKANP®ONG ival 0 PEYIOTOG aKEPA1og k T.0. 0 KAvovag
UIoAoYiel 0OOTA T0 OAOKANPOPA KABe TIoAUGVUPOU Babpou to oAU k.

Ta va Bpoupe rota eivat ) tadn evog kavova I ardd Bpiokoupe rmoto eivat 1o peyadutepo
k 1.0.

I(z")=1(z"), yuaxdber € {0,1,... k}.

[Mpdypat, Ady® ng ypappikotntag, sivat @avepd o1l av o Kkavovag pag 6oulevsl owotd
ndve otig ouvaptioss 1, x, 22, ..., 2" 161 Soudeviel 0OOTA KAl TIAVR Ot KABE YPAPHIIKO

ouvéuaopo autmv, dnd. nave oe kKaOe oAudvupo Badpou 1o moAv k.

IIp6BAnpa 9.1. Amodeifte 61t 0 Kavovag apiotepou onueiou gxet taén 0, o kavovag Tou
UEooU onueiou kat o kavovag tou tpancdiov xovv taln 1 kat o kavovag tou Simpson £xet
taén 3, oe kade Saotnua |a, b|.

H onpaoia rou €xet n tadn evog kavova aptOpntikng 0AOKANP®ong @aivetat av egetd-
OOUWE TNV arodoorn evog OUVOETOU Kavova OAOKANP®ONG O 0XEOT HE Vv napapetpo N
mou deiyvel oe mooa pikpd draotnpata Xepidoupe 1o Sidotnpa 0AOKANP®ONS.
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Ocnpnpa 9.1 (Artodoon evog oUVOETOU Kavova OAOKANP®ONG Tasng 7).

'Eote [A, B] éva kieiot6 kar gpaypévo idomua kar f € C™([A, B]) wa ovvdptnon pe
r + 1 ovvexeic mapaywyoug (r eivar karowog aképaiog). Av I sivar gvag anjlog kavovag
ap¥unurng ofokipwong tadng 1 wre av Iy eivai o ouvdetog kavdvag apdUNTKNG 00k-
Anpwong mouv mpokumntet arno ov I (ue xwplouod tou dractiuatog o N ioa diaotniuata) tote

1
/ f IN ‘ NT+1 ) (84)

omou n otadepa K " 6ev e€apratar and o N mapa pdvo and mu f kar wov aniod kavova
ofoxAnpwong 1.

To Sidotnpa [A, B] uroduatpeitat oe N ioa Siaotpata péoe v onpeiov

BA
N

rj=A+7 7=0,1,...,N.

Av ocupBolicoupe pe I (f,z;,2j41) 10 arotéAeopa 10U AMMOU KAvova OAOKANP®ONG ePap-
poopévou otr ouvaptnor f oto draotpa [z, 2;41] TOTE £XOUPE Ao MV TPIYRVIKY aviootnta

RRTE

7=0

(85)

/:M f= T(ﬁ Tj, Tjt1)

J

orote 9a otabeporotrjooupe éva Sidotnna [a, b] = [z}, ;41] kat Sa ekupriooupe o opdipa
IOV TIPOKUITIEL PE€0A O€ AUTO TO H1aoTnpa Ao T XPron ToU drAou Kavova OAOKANP®ONG.
Katormmv Sa abpoiooupe ta empépoug opdaipata kat Sa mporUyel €éva @pdypa yla o
OUVOAIKO opdApa péom tng (85).

Z1aBeportoloUpe AOOV £va armAd Kavovad 0AOKAN)P®ONG TOV OO0 TOV TEPLYPAPOUHE
oto &dotpa [0, 1]

1(£,0,1) ZAf

orou A; karoteg otabepés Kat t; karowa onpeia ot [0, 1]. O kavévag autdg, epappolo-
pevog ot éva tuxaio Siaotua [a, b], maipvet ) poper
I(f,a,6) =Y _(b—a)A;f(a+1;(b—a)). (86)

J=1

To onpaviko oty anoden eivat va ypaywoupe ty f oto Sidotnpa avtod og éva oAU®VUo
Babpou < r ouv kamnoto opdadpa. Xpnotpornotovupe yi auto to Sewpnpa tou Taylor pe kév-
PO TO @ TIOU Pag Agel Ot

f(x) = p(x) + R(z)

orou p(x) etvat 1o moAuwvupo Taylor g f Babpou r

f"(a) [¥(a)
2 3!

[ (a)

2
(x —a)” + .

(x—a)P®+--+

(CL’ - a)rv

p(x) = f(a) + f'(a)(z —a) +

kat R(z) eivat to opdApa yia to ornoio 10xvet 61t yia kabe = € [a, b] uniapyxet éva £ € (a, b)

1.0. va 1o0XUel
TARRIGS)

R(z) = e

(x — CL)T—H (87)
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A@oU 0 Kavovag 0AOKATP®OOTG TTOU XP1O1OITOI0ULE £XEL TASH 7 TO TIOAUMVUHO P OAOKANP®VE-
Tat akpBmg apa to opdApa oty oAorAfpwon g f opeiletal amokAEIOTIKA OtV apt-
Sunuxy odoxAfipwon g ouvaptong R(z), ki étot £xoupe

b b
/f_j<f7a7b)‘§ R—I(R,a,b)'
a , N
< / R‘ + ‘[ (R, a, b)’ (tpywviky aviootnta)
<(b=a)llRl+>_(b—a)lAlIRll. (art6 v (86))

J=1

< (b—a)K[|R]|

orou K =1+ Zyzl |A;| etvatr pa 9eukr) otabepa nou Sev egaptdtat and o Sdotpa
aAAd POVOo armo ToV Kavovd 0OAOKATP®OTG.
Egappodoviag topa v (87) naipvoupe

sl
2], < N

e By

(b - (r+1)! Nr+1

10 ortoio pag diver
(B _ A>r+2

b
f =11, a7b>‘ < KD

yla 1o opdApa g 0AoKANp®OonNg oto Pikpo draotpa [a, b]. Abpoiloviag yia ta N dagpope-
KA pikpd Saotparta [a, b] = [z}, z,41] naipvoupe

K’
/f In(f ' Nl (88)

émou 1 otaPepd K' = K(B — A)™*2 8ev efaptdtat ané o N, kat n anédein 1ou Osoph-
patog 9.1 eivatl mArpng.

H onpaoia Aourtov g tdéng evog ardou Kavova 0AOKANP®ONG @aAivetatl otav Xpnot-
HOITO)00UE TOV KAVOVA AUTO O€ évd 0UVOETO Kavova 0AOKANP®ONG KAl raipvoupie oAoéva
Katl peyadutepeg tpég tou N. To dve @pdypa yia 1o opadpa odokAnpwong @Bivel oav
v r+ 1 &uvapn tou 1/N. Ta napdbetypa av Xpnotponolovpe éva Kavova 0AOKANpOONG
14&ng 0 (.. tov kavova [ tou aplotepou onpeiou) tote av Y¢doupe va uroderandaoid-
OOUHE TO £YYUNHEVO AV PPAYHA Yld T0 opdApa pag Tote MPETMel va MOAAAITAao1aooupe
10 N mou xpnoworotjoape pe 1o 10. Av Xpnoiponou)ooupe éva Kavova tagng 3, onwg
o ravovag [g tou Simpson, t6te apkel va noAdardaocidocoupe 1o N povo pe tov aplopo

104 = 1.77827941.

9.2 Kavoveg 0AorANpwONG TUnou Gauss

Zinv napaypago auvtry Sa Sovpe g peBodoug odorAnpwong tunou Gauss, TV Oroim®v
n UYnAr tadn ogeidetat oe KAtaAAnAn emAoyr) T®V OoNnpei®v ota oroia uroloyifoupe 1
ouvaptnorn f mou mpooraboupe va oAokAnpoooups aplOpnuka. Kowtdpe to mpoBAnua
Atyo yevikotepa and mptv Kat, 8e60pévou evog KAE10TOU Katl @paypévou dlaoctjpartog [a, b]
Kat piag 9eukng (kat ouveyoug) ouvdaptnong Bapoug w(z) > 0 oplopévng nave oto [a, b
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ripoorta®oupe va urodoyicoupe aplOpunukda to odorkAnpopa g f ©g 1pog 1o Papog w,
OnA. v noooTa

b
1(f) = / f(@yw(z) dr.

Ot armdoi kavoveg ap1OPNTIKng 0AOKANP®ONG ITOU XPNOTHOII00UNE eival g popPpng

n
I(f) = Ajf(zy) (89)
j=1
OIoU 1, ..., T, € [a,b] xat A; eivat otaBepég.
To epOTNIIA IOV ATIAVIAHE MTPOTA £ival “av KAT010G £Xe1 ETUAESEL Ta N oNpeia X1, . . . , Ty,

yla pag mota TpETet va eivat i) ermdoyn tov A;;”

@copnpa 9.2. O ovvtefeotée A; otov kavdva (89) umopouv tavia va enisyovv @ote o
Kavovag va gxet taln tovAdaytotov n — 1.

Ia va metvyoupie va 0AOKANp@voUle akp1B8ng KaBe toAunvupo Babpou n—1 (to oroio
kaBopidetat pe n ap1Bpoug) apket va €xoupe otn d1abeor) pag n fabpouvg eAeubepiag. Auto
etval ouolaotikd 1o replexopevo tu swprpatog 9.2.

O 1o eUKoA0g TPOOg arodeing eival XPnoRonolwvIag td MmoAu®vVUHaA mapePBoAng

Lagrange mmou avtiotolyouv ota onpeia oy, . .., Tp:
T —
] .
li(x) = H , 1=1,2,...,n, (90)
T; — .%'j

1a oroia £xouv tv i10tnta

I (yai=))
(:E]) 2] {0 (qu ’l # j)

Av oupBolicoupe pe L(z) 1o modudvupo, Babpou n — 1, mou napepBaAdet uig tpég g f
ota onpueia ry, . .., Ty

L) =Y fatil)

HITopoUHE va 0piooupe Tov eMOUPNTO Kavova OAOKAN)P®OTG AITO TOV TUIIO

Me dAAa Ady1a, yla va rpooeyyicoupe aptOpnukd to 0AoKAfpepa g f auto rmou Kavoupe
etvat ot pwta Bpiokouie T0 TTIOAUGVUIO IOV €Xel TS 161G TpéS Pe v f ota onpeia z;
KAl €METa UTIOAOYIOUPE T0 aKpl6£¢ OAOKANP®OPA AUTO TOU TIOAUGVUHOU. AUt 1 TIHT
artotedel Kat tv MPOoLyy1or| Nag.

Qg oTpATNYIKI) AKOUYETAl AOY1KY], AAAd £ival autog o TpOITog aptdunTiKyG OAOKANPOONG
g popdng (89); Eivarl etkoAo va doupe nwg vat adpou

I(L) = Zumﬂm
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Kal apa JUIopoUE vd TIAPOUHE

b
= / li(x)w(x) dz
a

yld TOUG OUVIEAEOTEG NAG.

TéAog, 0 kavovag pag €xel tagn n — 1 pa xkat av n f eivat moAucovupo Badbpou <
n — 1 tote (povadikot)ta tou moAuevupou napepBoAng, IpoBAnua 6.1) f = L kat apa o
Kavovag pag oAokAnpavel Vv [ akplBog.

To @swpnpa 9.2 arotedei andd éva KAT® @paypa yla v duvatr) tagn evog kavova e
n onpeia. 'Exoupe 1dn et nmapadeiypata (0 kavovag tou Simpson, pe 3 onpeia kat tadn
3, mapandve anod 1o 2 rou rpoBAénetal anod 1o Oswpnua 9.2) onou n tadn propet va eivat
KaAutepn ano n — 1. BeBaiwg untapyouv kat apadeiypata (r.x. o kavovag tou tparnediou,
pe 2 onpeia kat té&n 1) omou n tadn eivat akpBwg n — 1. Ga 6oUupe 010 UTOAOITO NG
apaypdgou ot smAéyoviag KatdAAnda ta zi,. .., T, HNIIOPOUHE vd TIAPOUHE KAVOVEG
0AoxrANp®oNg taéng 2n — 1, pia onpavukn PeAtioon.

Oswpnpa 9.3 (Kavoveg odoxrArpwong Gauss).

Ag givat [a, b] éva kiewoto kar gpayucvo biaotua kar w(x) € C([a,b]) wa avompa etucr
ovvapton. Ag eivar akoun Qo(z) = 1, Q1(z), Q2(z), . . . n akofovdia povicev 0pdoyaviev
TOAVGUUUOU ¢ Tpog o Bdpog w(x) oto diaotnua [a, b], kal

2 2 2™ e (a,b)

ta unéevika v Q,, (eivar 6ia srapopetika Kkai oto (a,b) and 1 Bzwpnua 8.3). Tote vag
amnjlog Kavovag apdunukng oAokANpwong me Uop@eng

I(f) =" A;f(=") (A oradepes) 91)

o omnoiog givar taéng toufaytotov n — 1 givat avaykaotka taéng roviayiotov 2n — 1.

'Eotww p € Ps,—1. AlaipoUpe 10 TIOAUOVUHO P € TO TIOAUGVURO (), Kal £€0T® ¢ TO TINAIKO
KAt r to urodotro (auto onpaivetl ot degr < deg ), = n)

p=Qnqg+r.

Agou degp < 2n xat deg @), = n énetar ot degp < n, kat dpa p,r € P,_1. Kavoupe
Vv napatrpnon ot @, eivat opboywvio mpog 6Aa ta noduwvupa tou P, 1 apou &i-
vat opBoyavio rtpog KAOe otoyeio pag Bdaong tou P,,_1, autig nou anapti¢etat and ta
noAvevupa Qo(z), Q1(z), - .., @n-1(z). Apa

[ v dx—/czn <>dx+/ab<>w<x>dx

b
= / r(x)w(x) dx (apov Q,, L P,_1)
=1 (r) (agov o I eival akpBrig oto P,_1)
= 1(qQ.) + I(r)
=1(p)
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H mpotedeutaia 106tnta napanave mpoxurnet eneidr) to modvovupo @, pndevidetat ota
onpeia o6rnou o kavovag [ urtoAoyilet v 1pog oAokAnpworn cuvaptnor. Exoupe Aourtov
deikel o I (p) = fab p(z)w(x) dr yia kabe moAuwvupo p Babpou < 2n — 1 kat n anddedn
etvat mAnpng.

Mépiopa 9.1. INa kade ppayusvo kat kiewoto bidotnua [a, b] kair ovvapnon Bapouvg w(x) €
C(la, b)), w(z) > 0, kar kade axépaio n > 1 undpyer aniog kavovag oAokANPWONS NG
uopong (91) mou éyer taén touAdaytotov 2n — 1.

["a 1o éplopa, emAEyoupe &g Ty, . . . , T, Va etvat ot pideg tou opBoywviou moAueviupou
(), TIoU avuotokel oto Hrdaotnpa [a, b] kat oto Bapog w(x) Kat erudéyouie TOUG OUVIEAEOTEG
Aj, j=1,2,...,n, Xpnowonowwviag 1o @swpnpa 9.2. Qg ouvénela 1ou ewpnpatog 9.3
0 Kavovag 1mou @uagape £xet tagn tovddayiotov 2n — 1.

IMMapadeiypata. Av akoloubrjcoupe ) dadikaocia rou meptypdgetat oto II6popa 9.1
yla 1o ddotnpa [—1, 1] xat o Bapog w(x) = 1 naipvoupe, adpou npwta vrtodoyicouvpe ta
avtiotoixa opBoyavia oAuavupa (o, @1, 2, Q3 e Bdorn tov adyop1Bpo mou reptypddpetat
oto Oswpnua 8.2 (edo @aivetat n adia g avadpopikrg oXEoNG MoU MEPyPAPETAL O AUTO
10 ®enpnpa), Ppiokoupe petd tg pideg tov () Kat (3 Kat KATAAHYOUHE €101 OTOUG KAVOVEG
Gauss pe n = 2 xat n = 3 onpeia aviiotolya Kat pe tagn > 3 kat > 5 avtiotoixa

-+ (4(3) ()

I3(f) = 2+ (0.5555 f(—0.7745) + 0.8888f(0) + 0.5555 £ (0.7745)) . (93)

lMa v nepimwon n = 2 ot pideg tou MoAuwvupou (Js urodoyidovial oAU eUKOAA OE
KAgl0Tr] popdr). AUt eival ePIKIO KAl yla Tto mOAumvupo (Y3 (rou eivat 3ou Babpov)
addd 1161 1 evpeon TV P¢®V 08 KAE10TH) POP®T YivETal APKETA TIOAUTAOKT KAl apdiB8oAou
Xpnotpotmtag, adou Kat yld va UMOAOYIoOUPE pla drAr] moodtntd On®g To V/3 méAt oe
apOpnukeg (mpooeyylotikeg) pebodoug Sa kataindoupe. H evpeon tov piov otig repio-
00TEPEG TIEPUTIMOELG YiveTal pe aplOpnuikeg pebodoug.

Kdat

IIpoBAnpa 9.2. O kavovag (92) kar o kavovag Simpson (82) eivar g idiag taéng 3. O
ravovag (92) xpnowomnoiei dvo onueia (5vo vrofoyiouovs g f oto diaotnua ofokArpw-
ong) evw o kavovag Simpson ypnowonotel pia onueia. Paiverar Jomov ot 0 kKavovag
(92) eivar mpotuotepog ano oV kKavova tou SImpson pia Kat UTEPTEPEL autoy Oc Tayutnia
(tAndog umoAoyiouav g f) yia to ibo anotédeoua. Aaubavovtag umowv Ot tefuca xpnot
UOTIOI0UUE OUVOETOUS Kavoveg oAokArpwong (urtodiaipouue 1o Staotnua ofokAnpwong oe N
ioa dlaotnuata kair oe Kadgva amo avid XPNOYOTOIOUUE TOV amjlo Kavova oAokinpwong)
6eite ot avtn n Srapopa otnu taxvtnia eavepiletar otav o N givat ueydio.
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