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Kef�laio 1

Eisagwgik�.

A. GnwrÐzoume na metr�me to m koc, to embadì kai ton ìgko apl¸n gewmetrik¸n sqhm�twn sthn eu-
jeÐa, sto epÐpedo kai ston q¸ro, antistoÐqwc. Tètoia sq mata eÐnai ta eujÔgramma tm mata, ta orjog¸nia
parallhlìgramma kai ta orjog¸nia parallhlepÐpeda kai oi peperasmènec en¸seic touc.

To m koc enìc eujÔgrammou tm matoc [a, b] ston R eÐnai o arijmìc

L([a, b]) = b− a.

To Ðdio m koc èqoun kai ta eujÔgramma tm mata [a, b), (a, b] kai (a, b). To [a, b] qarakthrÐzetai kleistì
eujÔgrammo tm ma kai to (a, b) qarakthrÐzetai anoiktì eujÔgrammo tm ma.

To embadì enìc orjog¸niou parallhlogr�mmou [a, b]× [a′, b′] ston R2 eÐnai o arijmìc

A([a, b]× [a′, b′]) = (b− a)(b′ − a′).

To Ðdio embadì èqoun kai ta orjog¸nia parallhlìgramma pou prokÔptoun apì to [a, b] × [a′, b′] me antika-
t�stash tou [a, b] me èna apì ta [a, b), (a, b] kai (a, b)   me antikat�stash tou [a′, b′] me èna apì ta [a′, b′),
(a′, b′] kai (a′, b′). To [a, b]× [a′, b′] qarakthrÐzetai kleistì orjog¸nio parallhlìgrammo kai to (a, b)× (a′, b′)
qarakthrÐzetai anoiktì orjog¸nio parallhlìgrammo.

O ìgkoc enìc orjog¸niou parallhlepipèdou [a, b]× [a′, b′]× [a′′, b′′] ston R3 eÐnai o arijmìc

V ([a, b]× [a′, b′]× [a′′, b′′]) = (b− a)(b′ − a′)(b′′ − a′′).

Ton Ðdio ìgko èqoun kai ta orjog¸nia parallhlepÐpeda pou prokÔptoun apì to [a, b] × [a′, b′] × [a′′, b′′] me
antikat�stash tou [a, b] me èna apì ta [a, b), (a, b] kai (a, b)   me antikat�stash tou [a′, b′] me èna apì ta
[a′, b′), (a′, b′] kai (a′, b′)   me antikat�stash tou [a′′, b′′] me èna apì ta [a′′, b′′), (a′′, b′′] kai (a′′, b′′). To
[a, b] × [a′, b′] × [a′′, b′′] qarakthrÐzetai kleistì orjog¸nio parallhlepÐpedo kai to (a, b) × (a′, b′) × (a′′, b′′)
qarakthrÐzetai anoiktì orjog¸nio parallhlepÐpedo.

Sth genik  perÐptwsh tou Rd ja qarakthrÐzoume (d-di�stato) di�sthma to kartesianì ginìmeno

[a1, b1]× · · · × [ad, bd]

kaj¸c kai ìsa �lla prokÔptoun apì autì me antikat�stash enìc   perissotèrwn apì ta [ak, bk] me èna apì ta
[ak, bk), (ak, bk] kai (ak, bk). To [a1, b1]× · · ·× [ad, bd] qarakthrÐzetai kleistì di�sthma kai to (a1, b1)× · · ·×
(ad, bd) qarakthrÐzetai anoiktì di�sthma. K�je duo tètoia diast mata ja ta qarakthrÐzoume, gia suntomÐa,
paremfer . O (d-di�statoc) ìgkoc tou [a1, b1]× · · · × [ad, bd] orÐzetai na eÐnai o arijmìc

Vd([a1, b1]× · · · × [ad, bd]) = (b1 − a1) · · · (bd − ad).

Ton Ðdio (d-di�stato) ìgko èqoun kai ìla ta upìloipa paremfer  me autì diast mata.
Epomènwc, o monodi�statoc ìgkoc eÐnai to m koc, o didi�statoc ìgkoc eÐnai to embadì kai o tridi�statoc

ìgkoc eÐnai o ìgkoc.

B. Sto m�jhma autì ja perigr�youme mia genÐkeush thc ènnoiac tou (d-di�statou) ìgkou. Ja doÔme, dhlad ,
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ènan mejodikì trìpo na metr�me ìso to dunatì perissìtera uposÔnola tou Rd ètsi ¸ste na ikanopoioÔntai
k�poiec pro "upojèseic pou faÐnontai logikèc b�sei thc empeirÐac kai twn � jewrhtik¸n kai praktik¸n � anag-
k¸n mac. Pio sugkekrimèna, ja jèlame na èqoume mia sun�rthsh md h opoÐa na efarmìzetai se k�poia
oikogèneia Ld uposunìlwn tou Rd ètsi ¸ste h oikogèneia Ld na eÐnai ìso to dunatì megalÔterh kai
na perièqei toul�qiston ìla ta diast mata ston Rd , h sun�rthsh md na antistoiqÐzei se k�je uposÔnolo
tou Rd to opoÐo an kei sthn Ld ènan mh arnhtikì arijmì   to +∞, dhlad  na eÐnai

0 ≤ md(E) ≤ +∞

gia k�je E sthn Ld , kai na isqÔoun oi parak�tw idiìthtec:

(1) gia k�je E1 , E2 , . . . pou an koun sthn oikogèneia Ld kai ta opoÐa eÐnai ana dÔo xèna na sunep�getai
ìti kai h ènwsh E1 ∪ E2 ∪ · · · an kei sthn Ld kai, epiplèon,

md(E1 ∪ E2 ∪ · · ·) = md(E1) +md(E2) + · · · .

Prèpei na poÔme ìti to pl joc twn parap�nw sunìlwn eÐnai eÐte peperasmèno eÐte �peiro arijm simo.

(2) gia k�je E sthn Ld kai gia k�je F pou prokÔptei apì to E me opoiad pote metakÐnhsh na sunep�getai
ìti kai to F an kei sthn Ld kai na eÐnai

md(F ) = md(E).

(3) gia k�je di�sthma I ston Rd na eÐnai
md(I) = Vd(I).

Ta sÔnola pou an koun sthn Ld ja eÐnai aut� pou mporoÔn na metrhjoÔn, dhlad  ta metr sima upo-
sÔnola tou Rd , kai h sun�rthsh md ja eÐnai to mètro me to opoÐo metr�me ta stoiqeÐa thc Ld . Gia k�je
E sthn Ld to md(E) ja onom�zetai to mètro tou E.

Parat rhsh: Oi epìmenec upoenìthtec, G kai D, Ðswc na mhn eÐnai ousiastikèc gia thn katanìhsh tou
upìloipou maj matoc; perigr�foun mìno kai aitiologoÔn k�poiouc eggeneÐc periorismoÔc sth jewrÐa mètrhshc
pou ja anaptÔxoume sth sunèqeia.

G. T¸ra prokÔptei to ex c er¸thma:

MporeÐ na eÐnai k�je uposÔnolo tou Rd metr simo? Me �lla lìgia,

mporeÐ na an kei k�je uposÔnolo tou Rd sthn oikogèneia Ld ?

H ap�nthsh sto er¸thma autì eÐnai arnhtik  kai ja th melet soume sthn eidik  perÐptwsh tou R1 = R.

Prìtash 1.1. Up�rqei uposÔnolo N tou [0, 1] me tic ex c duo idiìthtec:
(i) Gia k�je diaforetikoÔc x, y ∈ N o arijmìc x− y eÐnai �rrhtoc.
(ii) Gia k�je z ∈ [0, 1] up�rqei k�poioc x ∈ N ¸ste o z − x na eÐnai rhtìc.

Ja apodeÐxoume thn Prìtash 1.1 lÐgo pio met�, all� proc to parìn ja thn apodeqtoÔme gia na apant soume
sto er¸thma pou mac apasqoleÐ. Upojètoume � gia na katal xoume se �topo � ìti ìla ta uposÔnola tou R
eÐnai metr sima, dhlad  ìti se ìla ta uposÔnola E tou R antistoiqeÐ èna mètro m1(E).

JewroÔme mia opoiad pote arÐjmhsh r1 , r2 , . . . tou sunìlou twn rht¸n sto di�sthma [−1, 1], dhlad  tou
sunìlou Q ∩ [−1, 1]. Katìpin, gia k�je tètoio rhtì rn jewroÔme th metafor� tou N kat� rn :

N + rn = {x+ rn : x ∈ N}.

ParathroÔme ìti
(a) N + rn ⊆ [−1, 2] gia k�je n, opìte (N + r1) ∪ (N + r2) ∪ · · · ⊆ [−1, 2].
(b) Ta sÔnola N + rn (n ∈ N) eÐnai xèna an� dÔo.
(c) [0, 1] ⊆ (N + r1) ∪ (N + r2) ∪ · · · .

H idiìthta (a) isqÔei diìti gia k�je x ∈ N kai k�je n ∈ N eÐnai x+rn ≤ 1+1 = 2 kai x+rn ≥ 0+(−1) =
−1. Gia na apodeÐxoume thn (b) ac upojèsoume ìti gia k�poiouc diaforetikoÔc n,m ∈ N ta sÔnola N + rn
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kai N + rm èqoun k�poio koinì stoiqeÐo. Autì to stoiqeÐo ja eÐnai thc morf c x+ rn gia k�poion x ∈ N kai
thc morf c y + rm gia k�poion y ∈ N . Tìte ja eÐnai x+ rn = y + rm , opìte o x− y = rm − rn eÐnai rhtìc
6= 0 kai autì antif�skei me thn idiìthta (i) tou N . Gia na apodeÐxoume thn (c) jewroÔme z ∈ [0, 1]. Apì thn
idiìthta (ii) tou N sunep�getai ìti up�rqei x ∈ N ¸ste o z−x na eÐnai rhtìc. 'Omwc, eÐnai z−x ≤ 1−0 = 1
kai z − x ≥ 0− 1 = −1. 'Ara o rhtìc z − x an kei sto [−1, 1] kai, epomènwc, eÐnai ènac apì touc rhtoÔc pou
èqoume arijm sei. Dhlad , up�rqei k�poioc n ∈ N ¸ste na eÐnai z − x = rn  , isodÔnama, z = x+ rn . 'Ara
o z an kei sto N + rn , opìte an kei sthn ènwsh (N + r1) ∪ (N + r2) ∪ · · · .

Epeid  k�je N + rn prokÔptei apì metakÐnhsh tou N , sunep�getai

m1(N + rn) = m1(N)

gia k�je n. EpÐshc, apì thn (b) sunep�getai

m1((N + r1) ∪ (N + r2) ∪ · · · ) =m1(N + r1) +m1(N + r2) + · · ·
=m1(N) +m1(N) + · · · .

Mènei akìmh k�ti: an èqoume duo uposÔnola E,F tou R kai eÐnai E ⊆ F , tìte sunep�getai ìti m1(E) ≤
m1(F ). Pr�gmati, gr�foume F = E ∪ (F \ E) kai, epeid  ta E,F \ E eÐnai xèna, sunep�getai ìti m1(F ) =
m1(E) +m1(F \ E) ≥ m1(E). Apì autì kai apì thn (a) sunep�getai

m1((N + r1) ∪ (N + r2) ∪ · · · ) ≤ m1([−1, 2]) = 3.

EpÐshc, apì thn (c) sunep�getai

1 = m1([0, 1]) ≤ m1((N + r1) ∪ (N + r2) ∪ · · · ).

Sundu�zontac ta prohgoÔmena, brÐskoume

1 ≤ m1(N) +m1(N) + · · · ≤ 3.

T¸ra skeftìmaste ìti ìtan prosjètoume ton Ðdio mh arnhtikì arijmì �peirec forèc to apotèlesma eÐnai
p�ntote eÐte 0 eÐte +∞, an�loga me to an o arijmìc eÐnai 0   jetikìc, antistoÐqwc. 'Ara h teleutaÐa dipl 
anisìthta shmaÐnei ìti katal xame se �topo!

Apìdeixh thc Prìtashc 1.1: JewroÔme thn ex c sqèsh sto sÔnolo [0, 1]:

x ∼ y an kai mìno an o x− y eÐnai rhtìc.

ApodeiknÔetai eÔkola ìti h sqèsh aut  eÐnai sqèsh isodunamÐac sto [0, 1]. Pr�gmati gia k�je x ∈ [0, 1] o
x−x = 0 eÐnai rhtìc, opìte eÐnai x ∼ x. Katìpin, an x ∼ y, tìte o x−y eÐnai rhtìc, opìte o y−x = −(x−y)
eÐnai rhtìc kai, epomènwc, eÐnai y ∼ x. Tèloc, an x ∼ y kai y ∼ z, tìte oi x− y kai y − z eÐnai rhtoÐ, opìte
o x− z = (x− y) + (y − z) eÐnai rhtìc kai, epomènwc, eÐnai x ∼ z.

T¸ra, gia k�je x ∈ [0, 1] jewroÔme thn kl�sh isodunamÐac tou x, dhlad  to uposÔnolo [x]∼ = {y ∈
[0, 1] : y ∼ x} tou [0, 1]. Epeid  eÐnai x ∼ x, sunep�getai ìti x ∈ [x]∼ . 'Ara k�je stoiqeÐo tou [0, 1] an kei
se k�poia apì tic kl�seic isodunamÐac kai, epomènwc,
• to [0, 1] eÐnai Ðso me thn ènwsh ìlwn twn kl�sewn isodunamÐac.

Katìpin, parathroÔme ìti
• duo opoiesd pote diaforetikèc kl�seic isodunamÐac eÐnai xènec.

Pr�gmati, ac upojèsoume ìti oi kl�seic isodunamÐac [x]∼ kai [y]∼ den eÐnai xènec, dhlad  ìti up�rqei
k�poioc z ∈ [x]∼ ∩ [y]∼ , kai ja apodeÐxoume ìti eÐnai Ðdiec. EÐnai z ∼ x kai z ∼ y, opìte eÐnai x ∼ z kai z ∼ y
kai, epomènwc, x ∼ y. T¸ra, an w ∈ [x]∼, sunep�getai w ∼ x, opìte w ∼ y kai, epomènwc, w ∈ [y]∼ . 'Ara
eÐnai [x]∼ ⊆ [y]∼ . Me summetrikì trìpo apodeiknÔetai ìti [y]∼ ⊆ [x]∼ kai katal goume sto ìti [x]∼ = [y]∼ .

Sundu�zontac ta duo prohgoÔmena apotelèsmata gia tic kl�seic isodunamÐac, sumperaÐnoume ìti to [0, 1]
qwrÐzetai olìklhro se xèna an� dÔo sÔnola: tic diaforetikèc kl�seic isodunamÐac.

OrÐzoume, tèloc, èna sÔnolo N paÐrnontac akrib¸c èna stoiqeÐo apì k�je mia apì tic parap�nw xènec an�
dÔo kl�seic isodunamÐac. Ja elègxoume ìti to N èqei tic idiìthtec (i) kai (ii).
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(i) An x, y ∈ N , tìte oi x, y an koun se diaforetikèc kl�seic isodunamÐac, opìte h sqèsh x ∼ y den isqÔei
kai, epomènwc, o x− y eÐnai �rrhtoc. Diìti, an Ðsque h x ∼ y, tìte x ∈ [y]∼ kai, epeid , profan¸c, y ∈ [y]∼ ,
sunep�getai ìti oi x, y an koun sthn Ðdia kl�sh isodunamÐac.
(ii) 'Estw z ∈ [0, 1]. Epeid  to N èqei èna stoiqeÐo apì k�je kl�sh isodunamÐac, up�rqei k�poioc x ∈ N o
opoÐoc perièqetai sthn [z]∼ . Sunep�getai x ∼ z, dhlad  z ∼ x, opìte o z − x eÐnai rhtìc.

Parat rhsh: Sthn apìdeixh thc Prìtashc 1.1 qrhsimopoi jhke to AxÐwma Epilog c apì th JewrÐa
Sunìlwn: An èqoume mia oikogèneia sunìlwn, tìte mporoÔme na orÐsoume èna sÔnolo paÐrnontac wc stoiqeÐa
tou akrib¸c èna stoiqeÐo apì k�je sÔnolo pou an kei sthn oikogèneia aut .

D. Up�rqei èna akìmh er¸thma parìmoio me to prohgoÔmeno:

MporeÐ na eÐnai ìla ta uposÔnola tou Rd metr sima an antikatast -

soume thn idiìthta (i) pou prèpei na èqei to mètro md me thn para-

k�tw asjenèsterh idiìthta (i′)?

(i′) gia k�je n ∈ N kai k�je E1 , . . . , En pou an koun sthn oikogèneia Ld kai ta opoÐa eÐnai ana dÔo xèna
na sunep�getai ìti kai h ènwsh E1 ∪ · · · ∪ En an kei sthn Ld kai, epiplèon,

md(E1 ∪ · · · ∪ En) = md(E1) + · · ·+md(En).

To ìti h ap�nthsh eÐnai kai p�li arnhtik  gia diast�seic d ≥ 3 prokÔptei apì to ex c par�doxo apotèle-
sma.

Je¸rhma 1.1. Banach - Tarski. 'Estw d ≥ 3 kai duo opoiesd pote mp�lec B,B′ ston Rd . Tìte
up�rqoun an� dÔo xèna sÔnola E1, . . . , Em kai an� dÔo xèna sÔnola E1

′, . . . , Em
′ ètsi ¸ste na eÐnai E1 ∪ · · · ∪

Em = B kai E1
′ ∪ · · · ∪ Em′ = B′ kai gia k�je k to Ek

′ na prokÔptei me k�poia metakÐnhsh apì to Ek .

Ac apodeqtoÔme autì to Je¸rhma twn Banach - Tarski kai ac upojèsoume ìti k�je uposÔnolo tou Rd

eÐnai metr simo kai ìti to md èqei tic idiìthtec (i′), (ii) kai (iii). JewroÔme mia mp�la B h opoÐa perièqei wc
uposÔnolì thc èna meg�lo di�sthma I me md(I) = Vd(I) = 5, opìte ja eÐnai md(B) ≥ md(I) = 5. EpÐshc,
jewroÔme mia mp�la B′ h opoÐa eÐnai uposÔnolo enìc diast matoc J me md(J) = Vd(J) = 4, opìte ja eÐnai
md(B′) ≤ md(J) = 4. Katìpin, apì tic mp�lec B,B′ prokÔptoun ta sÔnola E1, . . . , Em kai E1

′, . . . , Em
′

pou anafèrontai sto Je¸rhma 1.1. Sunep�getai ìti

5 ≤ md(B) = md(E1) + · · ·+md(Em) = md(E1
′) + · · ·+md(Em′) = md(B′) ≤ 4

kai katal goume se �topo.
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Kef�laio 2

To mètro Lebesgue.

2.1 'Ogkoi diasthm�twn.

O ìgkoc enìc kleistoÔ diast matoc I = [a1, b1]×· · ·× [ad, bd] ston Rd eÐnai, ìpwc èqoume orÐsei, o arijmìc

Vd([a1, b1]× · · · × [ad, bd]) = (b1 − a1) · · · (bd − ad).

Ton Ðdio ìgko èqoun kai ta upìloipa paremfer  me to I = [a1, b1]× · · · × [ad, bd] diast mata kai, eidik¸tera,
to anoiktì di�sthma (a1, b1)× · · · × (ad, bd).

Ta [a1, b1], . . . , [ad, bd] eÐnai oi k�jetec probolèc tou I stouc kÔriouc �xonec tou Rd . To I èqei duo
pleurèc k�jetec ston xk-�xona: thn

[a1, b1]× · · · × [ak−1, bk−1]× {ak} × [ak+1, bk+1]× · · · × [ad, bd]

kai thn
[a1, b1]× · · · × [ak−1, bk−1]× {bk} × [ak+1, bk+1]× · · · × [ad, bd].

H pr¸th pleur� apoteleÐtai apì ta shmeÐa tou I pou èqoun k-ost  suntetagmènh xk = ak kai h deÔterh
pleur� apoteleÐtai apì ta shmeÐa tou I pou èqoun k-ost  suntetagmènh xk = bk . Dhlad , h pr¸th pleur�
eÐnai uposÔnolo tou uperepipèdou pou eÐnai k�jeto ston xk-�xona kai orÐzetai apì thn exÐswsh xk = ak
kai h deÔterh pleur� eÐnai uposÔnolo tou uperepipèdou pou eÐnai k�jeto ston xk-�xona kai orÐzetai apì thn
exÐswsh xk = bk .

'Ola ta paremfer  me to I diast mata èqoun akrib¸c tic Ðdiec pleurèc � èstw ki an den touc an koun ta
shmeÐa k�poiwn pleur¸n touc. Blèpoume, loipìn, ìti k�je di�sthma èqei 2d pleurèc kai ìti brÐsketai an�mesa
se 2d uperepÐpeda.

Ta shmeÐa tou diast matoc I pou den an koun se kami� apì tic pleurèc tou eÐnai ta legìmena eswterik�
shmeÐa tou I kai eÐnai profanèc ìti, me ta parap�nw sÔmbola, to x = (x1, . . . , xd) eÐnai eswterikì shmeÐo tou
I an kai mìno an eÐnai ak < xk < bk gia k�je k. Ta shmeÐa pou an koun stic pleurèc tou I qarakthrÐzontai
sunoriak� shmeÐa tou I.

Ston R1 , oi pleurèc tou I = [a1, b1] eÐnai ta monosÔnola {a1} kai {b1}, dhlad  ta �kra tou.
Ston R2 , oi pleurèc tou I = [a1, b1]×[a2, b2] eÐnai ta eujÔgramma tm mata {a1}×[a2, b2] kai {b1}×[a2, b2]

pou eÐnai uposÔnola twn uperepipèdwn, dhlad  twn eujei¸n, me exis¸seic x1 = a1 kai x1 = b1 , antistoÐqwc,
pou eÐnai k�jetec ston x1-�xona kai ta eujÔgramma tm mata [a1, b1] × {a2} kai [a1, b1] × {b2} pou eÐnai
uposÔnola twn uperepipèdwn, dhlad  twn eujei¸n, me exis¸seic x2 = a2 kai x2 = b2 , antistoÐqwc, pou eÐnai
k�jetec ston x2-�xona.

Ston R3 , oi pleurèc tou I = [a1, b1] × [a2, b2] × [a3, b3] eÐnai ta orjog¸nia parallhlìgramma {a1} ×
[a2, b2]× [a3, b3] kai {b1} × [a2, b2]× [a3, b3] pou eÐnai uposÔnola twn uperepipèdwn, dhlad  twn epipèdwn, me
exis¸seic x1 = a1 kai x1 = b1 , antistoÐqwc, pou eÐnai k�jeta ston x1-�xona, ta orjog¸nia parallhlìgramma
[a1, b1] × {a2} × [a3, b3] kai [a1, b1] × {b2} × [a3, b3] pou eÐnai uposÔnola twn uperepipèdwn, dhlad  twn
epipèdwn, me exis¸seic x2 = a2 kai x2 = b2 , antistoÐqwc, pou eÐnai k�jeta ston x2-�xona kai ta orjog¸nia
parallhlìgramma [a1, b1]× [a2, b2]×{a3} kai [a1, b1]× [a2, b2]×{b3} pou eÐnai uposÔnola twn uperepipèdwn,
dhlad  epipèdwn, me exis¸seic x3 = a3 kai x3 = b3 , antistoÐqwc, pou eÐnai k�jeta ston x3-�xona.
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Met� apì aut� ta prokatarktik� gia ton sumbolismì kai thn orologÐa ja proqwr soume se k�poia basik�
apotelèsmata gia ìgkouc diasthm�twn.

To pr¸to apotèlesma pou eÐnai arket� aplì gia na kataqwrhjeÐ wc l mma   prìtash eÐnai to ex c. An I, I ′

eÐnai duo diast mata ston Rd kai eÐnai I ⊆ I ′, tìte eÐnai Vd(I) ≤ Vd(I ′). Pr�gmati, an I = [a1, b1]×· · ·×[ad, bd]
kai I ′ = [a1

′, b1
′] × · · · × [ad′, bd′], tìte h sqèsh I ⊆ I ′ shmaÐnei ìti eÐnai ak

′ ≤ ak ≤ bk ≤ bk
′ , opìte

0 ≤ bk − ak ≤ bk ′ − ak ′ gia k�je k kai, epomènwc,

Vd(I) = (b1 − a1) · · · (bd − ad) ≤ (b1′ − a1
′) · · · (bd′ − ad′) = Vd(I ′).

An èna   kai ta duo apì ta I, I ′ den eÐnai kleist� diast mata, tìte ta kleÐnoume paÐrnontac ta antÐstoiqa
paremfer  kleist� diast mata I kai I ′ � fusik�, an to I eÐnai kleistì, tìte I = I kai to Ðdio isqÔei gia
to I ′. ParathroÔme, t¸ra, ìti apì th sqèsh I ⊆ I ′ sunep�getai h I ⊆ I ′ , opìte, èqontac apodeÐxei ìti
Vd(I) ≤ Vd(I ′) gia ta kleist� diast mata, brÐskoume ìti

Vd(I) = Vd(I) ≤ Vd(I ′) = Vd(I ′).

Parat rhsh: Autì to tèqnasma me to kleÐsimo twn diasthm�twn eÐnai polÔ qr simo ìtan k�noume di�forec
apodeÐxeic me ìgkouc (kai ìqi mìno) diasthm�twn kai de jèloume na diakrÐnoume ìlec tic peript¸seic gia ton
tÔpo twn diasthm�twn. 'Opwc eÐdame, to tèqnasma basÐzetai sto ìti èna opoiod pote di�sthma èqei ton Ðdio
ìgko me to paremferèc proc autì kleistì di�sthma kaj¸c kai sto ìti, an èna di�sthma eÐnai uposÔnolo enìc
�llou diast matoc, tìte thn Ðdia sqèsh èqoun kai ta paremfer  proc aut� kleist� diast mata.

Shmantik  Parat rhsh: An kai ìsa ja poÔme parak�tw eÐnai, ousiastik�, polÔ apl�, eÐnai polÔ
dÔskolo na proqwr sei k�poioc pou ta blèpei gia pr¸th for� an den apokt sei polÔ kal  gewmetrik  epo-
pteÐa me sq mata kai eikìnec. Gi autì h sumboul  eÐnai: na sqedi�zete sto qartÐ ìla ìsa diab�zete,

periorizìmenoi stic eidikèc peript¸seic twn diast�sewn d = 1 kai

d = 2. Ta sq mata sthn perÐptwsh d = 3 eÐnai dÔskola kai gia d ≥ 4 eÐnai, apl¸c, adÔnata. Ja deÐte ìti
ìsa lème eÐnai exairetik� apl� ìtan exeidikeutoÔn sth di�stash d = 1, en¸ sthn di�stash d = 2 eÐnai pia
emfaneÐc oi sunduastikèc duskolÐec � pou qeirotereÔoun stic megalÔterec diast�seic. Sta plaÐsia autoÔ tou
proptuqiakoÔ maj matoc, na jewr sete ìti èqete katano sei aut� pou ja m�joume an ta èqete katano sei
stic diast�seic d = 1 kai d = 2. (Mustikì: sto tèloc ja diapist¸sete ìti èqete katano sei ta p�nta kai gia
d = 3 an ìqi kai gia d ≥ 4.)

An I, J eÐnai duo diast mata ston Rd , ja ta qarakthrÐzoume sqedìn xèna an den èqoun kanèna koinì
eswterikì touc shmeÐo  , me �lla lìgia, an ta mìna pijan� koin� touc shmeÐa eÐnai shmeÐa twn pleur¸n touc.
Fusik�, an ta I, J eÐnai xèna, tìte eÐnai kai sqedìn xèna.

L mma 2.1. 'Estw I = [a1, b1] × · · · × [ad, bd] èna kleistì di�sthma. Se k�je [ak, bk] jewroÔme diairetik�
shmeÐa x

(0)
k = ak < x

(1)
k < · · · < x

(nk−1)
k < x

(nk)
k = bk ta opoÐa qwrÐzoun to [ak, bk] se nk upodiast mata �

fusik�, an nk = 1, tìte to [ak, bk] de qwrÐzetai. An gia k�je k jewr soume èna apì aut� ta upodiast mata
ston antÐstoiqo xk-�xona, tìte orÐzetai èna kleistì di�sthma ston Rd to opoÐo eÐnai uposÔnolo tou I. Pio

sugkekrimèna, an gia k�je k p�roume ènan ik apì touc 1, . . . , nk kai jewr soume to antÐstoiqo [x(ik−1)
k , x

(ik)
k ],

tìte sqhmatÐzetai to kleistì di�sthma

Ii1,...,ik,...,id = [x(i1−1)
1 , x

(i1)
1 ]× · · · × [x(ik−1)

k , x
(ik)
k ]× · · · × [x(id−1)

d , x
(id)
d ].

'Etsi sqhmatÐzontai n1 · · ·nk · · ·nd kleist� upodiast mata Ii1,...,ik,...,id tou I. Ta diast mata aut� eÐnai
sqedìn xèna an� dÔo kai h ènws  touc isoÔtai me to I. EpÐshc, isqÔei

Vd(I) =
∑

1≤i1≤n1,...,1≤ik≤nk,...,1≤id≤nd

Vd(Ii1,...,ik,...,id).

Dhlad , o ìgkoc tou I eÐnai Ðsoc me to �jroisma twn ìgkwn ìlwn aut¸n twn upodiasthm�twn.

Apìdeixh: EÐnai

Vd(Ii1,...,ik,...,id)=(x(i1)
1 − x(i1−1)

1 )× · · · × (x(ik)
k − x(ik−1)

k )× · · · × (x(id)
d − x(id)

d )

=l(i1)
1 · · · l(ik)

k · · · l(id)
d ,
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ìpou, gia suntomÐa, sumbolÐsame l
(ik)
k to m koc tou [x(ik−1)

k , x
(ik)
k ]. Epomènwc,∑

1≤i1≤n1,...,1≤ik≤nk,...,1≤id≤nd

Vd(Ii1,...,ik,...,id) =

=
∑

1≤i1≤n1,...,1≤ik≤nk,...,1≤id≤nd

l
(i1)
1 · · · l(ik)

k · · · l(id)
d .

T¸ra, parathroÔme ìti to teleutaÐo �jroisma eÐnai to �jroisma ìlwn twn ginomènwn pou sqhmatÐzontai

epilègontac ènan apì touc l
(1)
1 , . . . , l

(n1)
1 , (ton l

(i1)
1 ), . . . , ènan apì touc l

(1)
k , . . . , l

(nk)
k , (ton l

(ik)
k ), . . . ,

ènan apì touc l
(1)
d , . . . , l

(nd)
d , (ton l

(id)
d ). B�sei thc apl c epimeristik c idiìthtac tou pollaplasiasmoÔ kai

thc prìsjeshc sunep�getai ìti to �jroisma autì eÐnai Ðso me to ginìmeno twn ajroism�twn l
(1)
1 + · · ·+ l

(n1)
1 ,

. . . , l
(1)
k + · · ·+ l

(nk)
k , . . . , l

(d)
1 + · · ·+ l

(nd)
d . Dhlad ,∑

1≤i1≤n1,...,1≤ik≤nk,...,1≤id≤nd

l
(i1)
1 · · · l(ik)

k · · · l(id)
d =

= (l(1)
1 + · · ·+ l

(n1)
1 ) · · · (l(1)

k + · · ·+ l
(nk)
k ) · · · (l(d)1 + · · ·+ l

(nd)
d ).

Blèpoume, ìmwc, ìti gia k�je k to �jroisma l
(1)
k + · · ·+ l

(nk)
k den eÐnai �llo apì to �jroisma twn mhk¸n

twn upodiasthm�twn sta opoÐa qwrÐzetai to [ak, bk] apì ta diairetik� tou shmeÐa kai, epomènwc, to �jroisma
autì eÐnai Ðso me to m koc tou [ak, bk], dhlad  Ðso me bk − ak ! 'Ara

(l(1)
1 + · · ·+ l

(n1)
1 ) · · · (l(1)

k + · · ·+ l
(nk)
k ) · · · (l(d)1 + · · ·+ l

(nd)
d ) =

= (b1 − a1) · · · (bk − ak) · · · (bd − ad).

Tèloc, sugkentr¸nontac ìlec tic mèqri t¸ra isìthtec, katal goume sto∑
1≤i1≤n1,...,1≤ik≤nk,...,1≤id≤nd

Vd(Ii1,...,ik,...,id) =

= (b1 − a1) · · · (bk − ak) · · · (bd − ad) = Vd(I).

Sto L mma 2.1 perigr�fetai ènac polÔ eidikìc qwrismìc enìc kleistoÔ diast matoc se kleist� upodiast -
mata ton opoÐo mporoÔme na perigr�youme kai wc ex c. Gia k�je xk-�xona, ektìc apì ta duo k�jeta proc autìn
uperepÐpeda me exis¸seic xk = ak kai xk = bk ta opoÐa perièqoun tic antÐstoiqec pleurèc tou diast matoc I,

jewroÔme kai k�poia endi�mesa par�llhla uperepÐpeda me exis¸seic xk = x
(1)
k , . . . , xk = x

(nk−1)
k . Apì ìla

aut� ta uperepÐpeda sqhmatÐzontai di�fora kleist� upodiast mata tou I ètsi ¸ste (i) oi par�llhlec pleurèc
kajenìc apì aut� ta upodiast mata na perièqontai se diadoqik� par�llhla uperepÐpeda kai (ii) kanèna apì
ta uperepÐpeda na mhn tèmnei to eswterikì kanenìc apì ta upodiast mata.

'Otan ja lème ìti {qwrÐzoume èna kleistì upodi�sthma I se kleist� upodiast mata me uperepÐpeda k�jeta
stouc kÔriouc �xonec}, ja ennooÔme akrib¸c autì pou mìlic perigr�yame, dhlad  autì pou perigr�fetai sto
L mma 2.1. 'Etsi, to L mma 2.1 diatup¸netai wc ex c.

An èna kleistì di�sthma qwristeÐ se kleist� upodiast mata me upe-

repÐpeda k�jeta stouc kÔriouc �xonec, tìte to �jroisma twn ìgkwn

ìlwn twn upodiasthm�twn pou sqhmatÐzontai eÐnai Ðso me ton ìgko

tou diast matoc.

To L mma 2.2 pou akoloujeÐ apoteleÐ genÐkeush tou L mmatoc 2.1.

L mma 2.2. 'Estw kleist� diast mata I kai I1 , . . . , In ston Rd tètoia ¸ste ta I1 , . . . , In na eÐnai sqedìn
xèna an� dÔo kai I = I1 ∪ · · · ∪ In . Tìte eÐnai

Vd(I) = Vd(I1) + · · ·+ Vd(In).
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Apìdeixh: JewroÔme ìla ta uperepÐpeda pou perièqoun tic pleurèc ìlwn twn diasthm�twn I1 , . . . , In .
Aut� ta uperepÐpeda eÐnai k�jeta stouc kÔriouc �xonec tou Rd kai qwrÐzoun to I all� kai kajèna apì ta
I1 , . . . , In se kleist� upodiast mata, ìpwc perigr�yame met� apì to L mma 2.1. Ac sumbolÐsoume, gia k�je k,

ta kleist� upodiast mata sta opoÐa qwrÐzetai to Ik me I
(1)
k , . . . , I

(mk)
k . Autì, fusik�, shmaÐnei ìti to I qwrÐ-

zetai apì ta uperepÐpeda sta kleist� upodiast mata I
(1)
1 , . . . , I

(m1)
1 , . . . , I

(1)
k , . . . , I

(mk)
k , . . . , I

(1)
n , . . . , I

(mn)
n .

Kat' arq�c efarmìzoume to L mma 2.1 sto I kai, katìpin, afoÔ omadopoi soume ta di�fora upodiast mata
b�zontac sthn Ðdia om�da ta upodiast mata pou perièqontai sto Ðdio upodi�sthma apì ta I1 , . . . , In , efar-
mìzoume to L mma 2.1 se kajèna apì aut� ta I1 , . . . , In . 'Etsi, brÐskoume

Vd(I) = (Vd(I
(1)
1 ) + · · ·+ Vd(I

(m1)
1 )

· · · · · · · · · · · ·
+(Vd(I

(1)
k ) + · · ·+ Vd(I

(mk)
k ))

· · · · · · · · · · · ·
+(Vd(I(1)

n ) + · · ·+ Vd(I(mn)
n ))

= Vd(I1) + · · ·+ Vd(Ik) + · · ·+ Vd(In).

L mma 2.3. 'Estw kleist� diast mata I kai I1 , . . . , In ston Rd tètoia ¸ste ta I1 , . . . , In na eÐnai sqedìn
xèna an� dÔo kai I1 ∪ · · · ∪ In ⊆ I. Tìte eÐnai

Vd(I1) + · · ·+ Vd(In) ≤ Vd(I).

Apìdeixh: 'Opwc k�name kai sthn apìdeixh tou L mmatoc 2.2, jewroÔme ìla ta uperepÐpeda pou perièqoun
tic pleurèc ìlwn twn diasthm�twn I1 , . . . , In . Aut� ta uperepÐpeda eÐnai k�jeta stouc kÔriouc �xonec tou
Rd kai qwrÐzoun to I all� kai kajèna apì ta I1 , . . . , In se kleist� upodiast mata. 'Otan omadopoi soume
aut� ta upodiast mata, paÐrnoume aut� pou perièqontai sta I1 , . . . , In all� up�rqoun kai k�poia ta opoÐa
den perièqontai se kanèna apì ta I1 , . . . , In . Autì sumbaÐnei diìti h ènwsh I1 ∪ · · · ∪ In mporeÐ na mhn eÐnai
Ðsh me olìklhro to I. An sumbolÐsoume J1 , . . . , Jm aut� akrib¸c ta upodiast mata pou den perièqontai se
kanèna apì ta I1 , . . . , In , tìte, profan¸c, ìla mazÐ ta I1 , . . . , In , J1 , . . . , Jm eÐnai sqedìn xèna an� dÔo
kai h ènws  touc isoÔtai me to I. 'Ara, sÔmfwna me to L mma 2.2, isqÔei

Vd(I) = Vd(I1) + · · ·+ Vd(In) + Vd(J1) + · · ·+ Vd(Jm) ≥ Vd(I1) + · · ·+ Vd(In).

DeÐte mia polÔ apl  idiìthta twn diasthm�twn: h tom  duo diasthm�twn eÐnai ki aut  di�sthma. Pr�gmati,
an I = [a1, b1]× · · · × [ad, bd] kai I ′ = [a1

′, b1
′]× · · · × [ad′, bd′], tìte gia k�je k orÐzoume ak

′′ = max{ak, ak ′}
kai bk

′′ = min{bk, bk ′} kai tìte eÐnai I ∩ I ′ = [a1
′′, b1

′′]× · · · × [ad′′, bd′′].

L mma 2.4. 'Estw kleist� diast mata I kai I1 , . . . , In ston Rd ètsi ¸ste I ⊆ I1 ∪ · · · ∪ In . Tìte eÐnai

Vd(I) ≤ Vd(I1) + · · ·+ Vd(In).

Apìdeixh: T¸ra, den upojètoume ìti ta I1 , . . . , In eÐnai sqedìn xèna an� dÔo.
JewroÔme ta kleist� diast mata J1 = I1∩ I, . . . , Jn = In∩ I kai parathroÔme ìti eÐnai I = J1∪· · ·∪Jn .

Kai p�li: ta J1 , . . . , Jn mporeÐ na mhn eÐnai sqedìn xèna an� dÔo.
JewroÔme ìla ta uperepÐpeda pou perièqoun tic pleurèc ìlwn twn diasthm�twn J1 , . . . , Jn . Aut� ta

uperepÐpeda eÐnai k�jeta stouc kÔriouc �xonec tou Rd kai qwrÐzoun to I all� kai kajèna apì ta J1 , . . . , Jn
se kleist� upodiast mata. 'Otan omadopoi soume aut� ta upodiast mata, paÐrnoume aut� pou perièqontai
sta J1 , . . . , Jn all�, akrib¸c epeid  ta J1 , . . . , Jn mporeÐ na mhn eÐnai sqedìn xèna an� dÔo, merik� apì ta
upodiast mata mporeÐ na perièqontai se perissìtera apì èna apì ta J1 , . . . , Jn . An jewr soume ton ìgko
k�je upodiast matoc akrib¸c mia for�, tìte to �jroism� touc eÐnai Ðso me Vd(I) en¸, an jewr soume ton
ìgko k�je upodiast matoc tìsec forèc ìso eÐnai to pl joc twn J1 , . . . , Jn sta opoÐa autì perièqetai, tìte
to �jroism� touc eÐnai Ðso me Vd(J1) + · · ·+ Vd(Jn). 'Ara

Vd(I) ≤ Vd(J1) + · · ·+ Vd(Jn)

kai, epeid  eÐnai Jk ⊆ Ik kai, epomènwc, Vd(Jk) ≤ Vd(Ik) gia k�je k, sunep�getai Vd(I) ≤ Vd(I1)+· · ·+Vd(In).

To Je¸rhma 2.1 apoteleÐ genÐkeush tou L mmatoc 2.3.
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Je¸rhma 2.1. 'Estw diast mata I kai I1 , I2 , . . . ston Rd tètoia ¸ste ta I1 , I2 , . . . na eÐnai sqedìn
xèna an� dÔo kai I1 ∪ I2 ∪ · · · ⊆ I. Tìte eÐnai

Vd(I1) + Vd(I2) + · · · ≤ Vd(I).

Apìdeixh: Kat' arq�c upojètoume ìti ìla ta diast mata eÐnai kleist�. Tìte gia k�je n efarmìzoume to
L mma 2.3 kai brÐskoume ìti Vd(I1)+ · · ·+Vd(In) ≤ Vd(I). Epeid  autì isqÔei gia k�je n kai o arijmìc Vd(I)
den exart�tai apì ton n, h seir� Vd(I1) + Vd(I2) + · · · sugklÐnei kai isqÔei Vd(I1) + Vd(I2) + · · · ≤ Vd(I).

Sth genik  perÐptwsh jewroÔme ta kleist� diast mata I kai I1 , I2 , . . . . Epeid  eÐnai In ⊆ I kai,
epomènwc, In ⊆ I gia k�je n, sunep�getai I1 ∪ I2 ∪ · · · ⊆ I . Apì to pr¸to mèroc sunep�getai ìti

Vd(I1) + Vd(I2) + · · · ≤ Vd(I)

kai, epomènwc, Vd(I1) + Vd(I2) + · · · ≤ Vd(I).

To Je¸rhma 2.2 apoteleÐ genÐkeush tou L mmatoc 2.4. Ja doÔme, ìmwc, ìti h apìdeix  tou den eÐnai tìso
apl  ìso oi mèqri t¸ra apodeÐxeic: emplèkei k�poia topologik  idiìthta tou eukleÐdeiou q¸rou! Prin apì to
Je¸rhma 2.2 ac doÔme mia akìmh apl  idiìthta twn diasthm�twn.

L mma 2.5. 'Estw di�sthma I ston Rd kai ε > 0. Tìte up�rqoun kleistì di�sthma I ′ ⊆ I kai anoiktì
di�sthma I ′′ ⊇ I tètoia ¸ste na eÐnai

Vd(I)− ε < Vd(I ′) ≤ Vd(I) ≤ Vd(I ′′) < Vd(I) + ε.

Apìdeixh Kat' arq�c oi anisìthtec Vd(I ′) ≤ Vd(I) ≤ Vd(I ′′) eÐnai profaneÐc, ìpoia ki an eÐnai ta I ′ ⊆ I
kai I ′′ ⊇ I.
Pr¸th perÐptwsh: 'Estw ìti ta m kh twn probol¸n tou I stouc kÔriouc �xonec eÐnai oi jetikoÐ arijmoÐ
l1 , . . . , ld , opìte eÐnai Vd(I) = l1 · · · ld > 0. Epeid  h sun�rthsh y = (l1 + x) · · · (ld + x) eÐnai suneq c kai,
eidik¸tera, suneq c ston 0, up�rqei jetikìc arijmìc δ < min{l1, . . . , ld} ¸ste na isqÔei

l1 · · · ld − ε < (l1 − δ) · · · (ld − δ) < l1 · · · ld < (l1 + δ) · · · (ld + δ) < l1 · · · ld + ε.

Gia k�je k antikajistoÔme thn probol  tou I ston xk-�xona, h opoÐa èqei m koc lk , me èna mikrìtero
kleistì di�sthma to opoÐo èqei m koc lk−δ . Aut� ta kleist� diast mata, èna se k�je kÔrio �xona, dhmiourgoÔn
èna kleistì di�sthma I ′ ⊆ I tou opoÐou oi probolèc stouc kÔriouc �xonec èqoun m kh l1− δ, . . . , ld− δ. 'Ara
eÐnai

Vd(I ′) = (l1 − δ) · · · (ld − δ) > l1 · · · ld − ε = Vd(I)− ε.

Tèloc, gia k�je k antikajistoÔme thn probol  tou I ston xk-�xona me èna megalÔtero anoiktì di�sthma
m kouc lk + δ. Aut� ta nèa anoikt� diast mata, èna se k�je kÔrio �xona, dhmiourgoÔn èna anoiktì di�sthma
I ′′ ⊇ I tou opoÐou oi probolèc stouc kÔriouc �xonec èqoun m kh l1 + δ, . . . , ld + δ. 'Ara eÐnai

Vd(I ′′) = (l1 + δ) · · · (ld + δ) < l1 · · · ld + ε = Vd(I) + ε.

DeÔterh perÐptwsh: An èna toul�qiston apì ta m kh l1 , . . . , ld eÐnai Ðso me 0, opìte Vd(I) = l1 · · · ld = 0,
tìte h kataskeu  tou megalÔterou diast matoc I ′′ , ìpwc ègine sthn pr¸th perÐptwsh, den all�zei. 'Omwc,
ìsa eÐpame gia to mikrìtero di�sthma I ′ sthn pr¸th perÐptwsh den isqÔoun. T¸ra mporoÔme na jewr soume
opoiod pote shmeÐo x tou I kai na p�roume I ′ = {x}. EÐnai profanèc ìti I ′ ⊆ I kai ìti h anisìthta
Vd(I ′) > Vd(I)− ε isqÔei, afoÔ gÐnetai 0 > 0− ε.

Je¸rhma 2.2. 'Estw diast mata I kai I1 , I2 , . . . ston Rd ètsi ¸ste I ⊆ I1 ∪ I2 ∪ · · · . Tìte eÐnai

Vd(I) ≤ Vd(I1) + Vd(I2) + · · · .

Apìdeixh: An eÐnai Vd(I1) + Vd(I2) + · · · = +∞, tìte to apotèlesma eÐnai profanèc. Epomènwc, ac
upojèsoume ìti eÐnai Vd(I1) + Vd(I2) + · · · < +∞.
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JewroÔme opoiond pote ε > 0. Up�rqei kleistì di�sthma I ′ ⊆ I ¸ste na eÐnai

Vd(I)− ε < Vd(I ′)

kai, gia k�je n, up�rqei anoiktì di�sthma In′′ ⊇ In ¸ste na eÐnai

Vd(In′′) < Vd(In) +
ε

2n
.

Apì tic sqèseic I ′ ⊆ I, I ⊆ I1 ∪ I2 ∪ · · · kai In ⊆ In′′ gia k�je n, sunep�getai

I ′ ⊆ I1′′ ∪ I2′′ ∪ · · · .

Epeid  to I ′ eÐnai kleistì kai fragmèno uposÔnolo tou Rd , eÐnai sumpagèc ( � afoÔ telei¸sei h apìdeixh
deÐte thn parat rhsh parak�tw � ) kai, epeid  ta In′′ (n ∈ N) eÐnai anoikt� kai kalÔptoun to I ′, sunep�getai
ìti up�rqei k�poioc n ¸ste na eÐnai

I ′ ⊆ I1′′ ∪ · · · ∪ In′′ .

Apì to L mma 2.4 efarmosmèno sta kleist� diast mata I ′ kai I1′′ , . . . , In′′ , gia ta opoÐa, profan¸c,
isqÔei I ′ ⊆ I1′′ ∪ · · · ∪ In′′ , sunep�getai

Vd(I ′) ≤ Vd(I1′′) + · · ·+ Vd(In′′) = Vd(I1′′) + · · ·+ Vd(In′′).

T¸ra, èqoume

Vd(I)− ε <
(
Vd(I1) +

ε

2

)
+ · · ·+

(
Vd(In) +

ε

2n
)
< Vd(I1) + Vd(I2) + · · ·+ ε.

Jewr¸ntac ìti ε→ 0+ , katal goume sthn Vd(I) ≤ Vd(I1) + Vd(I2) + · · · .

Pìrisma twn Jewrhm�twn 2.1 kai 2.2. 'Estw diast mata I kai I1 , I2 , . . . ston Rd tètoia ¸ste ta
I1 , I2 , . . . na eÐnai sqedìn xèna an� dÔo kai I1 ∪ I2 ∪ · · · = I. Tìte eÐnai

Vd(I1) + Vd(I2) + · · · = Vd(I).

Parat rhsh: 'Opwc eÐqe proanaggeljeÐ, sthn apìdeixh tou Jewr matoc 2.2 qrhsimopoi jhke mia topo-
logik  idiìthta tou Rd , dhlad  to ìti k�je kleistì kai fragmèno E ⊆ Rd eÐnai sumpagèc. SÔmfwna me ton
orismì thc ènnoiac thc sump�geiac, autì shmaÐnei ìti, an jewr soume mia opoiad pote oikogèneia anoikt¸n
sunìlwn ta opoÐa kalÔptoun to E, tìte up�rqoun peperasmèna apì aut� ta anoikt� sÔnola ta opoÐa, epÐshc,
kalÔptoun to E.

EmeÐc aut n thn topologik  idiìthta th qrhsimopoi same se mia polÔ eidik  kat�stash, ìpou to kleistì kai
fragmèno sÔnolo eÐnai èna kleistì di�sthma kai ta anoikt� sÔnola pou to kalÔptoun eÐnai anoikt� diast mata.
Epeid  mporeÐ na mhn aisjanìmaste �neta me thn ènnoia thc sump�geiac, ja k�noume mia par�kamyh gia na
doÔme mia apìdeixh gia thn eidik  perÐptwsh. M�lista, epeid  sthn apìdeixh den ja paÐxei kanèna eidikì rìlo
to ìti ta anoikt� sÔnola eÐnai anoikt� diast mata, ja jewr soume thn lÐgo genikìterh perÐptwsh kleistoÔ
diast matoc pou kalÔptetai apì anoikt� sÔnola.

Prìtash 2.1. 'Estw kleistì di�sthma I ston Rd kai mia oikogèneia anoikt¸n uposunìlwn tou Rd, ta opoÐa
kalÔptoun to I, dhlad  twn opoÐwn h ènwsh perièqei wc uposÔnolo to I. Tìte up�rqoun peperasmèna apì ta
anoikt� sÔnola thc Ðdiac oikogèneiac ta opoÐa, epÐshc, kalÔptoun to I.

Apìdeixh: Upojètoume � gia na katal xoume se �topo � ìti den up�rqoun peperasmèna apì ta anoikt�
sÔnola thc oikogèneiac ta opoÐa kalÔptoun to I.

JewroÔme to mèso k�je probol c tou I stouc kÔriouc �xonec kai to antÐstoiqo uperepÐpedo pou eÐnai
k�jeto ston antÐstoiqo kÔrio �xona sto shmeÐo autì. 'Ola aut� ta d uperepÐpeda qwrÐzoun to I se 2d kleist�
upodiast mata ta opoÐa eÐnai ìmoia me to I kai eÐnai sqedìn xèna an� dÔo. Pio sugkekrimèna: ta m kh twn
probol¸n kajenìc apì aut� ta upodiast mata eÐnai ta mis� twn mhk¸n twn antÐstoiqwn probol¸n tou I.
T¸ra, skeftìmaste ìti, an kajèna apì aut� ta upodiast mata mporoÔse na kalufteÐ apì peperasmèna apì
ta anoikt� sÔnola thc oikogèneiac, tìte kai to I ja mporoÔse na kalufteÐ apì peperasmèna apì ta anoikt�
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sÔnola thc oikogèneiac. Epomènwc, up�rqei k�poio apì ta upodiast mata, ac to sumbolÐsoume I1 , to opoÐo
de mporeÐ na kalufteÐ apì peperasmèna apì ta anoikt� sÔnola thc oikogèneiac.

T¸ra, epanalamb�noume to Ðdio pr�gma me to I1 . To qwrÐzoume se 2d kleist� upodiast mata ètsi ¸ste ta
m kh twn probol¸n kajenìc apì aut� ta upodiast mata na eÐnai ta mis� twn mhk¸n twn antÐstoiqwn probol¸n
tou I1 kai parathroÔme ìti up�rqei k�poio apì aut�, ac to sumbolÐsoume I2 , to opoÐo de mporeÐ na kalufteÐ
apì peperasmèna apì ta anoikt� sÔnola thc oikogèneiac.

SuneqÐzoume ètsi ep' �peiron kai dhmiourgoÔme mia akoloujÐa diasthm�twn I, I1 , I2 , . . . me tic ex c idiì-
thtec. An I = [a1, b1]× · · · × [ad, bd] kai In = [a1

(n), b1
(n)]× · · · × [ad(n), bd

(n)] gia k�je n, tìte
(i) gia k�je k = 1, . . . , d isqÔei

ak ≤ ak(1) ≤ · · · ≤ ak(n) ≤ ak(n+1) ≤ · · · ≤ bk(n+1) ≤ bk(n) ≤ · · · ≤ bk(1) ≤ bk

kai

bk
(n) − ak(n) =

bk − ak
2n

.

(ii) K�je In de mporeÐ na kalufteÐ apì peperasmèna apì ta anoikt� sÔnola thc oikogèneiac.

Apì thn (i) blèpoume ìti gia k�je k h akoloujÐa (a(n)
k ) eÐnai aÔxousa kai �nw fragmènh, opìte sugklÐnei,

kai ìti h akoloujÐa (b(n)
k ) eÐnai fjÐnousa kai k�tw fragmènh, opìte ki aut  sugklÐnei. Apì th deÔterh sqèsh

thc (i) blèpoume amèswc ìti limn→+∞ a
(n)
k = limn→+∞ b

(n)
k kai sumbolÐzoume to koinì ìrio xk :

xk = lim
n→+∞

a
(n)
k = lim

n→+∞
b
(n)
k .

Profan¸c, gia k�je k eÐnai

ak ≤ ak(1) ≤ · · · ≤ ak(n) ≤ · · · ≤ xk ≤ · · · ≤ bk(n) ≤ · · · ≤ bk(1) ≤ bk .

T¸ra jewroÔme to shmeÐo x = (x1, . . . , xd). Apì tic teleutaÐec anisìthtec sunep�getai ìti to x an kei
se ìla ta diast mata I, I1 , I2 , . . . . Epeid  to I kalÔptetai apì ta anoikt� sÔnola thc oikogèneiac, up�rqei
k�poio apì aut�, ac to sumbolÐsoume U , ¸ste na eÐnai x ∈ U . Epeid  to U eÐnai anoiktì, up�rqei k�poioc
ε > 0 ¸ste h mp�la B(x; ε) kèntrou x kai aktÐnac ε na eÐnai uposÔnolo tou U :

B(x; ε) ⊆ U.

T¸ra, apì th deÔterh sqèsh thc (i) blèpoume ìti up�rqei k�poioc arket� meg�loc n ¸ste gia k�je
k = 1, . . . , d na eÐnai bk

(n) − ak(n) < ε√
d
. An y = (y1, . . . , yd) eÐnai sto In , tìte gia k�je k eÐnai |yk − xk| ≤

bk
(n) − ak(n) < ε√

d
, opìte h apìstash tou y apì to x eÐnai

√
(y1 − x1)2 + · · ·+ (yd − xd)2 <

√
d · ε

2

d
= ε.

'Ara k�je y sto In an kei sthn mp�la B(x; ε) kai, epomènwc,

In ⊆ B(x; ε) ⊆ U.

T¸ra, ìmwc, ft�same se �topo: af' enìc to In de mporeÐ na kalufteÐ apì peperasmèna apì ta anoikt�
sÔnola thc oikogèneiac af' etèrou to In kalÔptetai apì èna apì ta anoikt� sÔnola thc oikogèneiac, to U .

Mia kai ft�same wc ed¸, mporoÔme me el�qisto parap�nw kìpo na apodeÐxoume kai to pl rec apotèlesma.

Je¸rhma 2.3. 'Estw E kleistì kai fragmèno uposÔnolo tou Rd kai mia oikogèneia anoikt¸n uposunìlwn
tou Rd, ta opoÐa kalÔptoun to E, dhlad  twn opoÐwn h ènwsh perièqei wc uposÔnolo to E. Tìte up�rqoun
peperasmèna apì ta anoikt� sÔnola thc Ðdiac oikogèneiac ta opoÐa, epÐshc, kalÔptoun to E.
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Apìdeixh: Epeid  to E eÐnai fragmèno, up�rqei � ex orismoÔ � k�poio kleistì di�sthma I ¸ste na eÐnai
E ⊆ I.

Sthn oikogèneia twn anoikt¸n sunìlwn pou kalÔptoun to E episun�ptoume kai to sumpl rwma tou E,
to Ec , to opoÐo eÐnai � ex orismoÔ � anoiktì. EÐnai profanèc ìti ta anoikt� sÔnola thc nèac oikogèneiac
kalÔptoun olìklhro ton Rd kai, eidik¸tera, to I. Apì thn Prìtash 2.1 sunep�getai ìti up�rqoun pepera-
smèna apì ta anoikt� sÔnola thc nèac oikogèneiac, ac ta sumbolÐsoume U1 , . . . , Un ta opoÐa kalÔptoun to
I. Profan¸c, aut� ta Ðdia peperasmèna anoikt� sÔnola kalÔptoun kai to E, dhlad  E ⊆ U1 ∪ · · · ∪ Un .

An kanèna apì ta U1 , . . . , Un den eÐnai to Ec , tìte ìla eÐnai sÔnola thc arqik c oikogèneiac.
An èna apì aut� eÐnai to Ec , gia par�deigma Un = Ec , tìte mporoÔme na agno soume to Un = Ec

kai ta upìloipa, ta opoÐa an koun sthn arqik  oikogèneia, suneqÐzoun na kalÔptoun to E, dhlad  E ⊆
U1 ∪ · · · ∪ Un−1 .

Se k�je perÐptwsh, up�rqoun peperasmèna apì ta anoikt� sÔnola thc (arqik c) oikogèneiac ta opoÐa
kalÔptoun to E.

2.2 To exwterikì mètro Lebesgue.

UpenjumÐzoume tic ènnoiec tou infimum kai supremum gia uposÔnola tou R.
An to mh kenì A ⊆ R eÐnai �nw fragmèno, tìte apì ta �nw fr�gmat� tou up�rqei k�poio to opoÐo eÐnai

el�qisto. Dhlad , up�rqei arijmìc u0 o opoÐoc eÐnai �nw fr�gma tou A (kai, epomènwc, k�je u ≥ u0 eÐnai,
epÐshc, �nw fr�gma tou A) kai k�je arijmìc u < u0 den eÐnai �nw fr�gma tou A. Pio sugkekrimèna: isqÔei
a ≤ u0 gia k�je a ∈ A kai, gia k�je u < u0, up�rqei toul�qiston ènac a > u sto A. 'H, me �lla lìgia:
isqÔei a ≤ u0 gia k�je a ∈ A kai, gia k�je ε > 0, up�rqei toul�qiston ènac a > u0 − ε sto A. To el�qisto
�nw fr�gma u0 tou A onom�zetai supremum tou A kai sumbolÐzetai supA.

An to mh kenì A ⊆ R den eÐnai �nw fragmèno, tìte wc supremum tou A jewroÔme to +∞ kai gr�foume
supA = +∞. To ìti to A den eÐnai �nw fragmèno shmaÐnei ìti k�je arijmìc u den eÐnai �nw fr�gma tou A,
dhlad  ìti gia k�je u up�rqei toul�qiston ènac a > u sto A.

An to mh kenì A ⊆ R eÐnai k�tw fragmèno, tìte apì ta k�tw fr�gmat� tou up�rqei k�poio to opoÐo eÐnai
mègisto. Dhlad , up�rqei arijmìc l0 o opoÐoc eÐnai k�tw fr�gma tou A (kai, epomènwc, k�je l ≤ l0 eÐnai,
epÐshc, k�tw fr�gma tou A) kai k�je arijmìc l > l0 den eÐnai k�tw fr�gma tou A. Pio sugkekrimèna: isqÔei
a ≥ l0 gia k�je a ∈ A kai, gia k�je l > l0, up�rqei toul�qiston ènac a < l sto A. 'H, me �lla lìgia: isqÔei
a ≥ l0 gia k�je a ∈ A kai, gia k�je ε > 0, up�rqei toul�qiston ènac a < l0 + ε sto A. To mègisto k�tw
fr�gma l0 tou A onom�zetai infimum tou A kai sumbolÐzetai inf A.

An to mh kenì A ⊆ R den eÐnai k�tw fragmèno, tìte wc infimum tou A jewroÔme to −∞ kai gr�foume
inf A = −∞. To ìti to A den eÐnai k�tw fragmèno shmaÐnei ìti k�je arijmìc l den eÐnai k�tw fr�gma tou A,
dhlad  ìti gia k�je l up�rqei toul�qiston ènac a < l sto A.

EÐnai safèc ìti gia k�je mh kenì A ⊆ R orÐzontai ta inf A kai supA, ìti to inf A eÐnai arijmìc   −∞, ìti
to supA eÐnai arijmìc   +∞ kai ìti isqÔei inf A ≤ a ≤ supA gia k�je a ∈ A. To teleutaÐo isqÔei diìti to
inf A eÐnai k�tw fr�gma tou A kai to supA eÐnai �nw fr�gma tou A kai mporeÐ na diatupwjeÐ kai wc ex c: to
A eÐnai uposÔnolo tou (pijanìn, mh fragmènou) diast matoc [inf A, supA] sto R = R∪{−∞,+∞}. Epeid ,
ìmwc, to inf A eÐnai to mègisto k�tw fr�gma tou A kai to supA eÐnai to el�qisto �nw fr�gma tou A, isqÔei,
epÐshc, ìti to A den eÐnai uposÔnolo kanenìc diast matoc gnhsÐwc mikrìterou apì to [inf A, supA].

EÐnai, epÐshc, eÔkolo na dei kaneÐc ìti an gia ta mh ken� A,B ⊆ R isqÔei A ⊆ B, tìte isqÔei inf B ≤
inf A ≤ supA ≤ supB. Pr�gmati, h anisìthta inf A ≤ supA eÐnai saf c apì ta prohgoÔmena. H supA ≤
supB isqÔei, profan¸c, an eÐnai supB = +∞, dhlad  an to B den eÐnai �nw fragmèno. Sthn perÐptwsh pou
to supB eÐnai arijmìc, tìte to supB eÐnai �nw fr�gma tou B kai, epeid  to A eÐnai uposÔnolo tou B, to
supB eÐnai �nw fr�gma kai tou A. 'Omwc, epeid  to supA eÐnai to el�qisto �nw fr�gma tou A, sunep�getai
ìti supA ≤ supB. OmoÐwc, h inf B ≤ inf A isqÔei, profan¸c, an eÐnai inf B = −∞, dhlad  an to B den
eÐnai k�tw fragmèno. Sthn perÐptwsh pou to inf B eÐnai arijmìc, tìte to inf B eÐnai k�tw fr�gma tou B kai,
epeid  to A eÐnai uposÔnolo tou B, to inf B eÐnai k�tw fr�gma kai tou A. 'Omwc, epeid  to inf A eÐnai to
megisto k�tw fr�gma tou A, sunep�getai ìti inf B ≤ inf A.

'Estw tuqìn E ⊆ Rd . DiakrÐnoume duo peript¸seic.
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Pr¸th perÐptwsh: 'Estw ìti gia k�je �peirh arijm simh sullog  anoikt¸n diasthm�twn I1, I2, . . . ta opoÐa
kalÔptoun to E, dhlad  gia ta opoÐa isqÔei E ⊆

⋃+∞
n=1 In , sunep�getai ìti

∑+∞
n=1 Vd(In) = +∞. Me �lla

lìgia, èstw ìti den up�rqei kami� �peirh arijm simh sullog  anoikt¸n diasthm�twn ta opoÐa na kalÔptoun
to E kai na èqoun �jroisma ìgkwn < +∞. S' aut n thn perÐptwsh orÐzoume to sÔmbolo md

∗(E) na eÐnai

md
∗(E) = +∞.

DeÔterh perÐptwsh: 'Estw ìti up�rqei toul�qiston mia �peirh arijm simh sullog  anoikt¸n diasthm�twn ta
opoÐa na kalÔptoun to E kai na èqoun �jroisma ìgkwn < +∞. Tìte jewroÔme ìlec tic �peirec arijm simec
sullogèc anoikt¸n diasthm�twn ta opoÐa na kalÔptoun to E kai na èqoun �jroisma ìgkwn < +∞, gia k�je
mia apì autèc upologÐzoume to antÐstoiqo �jroisma ìgkwn, to opoÐo eÐnai ènac arijmìc, kai dhmiourgoÔme to
uposÔnolo tou R me stoiqeÐa aut� akrib¸c ta ajroÐsmata ìgkwn. Epeid , profan¸c, k�je tètoio �jroisma
ìgkwn eÐnai arijmìc ≥ 0, to mh kenì sÔnolo pou dhmiourgeÐtai apì aut� ta ajroÐsmata ìgkwn eÐnai uposÔnolo
tou [0,+∞), dhlad  èqei wc k�tw fr�gma ton 0. 'Ara to infimum tou sunìlou autoÔ eÐnai arijmìc ≥ 0. S'
aut n thn perÐptwsh orÐzoume to sÔmbolo md

∗(E) na eÐnai o mh arnhtikìc arijmìc

md
∗(E) = inf

{ +∞∑
n=1

Vd(In) : ta I1, I2, . . . eÐnai anoikt� diast mata me

E ⊆
+∞⋃
n=1

In kai
+∞∑
n=1

Vd(In) < +∞
}
.

Kai stic duo peript¸seic, to sÔmbolomd
∗(E) onom�zetai exwterikì (d-di�stato) mètro Lebesgue

tou E.

Epexhg seic: (1) Sth deÔterh perÐptwsh, apì th fÔsh tou md
∗(E) wc infimum tou sugkekrimènou

parap�nw sunìlou isqÔoun ta ex c.
Kat' arq�c eÐnai md

∗(E) ≤
∑+∞

n=1 Vd(In) gia k�je �peirh arijm simh sullog  anoikt¸n diasthm�twn
I1, I2, . . . ta opoÐa kalÔptoun to E, dhlad  gia ta opoÐa isqÔei E ⊆

⋃+∞
n=1 In .

Katìpin, gia k�je ε > 0 up�rqei toul�qiston mia �peirh arijm simh sullog  anoikt¸n diasthm�twn
I1, I2, . . . ta opoÐa kalÔptoun to E ¸ste na eÐnai

∑+∞
n=1 Vd(In) < md

∗(E) + ε.
(2) Me apl� lìgia, ìlh h ousÐa twn prohgoumènwn eÐnai h ex c: prospajoÔme na kalÔyoume to sÔnolo E me
�peira arijm sima anoikt� diast mata me ton oikonomikìtero � se sunolikì ìgko � trìpo.

Sthn pr¸th perÐptwsh, to E eÐnai tètoio pou me ìpoio trìpo ki an to kalÔyoume me �peira arijm sima
anoikt� diast mata o sunolikìc ìgkoc aut¸n twn diasthm�twn eÐnai p�ntote +∞. S' aut n thn perÐptwsh
lème ìti to E èqei exwterikì mètro Lebesgue Ðso me +∞: md

∗(E) = +∞.
Sth deÔterh perÐptwsh, to E eÐnai tètoio pou mporoÔme na broÔme toul�qiston èna trìpo na to kalÔyoume

me �peira arijm sima anoikt� diast mata ta opoÐa èqoun sunolikì ìgko < +∞. Sthn perÐptwsh aut 
prospajoÔme na broÔme �peira arijm sima anoikt� diast mata ta opoÐa na kalÔptoun to E kai na èqoun
sunolikì ìgko ìso to dunatì mikrìtero   oikonomikìtero. Sthn perÐptwsh aut  to exwterikì mètro Lebesgue
tou E, dhlad  o arijmìcmd

∗(E), ekfr�zei to pìso mikrìc   pìso oikonomikìc mporeÐ na gÐnei autìc o sunolikìc
ìgkoc: ìso kont� jèloume (apì p�nw) all� ìqi parak�tw. Pio sugkekrimèna: (i) me ìpoio trìpo ki an
kalÔyoume to E me �peira arijm sima anoikt� diast mata o sunolikìc ìgkoc aut¸n twn diasthm�twn eÐnai
p�ntote ≥ md

∗(E) kai (ii) mporoÔme na broÔme trìpo na kalÔyoume to E me �peira arijm sima anoikt�
diast mata ètsi ¸ste o sunolikìc ìgkoc aut¸n twn diasthm�twn na eÐnai ìso kont� jèloume sto md

∗(E)  ,
me �lla lìgia, gia k�je ε > 0 mporoÔme na broÔme trìpo na kalÔyoume to E me �peira arijm sima anoikt�
diast mata ètsi ¸ste o sunolikìc ìgkoc aut¸n twn diasthm�twn na eÐnai < md

∗(E) + ε. Kai � xan� � me
sÔmbola:
(i) gia k�je �peirh arijm simh sullog  anoikt¸n diasthm�twn I1, I2, . . . ta opoÐa kalÔptoun to E isqÔei
md
∗(E) ≤

∑+∞
n=1 Vd(In) kai

(ii) gia k�je ε > 0 up�rqei toul�qiston mia �peirh arijm simh sullog  anoikt¸n diasthm�twn I1, I2, . . . ta
opoÐa kalÔptoun to E ètsi ¸ste na eÐnai

∑+∞
n=1 Vd(In) < md

∗(E) + ε.

Prìtash 2.2. (1) 0 ≤ md
∗(E) ≤ +∞ gia k�je E ⊆ Rd .

(2) H auxhtikìthta tou exwterikoÔ mètrou Lebesgue. An E ⊆ F ⊆ Rd , sunep�getai md
∗(E) ≤
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md
∗(F ).

(3) md
∗(I) = Vd(I) gia k�je di�sthma I ston Rd .

(4) md
∗(∅) = 0 kai md

∗(Rd) = +∞.
(5) H σ-upoprosjetikìthta tou exwterikoÔ mètrou Lebesgue. An ta E,E1, E2, . . . eÐnai uposÔ-
nola tou Rd kai E ⊆

⋃+∞
n=1En , tìte sunep�getai md

∗(E) ≤
∑+∞

n=1md
∗(En).

Apìdeixh: (1) EÐnai safèc apì ìsa èqoume pei gia to md
∗(E).

(2) 'Estw E ⊆ F ⊆ Rd . An eÐnai md
∗(F ) = +∞, tìte h md

∗(E) ≤ md
∗(F ) eÐnai profan c. 'Estw, loipìn,

ìti eÐnai md
∗(F ) < +∞.

'Estw tuqoÔsa �peirh arijm simh sullog  anoikt¸n diasthm�twn I1, I2, . . . ta opoÐa kalÔptoun to F kai
èqoun sunolikì ìgko

∑+∞
n=1 Vd(In) < +∞. Fusik�, autì to

∑+∞
n=1 Vd(In) eÐnai to tuqìn stoiqeÐo tou sunìlou

tou opoÐou to infimum èqei oristeÐ na eÐnai to md
∗(F ). Epeid  eÐnai E ⊆ F , ta Ðdia I1, I2, . . . kalÔptoun kai

to E kai, epomènwc, to
∑+∞

n=1 Vd(In) eÐnai kai stoiqeÐo tou sunìlou tou opoÐou to infimum èqei oristeÐ na
eÐnai to md

∗(E). Blèpoume, loipìn, ìti to tuqìn stoiqeÐo tou sunìlou me infimum Ðso me md
∗(F ) eÐnai kai

stoiqeÐo tou sunìlou me infimum Ðso me md
∗(E). Dhlad , to pr¸to sÔnolo eÐnai uposÔnolo tou deÔterou

sunìlou kai, epomènwc, eÐnai md
∗(E) ≤ md

∗(F ).
(3) 'Estw di�sthma I ston Rd . Kat' arq�c parathroÔme ìti an jewr soume èna opoiod pote anoiktì di�-
sthma I1 ¸ste na eÐnai I ⊆ I1 kai, epÐshc, jewr soume opoiad pote ken� anoikt� diast mata I2 = I3 =
. . . = ∅ (dhlad , anoikt� diast mata me m kh akm¸n Ðsa me 0), tìte ta I1, I2, . . . kalÔptoun to I kai èqoun∑+∞

n=1 Vd(In) = Vd(I1) < +∞. Dhlad , èqoume thn perÐptwsh md
∗(I) < +∞.

'Estw tuqoÔsa �peirh arijm simh sullog  anoikt¸n diasthm�twn I1, I2, . . . ta opoÐa kalÔptoun to I kai
èqoun

∑+∞
n=1 Vd(In) < +∞. Apì to Je¸rhma 2.2 sunep�getai Vd(I) ≤

∑+∞
n=1 Vd(In). Autì shmaÐnei ìti o

arijmìc Vd(I) eÐnai k�tw fr�gma tou sunìlou twn
∑+∞

n=1 Vd(In), dhlad  tou sunìlou tou opoÐou to infimum
èqoume sumbolÐsei md

∗(I).
Katìpin, jewroÔme opoiond pote ε > 0. SÔmfwna me to L mma 2.5, up�rqei k�poio anoiktì di�sthma

I ′′ ¸ste na eÐnai I ⊆ I ′′ kai Vd(I ′′) < Vd(I) + ε. JewroÔme th sullog  anoikt¸n diasthm�twn I1 = I ′′

kai I2 = I3 = . . . = ∅ ta opoÐa kalÔptoun to I kai èqoun
∑+∞

n=1 Vd(In) = Vd(I1) = Vd(I ′′) < Vd(I) + ε.
Autì shmaÐnei ìti up�rqei toul�qiston èna stoiqeÐo tou sunìlou, tou opoÐou to infimum èqoume sumbolÐsei
md
∗(I), to opoÐo (stoiqeÐo) eÐnai < Vd(I) + ε.
Sundu�zontac ta sumper�smata twn duo teleutaÐwn paragr�fwn, blèpoume ìti Vd(I) = md

∗(I).
(4) JewroÔme thn �peirh arijm simh sullog  anoikt¸n diasthm�twn I1 = I2 = . . . = ∅. Aut� kalÔptoun to
∅, opìte eÐnai md

∗(∅) ≤
∑+∞

n=1 Vd(In) = 0. 'Ara eÐnai md
∗(∅) = 0.

JewroÔme tuqìnta jetikì arijmìM osod pote meg�lo. JewroÔme opoiod pote di�sthma I ston Rd me m -

kh akm¸n ìla Ðsa me d
√
M . Tìte, sÔmfwna me ta (2) kai (3), eÐnaimd

∗(Rd) ≥ md
∗(I) = Vd(I) = ( d

√
M)d = M .

Epeid  mporoÔme na p�roume ton M ìso meg�lo jèloume, sunep�getai ìti md
∗(Rd) = +∞.

(5) 'Estw ìti ta E,E1, E2, . . . eÐnai uposÔnola tou Rd kai E ⊆
⋃+∞
n=1En . An eÐnai

∑+∞
n=1md

∗(En) = +∞, tì-
te h anisìthta pou jèloume na apodeÐxoume eÐnai, profan¸c, swst . 'Estw, loipìn, ìti eÐnai

∑+∞
n=1md

∗(En) <
+∞. Epomènwc, eÐnai kai md

∗(En) < +∞ gia k�je n.
JewroÔme tuqìnta ε > 0. SÔmfwna me ton orismì tou md

∗(En), up�rqei toul�qiston mia �peirh a-
rijm simh sullog  anoikt¸n diasthm�twn In,1, In,2, . . . ta opoÐa kalÔptoun to En kai me sunolikì ìgko∑+∞

m=1 Vd(In,m) < md
∗(En) + ε

2n .
Katìpin, jewroÔme thn �peirh arijm simh sullog  anoikt¸n diasthm�twn pou sqhmatÐzetai apì ìla ta

diast mata In,m kaj¸c oi deÐktec n,m diatrèqoun, anex�rthta o ènac apì ton �llo, touc fusikoÔc arijmoÔc.
EÐnai fanerì ìti ta diast mata aut� kalÔptoun ìla ta sÔnola E1, E2, . . . kai, epeid  aut� ta teleutaÐa
kalÔptoun to E, ta Ðdia diast mata kalÔptoun kai to E. Apì ton orismì tou md

∗(E) sunep�getai ìti autì
eÐnai ≤ apì ton sunolikì ìgko ìlwn twn diasthm�twn In,m kai, epomènwc,

md
∗(E)≤

+∞∑
n=1

( +∞∑
m=1

Vd(In,m)
)
≤

+∞∑
n=1

(
md
∗(En) +

ε

2n
)

=
+∞∑
n=1

md
∗(En) +

+∞∑
n=1

ε

2n
=

+∞∑
n=1

md
∗(En) + ε.

Epeid  h anisìthta md
∗(E) ≤

∑+∞
n=1md

∗(En)+ε isqÔei gia tuqìnta ε > 0, osod pote mikrì, sunep�getai
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ìti md
∗(E) ≤

∑+∞
n=1md

∗(En).

H σ-upoprosjetikìthta tou exwterikoÔ mètrou Lebesgue isqÔei kai gia peperasmèna sÔnola. Pr�gmati,
èstw ìti eÐnai E ⊆ E1 ∪ · · · ∪ Em . JewroÔme ta Em+1 = Em+2 = . . . = ∅ kai èqoume �peira arijm sima
sÔnola E1, E2, . . . me E ⊆ E1 ∪ · · · ∪ Em =

⋃+∞
n=1En . Sunep�getai ìti md

∗(E) ≤
∑+∞

n=1md
∗(En) =

md
∗(E1) + · · ·+md

∗(Em).
Aut  h idiìthta onom�zetai upoprosjetikìthta tou exwterikoÔ mètrou Lebesgue kai, ìpwc mìlic

eÐdame, sunep�getai apì thn σ-upoprosjetikìthta.

Prìtash 2.3. EÐnai md
∗(E) = 0 gia k�je arijm simo E ⊆ Rd .

Apìdeixh: 'Estw opoiod pote monosÔnolo {x} ston Rd . JewroÔme opoiond pote ε > 0 kai paÐrnoume èna
opoiod pote anoiktì di�sthma I to opoÐo perièqei to x kai èqei m kh akm¸n ìla Ðsa me d

√
ε . Tèloc, jewroÔme

thn �peirh arijm simh sullog  anoikt¸n diasthm�twn I1 = I kai I2 = I3 = . . . = ∅, ta opoÐa kalÔptoun to
{x}. Sunep�getai ìti eÐnai md

∗({x}) ≤
∑+∞

n=1 Vd(In) = Vd(I1) = Vd(I) = ( d
√
ε)d = ε. Epeid  h anisìthta

md
∗({x}) ≤ ε isqÔei gia tuqìnta ε > 0, sunep�getai ìti md

∗({x}) = 0.
T¸ra, èstw arijm simo E ⊆ Rd . An to E eÐnai peperasmèno, dhlad  an E = {x1, . . . , xm}, tìte eÐnai

E = {x1} ∪ · · · ∪ {xm} kai, epomènwc, md
∗(E) ≤ md

∗({x1}) + · · · + md
∗({xm}) = 0 + · · · + 0 = 0. An to

E eÐnai �peiro arijm simo, tìte èstw x1, x2, . . . mia opoiad pote arÐjmhs  tou. Dhlad , E = {x1, x2, . . .} =⋃+∞
n=1{xn} kai, epomènwc, md

∗(E) ≤
∑+∞

n=1md
∗({xn}) =

∑+∞
n=1 0 = 0.

Se k�je perÐptwsh eÐnai md
∗(E) ≤ 0 kai, epomènwc, md

∗(E) = 0.

Par�deigma: EÐnai m1
∗(Q) = 0 kai, genikìtera, md

∗(Qd) = 0, ìpou Qd = Q × · · · ×Q eÐnai to sÔnolo
twn shmeÐwn tou Rd me ìlec tic suntetagmènec touc rhtèc.

Pìrisma: Kanèna di�sthma ston R me jetikì m koc kai, genikìtera, kanèna di�sthma ston Rd me jetikì
d-di�stato ìgko den eÐnai arijm simo.

2.3 To mètro Lebesgue.

'Estw tuqìn E ⊆ Rd . To E qarakthrÐzetai Lebesgue metr simo ston Rd an èqei thn ex c idiìthta:
gia k�je A ⊆ Rd isqÔei

md
∗(A ∩ E) +md

∗(A ∩ Ec) = md
∗(A).

Parathr ste ìti ta sÔnola A ∩E kai A ∩Ec eÐnai xèna kai h ènws  touc isoÔtai me to A. MporoÔme na
poÔme ìti ta duo aut� sÔnola eÐnai ta {komm�tia} sta opoÐa diaqwrÐzetai to A apì to E: to pr¸to apoteleÐtai
apì ta stoiqeÐa tou A pou an koun sto E kai to deÔtero apoteleÐtai apì ta stoiqeÐa tou A pou den an koun
sto E. Epomènwc, mporoÔme na diatup¸soume ton parap�nw orismì wc ex c: to E qarakthrÐzetai Lebesgue
metr simo ston Rd an ta duo komm�tia sta opoÐa diaqwrÐzei k�je uposÔnolo tou Rd èqoun sunolikì exwterikì
mètro Lebesgue Ðso me to èxwterikì mètro Lebesgue tou uposunìlou.

ParathroÔme, epÐshc, ìti apì thn upoprosjetikìthta tou md
∗ kai apì to ìti eÐnai (A∩E)∪ (A∩Ec) = A

sunep�getai ìti md
∗(A ∩ E) + md

∗(A ∩ Ec) ≥ md
∗(A) gia k�je E,A ⊆ Rd . Epomènwc, to na isqÔei h

md
∗(A∩E)+md

∗(A∩Ec) = md
∗(A) eÐnai isodÔnamo me to na isqÔei h md

∗(A∩E)+md
∗(A∩Ec) ≤ md

∗(A).
MporoÔme, loipìn, na poÔme ìti to E qarakthrÐzetai Lebesgue metr simo ston Rd an gia k�je A ⊆ Rd isqÔei
md
∗(A ∩ E) +md

∗(A ∩ Ec) ≤ md
∗(A).

ParathroÔme, tèloc, ìti, an eÐnai md
∗(A) = +∞, tìte h anisìthta md

∗(A∩E) +md
∗(A∩Ec) ≤ md

∗(A)
isqÔei autom�twc. 'Ara mporoÔme na poÔme ìti to E qarakthrÐzetai Lebesgue metr simo ston Rd an gia k�je
A ⊆ Rd me md

∗(A) < +∞ isqÔei md
∗(A ∩ E) +md

∗(A ∩ Ec) ≤ md
∗(A).

Autèc oi duo parathr seic elafrÔnoun k�pwc thn ergasÐa mac ìtan prèpei na elègxoume me b�sh ton
orismì to an èna sugkekrimèno E ⊆ Rd eÐnai Lebesgue metr simo ston Rd . SÔmfwna me thn pr¸th para-
t rhsh, eÐnai arketì na elègxoume an isqÔei mia anisìthta (dhlad , k�ti asjenèstero) antÐ miac isìthtac.
Tèloc, sÔmfwna me th deÔterh parat rhsh, eÐnai arketì na elègxoume thn anisìthta gia ligìtera A antÐ gia
ìla ta A ⊆ Rd .
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Prìtash 2.4. (1) To ∅ kai o Rd eÐnai Lebesgue metr sima ston Rd .
(2) An E ⊆ Rd kai md

∗(E) = 0, tìte to E eÐnai Lebesgue metr simo ston Rd .
(3) An to E eÐnai Lebesgue metr simo ston Rd , tìte kai to Ec eÐnai Lebesgue metr simo ston Rd .
(4) An ta E,F eÐnai Lebesgue metr sima ston Rd , tìte kai to E ∪ F eÐnai Lebesgue metr simo ston Rd .

Apìdeixh: (1) Gia k�je A ⊆ Rd eÐnai

md
∗(A ∩ ∅) +md

∗(A ∩ ∅c) = md
∗(∅) +md

∗(A ∩Rd) = 0 +md
∗(A) = md

∗(A).

EpÐshc, eÐnai

md
∗(A ∩Rd) +md

∗(A ∩ (Rd)c) =md
∗(A) +md

∗(A ∩ ∅)
=md

∗(A) +md
∗(∅) = md

∗(A) + 0 = md
∗(A).

(2) Epeid  eÐnai A ∩ E ⊆ E kai A ∩ Ec ⊆ A kai lìgw thc auxhtikìthtac tou md
∗ , sunep�getai ìti gia k�je

A ⊆ Rd eÐnai

md
∗(A ∩ E) +md

∗(A ∩ Ec) ≤ md
∗(E) +md

∗(A) = 0 +md
∗(A) = md

∗(A).

(3) Epeid  to E eÐnai Lebesgue metr simo ston Rd , kai epeid  eÐnai (Ec)c = E, sunep�getai ìti gia k�je
A ⊆ Rd eÐnai

md
∗(A ∩ Ec) +md

∗(A ∩ (Ec)c) =md
∗(A ∩ Ec) +md

∗(A ∩ E)
=md

∗(A ∩ E) +md
∗(A ∩ Ec) = md

∗(A).

'Ara to Ec eÐnai Lebesgue metr simo ston Rd .
(4) Stouc parak�tw upologismoÔc: h pr¸th isìthta isqÔei diìti eÐnai E ∪ F = F ∪ (F c ∩E) kai (E ∪ F )c =
F c ∩ Ec , h deÔterh isìthta isqÔei diìti eÐnai A ∩ (K ∪ L) = (A ∩ K) ∪ (A ∩ L), h anisìthta isqÔei lìgw
thc upoprosjetikìthtac tou md

∗ , h trÐth isìthta isqÔei diìti to E eÐnai Lebesgue metr simo ston Rd kai h
tètarth isìthta isqÔei diìti to F eÐnai Lebesgue metr simo ston Rd .

md
∗(A ∩ (E ∪ F )) +md

∗(A ∩ (E ∪ F )c) = md
∗(A ∩ (F ∪ (F c ∩ E))

+md
∗(A ∩ F c ∩ Ec)

=md
∗((A ∩ F ) ∪ (A ∩ F c ∩ E)) +md

∗(A ∩ F c ∩ Ec)
≤md

∗(A ∩ F ) +md
∗(A ∩ F c ∩ E) +md

∗(A ∩ F c ∩ Ec)
=md

∗(A ∩ F ) +md
∗(A ∩ F c)

=m∗d(A).

'Ara to E ∪ F eÐnai Lebesgue metr simo ston Rd .

T¸ra ja doÔme merikoÔc genikoÔc orismoÔc.
'Estw èna opoiod pote sÔnolo X kai èstw A mia oikogèneia uposunìlwn tou X. H A qarakthrÐzetai

�lgebra uposunìlwn tou X an isqÔoun ta parak�tw:
(i) ∅ ∈ A,
(ii) an E ∈ A, tìte Ec ∈ A (ìpou Ec = X \ E) kai
(iii) an E,F ∈ A, tìte E ∪ F ∈ A.

Prìtash 2.5. 'Estw A mia �lgebra uposunìlwn tou X. Tìte:
(1) X ∈ A,
(2) an E,F ∈ A, tìte E ∩ F, E \ F, F \ E, E4F ∈ A.

Apìdeixh: (1) Apì tic idiìthtec (i) kai (ii) thc A sunep�getai ìti X = ∅c ∈ A.
(2) Apì tic idiìthtec (ii) kai (iii) thc A sunep�getai ìti, an E,F ∈ A, tìte Ec, F c ∈ A, opìte Ec ∪F c ∈ A
kai, epomènwc, E ∩ F = (Ec ∪ F c)c ∈ A.

T¸ra, an E,F ∈ A, tìte E,F c ∈ A, opìte E \ F = E ∩ F c ∈ A. H apìdeixh gia to F \E eÐnai, fusik�,
Ðdia.

18



Tèloc, an E,F ∈ A, tìte E \ F, F \ E ∈ A kai, epomènwc, E4F = (E \ F ) ∪ (F \ E) ∈ A.

EÐnai fanerì ìti h idiìthta (iii) miac �lgebrac uposunìlwn tou X all� kai h an�logh idiìthta me thn
tom  pou emfanÐzetai sto (2) thc Prìtashc 2.5 genikeÔontai me thn arq  thc epagwg c gia peperasmènec
en¸seic kai tomèc. Pio sugkekrimèna: an h A eÐnai �lgebra uposunìlwn tou X kai an E1, . . . , En ∈ A, tìte
eÐnai

E1 ∪ · · · ∪ En ∈ A, E1 ∩ · · · ∩ En ∈ A.
'Omwc, gia �peirec arijm simec en¸seic kai tomèc qreiazìmaste ènan �llo orismì.
'Estw èna opoiod pote sÔnolo X kai èstw A mia oikogèneia uposunìlwn tou X. H A qarakthrÐzetai

σ-�lgebra uposunìlwn tou X an isqÔoun ta parak�tw:
(i) ∅ ∈ A,
(ii) an E ∈ A, tìte Ec ∈ A (ìpou Ec = X \ E) kai
(iii) an E1, E2, . . . ∈ A, tìte E1 ∪ E2 ∪ · · · ∈ A.

Prìtash 2.6. 'Estw A mia σ-�lgebra uposunìlwn tou X. Tìte:
(1) h A eÐnai �lgebra uposunìlwn tou X kai
(2) an E1, E2, . . . ∈ A, tìte E1 ∩ E2 ∩ · · · ∈ A.

Apìdeixh: (1) An E,F ∈ A, tìte jewroÔme ta E1 = E,E2 = F,E3 = E4 = . . . = ∅, ta opoÐa an koun
ìla sthn A kai apì thn idiìthta (iii) thc σ-�lgebrac sunep�getai ìti to E ∪ F = E1 ∪E2 ∪E3 ∪ · · · an kei
sthn A.
(2) Apì tic idiìthtec (ii) kai (iii) thc σ-�lgebrac sunep�getai ìti, an E1, E2, . . . ∈ A, tìte E1

c, E2
c, . . . ∈ A,

opìte E1
c ∪ E2

c ∪ · · · ∈ A kai, epomènwc, E1 ∩ E2 ∩ · · · = (E1
c ∪ E2

c ∪ · · · )c ∈ A.

Met� apì autoÔc touc genikoÔc orismoÔc, sumbolÐzoume me Ld thn oikogèneia ìlwn twn Lebesgue metr -
simwn uposunìlwn tou Rd :

Ld = {E : to E eÐnai Lebesgue metr simo ⊆ Rd }

Apì thn Prìtash 2.4 sunep�getai ìti h Ld eÐnai mia �lgebra uposunìlwn tou Rd . Autì me th seir�
tou, sÔmfwna me th genik  Prìtash 2.5, sunep�getai ìti, ektìc apì thn peperasmènh ènwsh, h peperasmènh
tom , h diafor� kai h summetrik  diafor� Lebesgue metr simwn uposunìlwn tou Rd eÐnai Lebesgue metr sima
uposÔnola tou Rd .

Prìtash 2.7. 'Estw ìti ta E1, E2, . . . eÐnai xèna an� dÔo Lebesgue metr sima uposunìla tou Rd kai
E =

⋃+∞
n=1En . Tìte gia k�je A ⊆ Rd isqÔei

md
∗(A ∩ E) =

+∞∑
n=1

md
∗(A ∩ En).

Apìdeixh: Epeid  eÐnai A ∩ E = A ∩
⋃+∞
n=1En =

⋃+∞
n=1(A ∩ En), apì thn σ-upoprosjetikìthta tou md

∗

sunep�getai ìti

md
∗(A ∩ E) ≤

+∞∑
n=1

md
∗(A ∩ En).

T¸ra, sumbolÐzoume Fn = E1 ∪ · · · ∪ En gia k�je n kai ja apodeÐxoume me thn arq  thc epagwg c ìti
eÐnai

md
∗(A ∩ E1) + · · ·+md

∗(A ∩ En) = md
∗(A ∩ Fn)

gia k�je n. H isìthta aut  eÐnai, profan¸c, swst  an n = 1, diìti F1 = E1 . Upojètoume ìti h isìthta
isqÔei gia k�poion n kai, epeid  to En+1 eÐnai Lebesgue metr simo uposunìlo tou Rd , sunep�getai ìti

md
∗(A ∩ Fn+1 ∩ En+1) +md

∗(A ∩ Fn+1 ∩ En+1
c) = md

∗(A ∩ Fn+1).

'Omwc, epeid  ta E1, E2, . . . eÐnai xèna an� dÔo, sunep�getai ìti eÐnai Fn+1∩En+1 = En+1 kai Fn+1∩En+1
c =

Fn . 'Ara h teleutaÐa isìthta gÐnetai

md
∗(A ∩ En+1) +md

∗(A ∩ Fn) = md
∗(A ∩ Fn+1).

19



Apì thn epagwgik  upìjesh eÐnai

md
∗(A ∩ E1) + · · ·+md

∗(A ∩ En) +md
∗(A ∩ En+1) = md

∗(A ∩ Fn+1)

kai apodeÐqthke autì pou jèlame gia k�je n.
T¸ra, blèpoume ìti eÐnai Fn ⊆ E gia k�je n kai apì thn auxhtikìthta tou md

∗ èqoume ìti

md
∗(A ∩ E1) + · · ·+md

∗(A ∩ En) ≤ md
∗(A ∩ E)

gia k�je n. 'Ara
+∞∑
n=1

md
∗(A ∩ En) ≤ md

∗(A ∩ E).

T¸ra, h isìthta prokÔptei apì thn teleutaÐa anisìthta kai apì thn antÐjet  thc sthn arq  thc apìdeixhc.

Je¸rhma 2.4. H Ld eÐnai σ-�lgebra uposunìlwn tou Rd .

Apìdeixh: GnwrÐzoume  dh ìti h Ld eÐnai �lgebra uposunìlwn tou Rd , opìte apomènei na apodeÐxoume
ìti h Ld ikanopoieÐ thn idiìthta (iii) miac σ-�lgebrac. Dhlad , upojètoume ìti ta E1, E2, . . . eÐnai Lebesgue
metr sima ston Rd kai ja apodeÐxoume ìti to E =

⋃+∞
n=1En eÐnai ki autì Lebesgue metr simo ston Rd .

Kat' arq�c jewroÔme thn eidik  perÐptwsh kat� thn opoÐa ta E1, E2, . . . eÐnai xèna an� dÔo. 'Opwc sthn
apìdeixh thc Prìtashc 2.7, sumbolÐzoume Fn = E1∪· · ·∪En gia k�je n kai ja qrhsimopoi soume tic isìthtec
md
∗(A∩E1) + · · ·+md

∗(A∩En) = md
∗(A∩Fn) kai

∑+∞
n=1md

∗(A∩En) = md
∗(A∩E). H deÔterh eÐnai to

apotèlesma thc Prìtashc 2.7 kai h pr¸th up�rqei mèsa sthn apìdeixh thc Prìtashc 2.7. Epeid  h Ld eÐnai
�lgebra uposunìlwn tou Rd , sunep�getai ìti to Fn eÐnai Lebesgue metr simo ston Rd . 'Ara eÐnai

md
∗(A) =md

∗(A ∩ Fn) +md
∗(A ∩ Fnc)

=md
∗(A ∩ E1) + · · ·+md

∗(A ∩ En) +md
∗(A ∩ Fnc).

Epeid  eÐnai Fn ⊆ E sunep�getai A ∩ Ec ⊆ A ∩ Fnc kai, epomènwc,

md
∗(A) ≥ md

∗(A ∩ E1) + · · ·+md
∗(A ∩ En) +md

∗(A ∩ Ec).

Tèloc, epeid  autì isqÔei gia k�je n, sunep�getai

md
∗(A) ≥

+∞∑
n=1

md
∗(A ∩ En) +md

∗(A ∩ Ec) = md
∗(A ∩ E) +md

∗(A ∩ Ec).

Autì apodeiknÔei ìti to E eÐnai Lebesgue metr simo ston Rd .
T¸ra, jewroÔme th genik  perÐptwsh kat� thn opoÐa ta E1, E2, . . . den eÐnai anagkastik� xèna an� dÔo.

OrÐzoume
E1
′ = E1 , En

′ = En \ (E1 ∪ · · · ∪ En−1) gia n ≥ 2.

EÐnai eÔkolo na dei kaneÐc ìti ta E1
′, E2

′, . . . eÐnai xèna an� dÔo kai ìti E =
⋃
n=1En

′ . Epeid  h Ld eÐnai
�lgebra uposunìlwn tou Rd , sunep�getai ìti ta E1

′, E2
′, . . . eÐnai Lebesgue metr sima ston Rd . Epeid  de ta

sÔnola aut� eÐnai xèna an� dÔo kai, epomènwc, empÐptoun sthn eidik  perÐptwsh pou exet�same prohgoumènwc,
sunep�getai ìti to E eÐnai Lebesgue metr simo ston Rd .

Prìtash 2.8. K�je di�sthma ston Rd eÐnai Lebesgue metr simo ston Rd .

Apìdeixh: 'Estw di�sthma I ston Rd . JewroÔme opoiod poteA ⊆ Rd memd
∗(A) < +∞ kai opoiond pote

ε > 0. Tìte up�rqoun anoikt� diast mata I1, I2, . . . ston Rd ¸ste na eÐnai A ⊆
⋃+∞
n=1 In kai

∑+∞
n=1 Vd(In) <

md
∗(A) + ε.
JewroÔme, t¸ra, opoiod pote In . To Jn = In ∩ I eÐnai di�sthma kai eÐnai uposÔnolo tou In . Ta

uperepÐpeda ta opoÐa perièqoun tic pleurèc tou Jn qwrÐzoun to In se diast mata sqedìn xèna an� dÔo,

èna apì ta opoÐa eÐnai to Jn . Ac sumbolÐsoume Jn, J
(1)
n , . . . , J

(kn)
n ta diast mata aut�. Profan¸c, eÐnai
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In ∩ Ic ⊆ J
(1)
n ∪ · · · ∪ J (kn)

n kai In = Jn ∪ J (1)
n , . . . , J

(kn)
n . Apì to L mma 2.2 sunep�getai ìti Vd(In) =

Vd(Jn) + Vd(J
(1)
n ) + · · ·+ Vd(J

(kn)
n ). 'Ara

md
∗(In ∩ I) +md

∗(In ∩ Ic)≤md
∗(Jn) +md

∗(J (1)
n ) + · · ·+md

∗(J (kn)
n )

= Vd(Jn) + Vd(J (1)
n ) + · · ·+ Vd(J (kn)

n ) = Vd(In).

Epeid  eÐnai A ⊆
⋃+∞
n=1 In sunep�getai

md
∗(A ∩ I) +md

∗(A ∩ Ic)≤
+∞∑
n=1

md
∗(In ∩ I) +

+∞∑
n=1

md
∗(In ∩ Ic)

=
+∞∑
n=1

(md
∗(In ∩ I) +md

∗(In ∩ Ic))

≤
+∞∑
n=1

Vd(In) ≤ md
∗(A) + ε.

Tèloc, epeid  autì isqÔei gia k�je ε > 0, sunep�getai ìti md
∗(A ∩ I) + md

∗(A ∩ Ic) ≤ md
∗(A) kai,

epomènwc, to I eÐnai Lebesgue metr simo ston Rd .

Prìtash 2.9. K�je anoiktì kai k�je kleistì uposÔnolo tou Rd eÐnai Lebesgue metr simo ston Rd .

Apìdeixh: 'Estw U opoiod pote anoiktì ⊆ Rd . Epeid  to U eÐnai anoiktì, gia k�je x ∈ U up�rqei
k�poio anoiktì di�sthma Jx to opoÐo perièqei to x kai eÐnai uposÔnolo tou U . MikraÐnontac lÐgo to Jx kai
lìgw thc puknìthtac twn rht¸n sto sÔnolo twn pragmatik¸n, blèpoume ìti up�rqei k�poio anoiktì di�sthma
Ix me tic suntetagmènec twn koruf¸n tou ìlec rhtèc, to opoÐo perièqei to x kai eÐnai uposÔnolo tou Jx kai,
epomènwc, tou U . Autì gÐnetai wc ex c. An Jx = (a1, b1) × · · · × (an, bn), tìte, epeid  to x = (x1, . . . , xn)
perièqetai sto Jx , eÐnai a1 < x1 < b1, . . . , an < xn < bn . Epilègoume rhtoÔc c1, d1, . . . , cn, dn ¸ste na eÐnai
a1 < c1 < x1 < d1 < b1, . . . , an < cn < xn < dn < bn . Tìte to di�sthma Ix = (c1, d1) × · · · × (cn, dn) èqei
tic idiìthtec pou jèloume.

JewroÔme, t¸ra, ìla ta parap�nw diast mata Ix pou antistoiqoÔn se ìla ta shmeÐa x ∈ U . Aut� èqoun
tic ex c idiìthtec. K�je tètoio di�sthma eÐnai uposÔnolo tou U , opìte h ènws  touc eÐnai uposÔnolo tou U .
K�je x ∈ U perièqetai se èna apì aut� ta diast mata � sto Ix � kai, epomènwc to U eÐnai uposÔnolo thc
ènwshc twn diasthm�twn aut¸n. 'Ara to U eÐnai Ðso me thn ènwsh twn diasthm�twn aut¸n. Ta diast mata
aut� eÐnai arijm sima diìti oi suntetagmènec twn koruf¸n touc eÐnai ìlec rhtoÐ arijmoÐ.

SumperaÐnoume, loipìn, ìti to U eÐnai ènwsh arijm simwn diasthm�twn kai, epeid  k�je di�sthma an kei
sthn Ld kai h Ld eÐnai σ-�lgebra, sunep�getai ìti to U an kei sthn Ld .

Tèloc, èstw F opoiod pote kleistì ⊆ Rd . Tìte to U = F c eÐnai anoiktì ⊆ Rd , opìte an kei sthn Ld
kai, epomènwc, to F = U c an kei sthn Ld .

Gia k�je E ⊆ Rd to opoÐo eÐnai Lebesgue metr simo ston Rd orÐzoume thn posìthta md(E) me ton tÔpo

md(E) = md
∗(E)

kai thn onom�zoume (d-di�stato) mètro Lebesgue tou E.
Prèpei na tonisteÐ ìti to md

∗(E) orÐzetai gia k�je E ⊆ Rd en¸ h posìthta md(E) orÐzetai � kai eÐnai
Ðsh me thn md

∗(E) � mìno gia ta E ⊆ Rd ta opoÐa an koun sthn Ld .
Ac doÔme sunoptik� merikèc idiìthtec tou md , oi opoÐec prokÔptoun amèswc apì antÐstoiqec idiìthtec

tou md
∗ kai thc Ld .

(1) 0 ≤ md(E) ≤ +∞ gia k�je E ∈ Ld .

(2) EÐnai ∅,Rd ∈ Ld kai md(∅) = 0, md(Rd) = +∞.

(3) EÐnai I ∈ Ld kai md(I) = Vd(I) gia k�je di�sthma I ston Rd .
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(4) K�je arijm simo E ⊆ Rd an kei sthn Ld kai eÐnai md(E) = 0.

(5) An E,F ∈ Ld kai E ⊆ F , tìte md(E) ≤ md(F ).

(6) An E,E1, E2, . . . ∈ Ld kai E ⊆ E1 ∪ E2 ∪ · · · , tìte md(E) ≤ md(E1) +md(E2) + · · · .

(7) An E1, E2, . . . ∈ Ld , ta E1, E2, . . . ∈ Ld eÐnai xèna an� dÔo kai E = E1 ∪ E2 ∪ · · · , tìte md(E) =
md(E1) +md(E2) + · · · .

(8) An F ∈ Ld me md(F ) = 0 kai E ⊆ F , tìte E ∈ Ld kai md(E) = 0.

H (1) prokÔptei apì thn Prìtash 2.2(1). H (2) prokÔptei apì thn Prìtash 2.2(4) kai thn Prìtash
2.4(1). H (3) prokÔptei apì thn Prìtash 2.2(3) kai thn Prìtash 2.8. H (4) prokÔptei apì thn Prìtash 2.3
kai thn Prìtash 2.4(2). H (5) prokÔptei apì thn Prìtash 2.2(2). H (6) prokÔptei apì thn Prìtash 2.2(5).
H (7) prokÔptei apì thn Prìtash 2.7 me A = Rd . Tèloc, h (8) prokÔptei apì thn Prìtash 2.2(2) kai thn
Prìtash 2.4(2).

Prìtash 2.10. 'Estw ìti ta E1, E2, . . . eÐnai Lebesgue metr sima ston Rd kai isqÔei En ⊆ En+1 gia k�je
n. An E =

⋃+∞
n=1En , tìte eÐnai md(E) = limn→+∞md(En).

Apìdeixh: JewroÔme ta sÔnola F1 = E1 , F2 = E2 \ E1 , F3 = E3 \ E2 klp. EÐnai eÔkolo na dei
kaneÐc ìti ta F1, F2, . . . eÐnai Lebesgue metr sima ston Rd , ìti eÐnai xèna an� dÔo, ìti E =

⋃+∞
k=1 Fk kai ìti

En =
⋃n
k=1 Fk . Epomènwc,

md(E) =
+∞∑
k=1

md(Fk) = lim
n→+∞

n∑
k=1

md(Fk) = lim
n→+∞

md(En).

Prìtash 2.11. 'Estw ìti ta E1, E2, . . . eÐnai Lebesgue metr sima ston Rd kai isqÔei En+1 ⊆ En gia k�je n.
An E =

⋂+∞
n=1En kai an eÐnai md(En) < +∞ gia ènan toul�qiston n, tìte eÐnai md(E) = limn→+∞md(En).

Apìdeixh: 'Estwmd(En0) < +∞. Ta En0\En0+1 , En0\En0+2 , En0\En0+3 klp eÐnai Lebesgue metr sima
ston Rd , kai eÐnai En0 \En0+n ⊆ En0 \En0+n+1 gia k�je n ≥ 1. EpÐshc, eÐnai En0 \E =

⋃+∞
n=1(En0 \En0+n).

Apì thn Prìtash 2.10 sunep�getai ìti

md(En0 \ E) = lim
n→+∞

md(En0 \ En0+n).

T¸ra, parathroÔme ìti eÐnai md(En0) = md(E) + md(En0 \ E) kai md(En0) = md(En0+n) + md(En0 \
En0+n). Apì thn md(En0) < +∞ sunep�getai ìti md(En0 \E) = md(En0)−md(E) kai md(En0 \En0+n) =
md(En0)−md(En0+n). 'Ara

md(En0)−md(E) = md(En0)− lim
n→+∞

md(En0+n).

P�li, epeid  eÐnai md(En0) < +∞, sunep�getai

md(E) = lim
n→+∞

md(En0+n) = lim
n→+∞

md(En).

Parat rhsh: An apì thn Prìtash 2.11 paraleÐyoume thn upìjesh ìti eÐnai md(En) < +∞ gia ènan
toul�qiston n, tìte to sumpèrasma mporeÐ na mhn isqÔei. Gia par�deigma, ac jewr soume ston R1 ta sÔnola
En = [n,+∞). Tìte eÐnai En+1 ⊆ En gia k�je n ∈ N kai

⋂+∞
n=1En = ∅. 'Omwc, eÐnai m1(En) = +∞ (giatÐ?)

gia k�je n, all� m1(∅) = 0.

2.4 To sÔnolo tou Cantor.

JewroÔme thn ex c akoloujÐa sunìlwn
F0 = [0, 1],
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F1 =
[
0,

1
3

]
∪
[2

3
, 1
]
,

F2 =
[
0,

1
9

]
∪
[2

9
,
1
3

]
∪
[2

3
,
7
9

]
∪
[8

9
, 1
]
,

F3 =
[
0,

1
27

]
∪
[ 2

27
,
1
9

]
∪
[2

9
,

7
27

]
∪
[ 8

27
,
1
3

]
∪
[2

3
,
19
27

]
∪
[20

27
,
7
9

]
∪
[8

9
,
25
27

]
∪
[26

27
, 1
]
,

· · · · · · · · · · · · · · · · · · · · · · · · · · ·
Ta sÔnola aut� dhmiourgoÔntai wc ex c. Xekin�me me to F0 = [0, 1]. QwrÐzoume to [0, 1] se trÐa isom kh

kleist� diast mata kai krat�me ta duo akrian�: h ènws  touc eÐnai to F1 . Se kajèna apì ta duo kleist�
diast mata pou apoteloÔn to F1 epanalamb�noume thn Ðdia diadikasÐa, dhlad  to qwrÐzoume se trÐa isom kh
kleist� diast mata kai krat�me ta duo akrian�: h ènwsh twn tess�rwn diasthm�twn pou prokÔptoun eÐnai to
F2 . SuneqÐzoume ep' �peiron.

EÐnai fanerì ìti gia k�je n ≥ 0 to sÔnolo Fn eÐnai h ènwsh 2n kleist¸n diasthm�twn kajèna apì ta opoÐa
èqei m koc 1

3n . 'Ara k�je Fn eÐnai èna kleistì uposÔnolo tou R me mètro Lebesgue m1(Fn) = 2n 1
3n = (2

3)n .
EÐnai, epÐshc, fanerì ìti eÐnai Fn+1 ⊆ Fn gia k�je n ≥ 0.

OrÐzoume to sÔnolo

C =
+∞⋂
n=0

Fn .

To C onom�zetai sÔnolo tou Cantor.
To C eÐnai kleistì uposÔnolo tou R wc tom  kleist¸n uposunìlwn tou R. SÔmfwna me thn Prìtash

2.11, eÐnai

m1(C) = lim
n→+∞

m1(Fn) = lim
n→+∞

(2
3

)n
= 0.

Ja apodeÐxoume, t¸ra, ìti to C den eÐnai arijm simo sÔnolo. Ac upojèsoume, gia na katal xoume se
�topo, ìti to C eÐnai arijm simo kai èstw C = {x1, x2, . . .} = {xn : n ∈ N}. 'Ena apì ta duo diast mata pou
apoteloÔn to F1 den perièqei ton x1 . Onom�zoume I1 autì to di�sthma. To I1 {genn�} duo diast mata apì
aut� pou apoteloÔn to F2 : toul�qiston èna apì aut� ta duo diast mata den perièqei ton x2 . Onom�zoume
I2 autì to di�sthma. To I2 {genn�} duo diast mata apì aut� pou apoteloÔn to F3 : toul�qiston èna apì
aut� ta duo diast mata den perièqei ton x3 . Onom�zoume I3 autì to di�sthma. SuneqÐzoume ep' �peiron. Me
autìn ton trìpo sqhmatÐzetai mia akoloujÐa kleist¸n diasthm�twn I1 , I2 , I3 , . . . me tic ex c idiìthtec:

(i) In ⊆ Fn gia k�je n ≥ 1,

(ii) xn /∈ In gia k�je n ≥ 1,

(iii) In+1 ⊆ In gia k�je n ≥ 1 kai

(iv) limn→+∞ V1(In) = limn→+∞
1
3n = 0.

An sumbolÐsoume In = [an, bn], tìte eÐnai

a1 ≤ a2 ≤ · · · ≤ an ≤ an+1 ≤ · · · · · · ≤ bn+1 ≤ bn ≤ · · · ≤ b2 ≤ b1 .

'Ara h akoloujÐa (an) twn arister¸n �krwn eÐnai aÔxousa kai �nw fragmènh kai, epomènwc, sugklÐnei.
OmoÐwc, h akoloujÐa (bn) twn dexi¸n �krwn eÐnai fjÐnousa kai k�tw fragmènh kai, epomènwc, sugklÐnei. An
a = limn→+∞ an kai b = limn→+∞ bn , tìte eÐnai b − a = limn→+∞(bn − an) = limn→+∞ V1(In) = 0 kai,
epomènwc, a = b. SumbolÐzoume x = limn→+∞ an = limn→+∞ bn to koinì ìrio twn duo akolouji¸n. 'Ara
eÐnai

a1 ≤ a2 ≤ · · · ≤ an ≤ · · · ≤ x ≤ · · · ≤ bn ≤ · · · ≤ b2 ≤ b1 .
Autì shmaÐnei ìti o x an kei se k�je [an, bn] = In . 'Ara o x an kei se k�je Fn kai, epomènwc, o x an kei

sto C. Apì thn �llh meri�, blèpoume ìti gia k�je n ≥ 1 isqÔei x ∈ In kai xn /∈ In . Epomènwc, eÐnai x 6= xn
gia k�je n ≥ 1. 'Etsi katal goume se �topo: x ∈ C kai x /∈ {xn : n ∈ N}.

To C apoteleÐ par�deigma uposunìlou tou R to opoÐo eÐnai uperarijm simo kai èqei mètro Lebesgue
m1(C) = 0.

23



2.5 Mètro Lebesgue, affinikoÐ metasqhmatismoÐ kai stereèc kin -

seic.

S' aut n thn enìthta ja melet soume th sumperifor� tou mètrou Lebesgue se sqèsh me tic metaforèc
ston Rd kai se sqèsh me touc grammikoÔc metasqhmatismoÔc tou Rd .

'Estw x0 ∈ Rd . Onom�zoume metafor� kat� x0 th sun�rthsh Tx0 : Rd → Rd me tÔpo

Tx0(x) = x+ x0

gia k�je x ∈ Rd . Gia k�je x ∈ Rd to Tx0(x) = x + x0 to onom�zoume metafor� tou x kat� x0. Gia
k�je A ⊆ Rd onom�zoume metafor� tou A kat� x0 thn eikìna tou A mèsw thc Tx0 , dhlad  to sÔnolo
Tx0(A) = {Tx0(a) : a ∈ A} = {a+x0 : a ∈ A} ⊆ Rd . To sÔnolo autì to sumbolÐzoume kai A+x0 . Dhlad ,

A+ x0 = {a+ x0 : a ∈ A}.

Fusik�, gr�foume x−x0 antÐ x+(−x0) kai A−x0 antÐ A+(−x0) . Epomènwc, A−x0 = {a−x0 : a ∈ A}.
Oi parak�tw sqèseic apodeiknÔontai polÔ eÔkola kai ja tic qrhsimopoi soume se lÐgo.

(A+ x0)− x0 = A, an A ⊆ B tìte A+ x0 ⊆ B + x0 ,

(
⋃
A) + x0 =

⋃
(A+ x0), (

⋂
A) + x0 =

⋂
(A+ x0), (A+ x0)c = Ac + x0 .

'Estw
I = (a1, b1)× · · · × (ad, bd)

opoiod pote anoiktì di�sthma ston Rd kai x0 = (x0
(1), . . . , x0

(d)) ∈ Rd . JewroÔme kai to di�sthma

J = (a1 + x0
(1), b1 + x0

(1))× · · · × (ad + x0
(d), bd + x0

(d)).

Tìte gia k�je x = (x1, . . . , xd) kai gia to antÐstoiqo y = x + x0 = (y1, . . . , yd) isqÔei yk = xk + x0
(k) gia

k�je k. 'Ara, y ∈ I + x0 an kai mìno an x ∈ I an kai mìno an ak < xk < bk gia k�je k an kai mìno an
ak + x0

(k) < yk < bk + x0
(k) gia k�je k an kai mìno an y ∈ J . Epomènwc,

I + x0 = J

kai Vd(I+x0) = Vd(J) = (b1 +x0
(1)−a1−x0

(1)) · · · (bd+x0
(d)−ad−x0

(d)) = (b1−a1) · · · (bd−ad) = Vd(I).
Blèpoume, loipìn, ìti h metafor� kat� x0 k�je anoiktoÔ diast matoc I ston Rd eÐnai anoiktì di�sthma

ston Rd me d-di�stato ìgko Ðso me ton d-di�stato ìgko tou I.
'Estw A ⊆ Rd kai x0 ∈ Rd . Kat' arq�c ja apodeÐxoume ìti md

∗(A+ x0) ≤ md
∗(A). An md

∗(A) = +∞,
h anisìthta eÐnai profan c. 'Estw md

∗(A) < +∞. PaÐrnoume opoiond pote ε > 0, opìte up�rqoun anoikt�
diast mata I1, I2, . . . ston Rd ¸ste A ⊆

⋃+∞
n=1 In kai

∑+∞
n=1 Vd(In) < md

∗(A) + ε. Sunep�getai A + x0 ⊆
(
⋃+∞
n=1 In) + x0 =

⋃+∞
n=1(In + x0), opìte

md
∗(A+ x0)≤

+∞∑
n=1

md
∗(In + x0) =

+∞∑
n=1

Vd(In + x0)

=
+∞∑
n=1

Vd(In) < md
∗(A) + ε.

Epeid  autì isqÔei gia k�je ε > 0, sunep�getai md
∗(A + x0) ≤ md

∗(A). AfoÔ aut  h anisìthta isqÔei gia
k�je A ⊆ Rd kai k�je x0 ∈ Rd , thn efarmìzoume sto A+x0 kai sto −x0 kai brÐskoumemd

∗(A) = md
∗((A+

x0)−x0) ≤ md
∗(A+x0). Sundu�zontac me thn antÐjeth anisìthta sumperaÐnoume ìtimd

∗(A+x0) = md
∗(A).

Prìtash 2.12. 'Estw x0 ∈ Rd . Tìte gia k�je A ⊆ Rd isqÔei

md
∗(A+ x0) = md

∗(A).

EpÐshc, gia k�je E ∈ Ld sunep�getai E + x0 ∈ Ld kai

md(E + x0) = md(E).
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Apìdeixh: H pr¸th isìthta èqei  dh apodeiqteÐ.
PaÐrnoume opoiod pote A ⊆ Rd kai èqoume

md
∗(A ∩ (E + x0)) +md

∗(A ∩ (E + x0)c)
=md

∗(((A− x0) + x0) ∩ (E + x0)) +md
∗(((A− x0) + x0) ∩ (Ec + x0))

=md
∗(((A− x0) ∩ E) + x0) +md

∗(((A− x0) ∩ Ec) + x0)
=md

∗((A− x0) ∩ E) +md
∗((A− x0) ∩ Ec)

=md
∗(A− x0) = md

∗(A),

ìpou h proteleutaÐa isìthta isqÔei diìti E ∈ Ld .
'Ara E + x0 ∈ Ld . Tèloc, epeid  E ∈ Ld kai E + x0 ∈ Ld , sunep�getai

md(E + x0) = md
∗(E + x0) = md

∗(E) = md(E).

H Prìtash 2.12 lèei ìti, an metafèroume èna Lebesgue metr simo sÔnolo, tìte to sÔnolo sthn nèa tou
jèsh eÐnai kai p�li Lebesgue metr simo kai to mètro Lebesgue tou paramènei amet�blhto.

Ja doÔme, t¸ra, ti gÐnetai an efarmìsoume grammikoÔc metasqhmatismoÔc se Lebesgue metr sima sÔnola.
Mia sun�rthsh T : Rd → Rd qarakthrÐzetai grammikìc metasqhmatismìc tou Rd an

T (x+ y) = T (x) + T (y), T (λx) = λT (x)

gia k�je x, y ∈ Rd kai λ ∈ R. Autèc oi duo sqèseic sundu�zontai kai epekteÐnontai me thn arq  thc epagwg c
sthn

T (λ1x1 + · · ·+ λnxn) = λ1T (x1) + · · ·+ λnT (xn)

gia k�je n ∈ N, x1, . . . , xn ∈ Rd kai λ1, . . . , λn ∈ R.
Ac jewr soume ta gnwst� monadiaÐa stoiqeÐa tou Rd

e1 =



1
0
·
·
·
0

 . . . ed =



0
·
·
·
0
1


kai tic antÐstoiqec eikìnec touc mèsw tou metasqhmatismoÔ T

T (e1) =


t1,1
·
·
·
td,1

 . . . T (ed) =


t1,d
·
·
·
td,d

 .

Tìte gia k�je x = (x1, . . . , xd) ∈ Rd èqoume x = x1e1 + · · ·+ xded kai, epomènwc,

T (x) = x1T (e1) + · · ·+ xdT (ed) =


t1,1x1 + · · ·+ t1,dxd

·
·
·

td,1x1 + · · ·+ td,dxd



=


t1,1 · · · t1,d
· · · · ·
· · · · ·
· · · · ·
td,1 · · · td,d



x1

·
·
·
xd

 .
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O d×d pÐnakac (ti,j) pou emfanÐzetai sthn teleutaÐa gramm  sumbolÐzetai [T ] kai blèpoume ìti o [T ] prokÔ-
ptei apì ton T gr�fontac ta T (e1), . . . , T (ed) wc st lec tou [T ]. Antistrìfwc, an (ti,j) eÐnai opoiosd pote
d× d pÐnakac, tìte orÐzetai mia sun�rthsh T : Rd → Rd me tÔpo

T (x) =


t1,1 · · · t1,d
· · · · ·
· · · · ·
· · · · ·
td,1 · · · td,d



x1

·
·
·
xd

 ,

gia k�je x = (x1, . . . , xd) ∈ Rd . EÐnai eÔkolo na dei kaneÐc ìti h T eÐnai grammikìc metasqhmatismìc tou Rd

kai eÐnai fanerì ìti ta T (e1), . . . , T (ed) eÐnai oi st lec tou (ti,j) kai, epomènwc, [T ] = (ti,j). SumperaÐnoume,
loipìn, ìti up�rqei amfimonos manth antistoiqÐa an�mesa se grammikoÔc metasqhmatismoÔc tou Rd kai se
d× d pÐnakec.

EÐnai eÔkolo na apodeiqteÐ ìti, an oi T, S eÐnai grammikoÐ metasqhmatismoÐ tou Rd , tìte kai o S ◦ T eÐnai
grammikìc metasqhmatismìc tou Rd . EÐnai profanèc (giatÐ?) ìti, an [T ], [S] eÐnai oi antÐstoiqoi d×d pÐnakec,
tìte

[S ◦ T ] = [S][T ].

An T eÐnai grammikìc metasqhmatismìc tou Rd , orÐzoume thn orÐzousa tou T na eÐnai h orÐzousa tou
antÐstoiqou d× d pÐnaka [T ] kai th sumbolÐzoume detT . Dhlad 

detT = det[T ].

Epomènwc, sÔmfwna me ton gnwstì kanìna pollaplasiasmoÔ pin�kwn kai orizous¸n,

detS ◦ T = det[S ◦ T ] = det([S][T ]) = det[S] det[T ] = detS detT.

T¸ra ja jewr soume k�poiouc d × d pÐnakec eidikoÔ tÔpou kaj¸c kai touc antÐstoiqouc grammikoÔc
metasqhmatismoÔc tou Rd .
Pr¸toc eidikìc tÔpoc: 'Estw 1 ≤ k0 ≤ d, 1 ≤ l0 ≤ d kai k0 6= l0 . JewroÔme ton pÐnaka (ti,j) me

ti,j =
{

1, an i = j 6= k0, l0   i = k0, j = l0   i = l0, j = k0 ,
0, alli¸c

kai ton antÐstoiqo grammikì metasqhmatismì T . An (si,j) eÐnai opoiosd pote d× d pÐnakac, tìte o (ti,j)(si,j)
eÐnai Ðdioc me ton (si,j) me mình diafor� ìti h k0-gramm  kai h l0-gramm  tou (si,j) èqoun all�xei jèsh. EpÐshc,
o (si,j)(ti,j) eÐnai Ðdioc me ton (si,j) me mình diafor� ìti h k0-st lh kai h l0-st lh tou (si,j) èqoun all�xei
jèsh. Tèloc, gia k�je x ∈ Rd to T (x) eÐnai to Ðdio me to x me mình diafor� ìti h k0-suntetagmènh kai h
l0-suntetagmènh tou x èqoun all�xei jèsh. EÐnai fanerì ìti o antÐstrofoc metasqhmatismìc tou T eÐnai o
Ðdioc o T kai o antÐstrofoc pÐnakac tou (ti,j) eÐnai o Ðdioc o (ti,j). EpÐshc,

detT = det(ti,j) = −1.

DeÔteroc eidikìc tÔpoc: 'Estw 1 ≤ k0 ≤ d kai λ ∈ R me λ 6= 0. JewroÔme ton pÐnaka (ti,j) me

ti,j =


1, an i = j 6= k0 ,
λ, an i = j = k0 ,
0, alli¸c

kai ton antÐstoiqo grammikì metasqhmatismì T . An (si,j) eÐnai opoiosd pote d× d pÐnakac, tìte o (ti,j)(si,j)
eÐnai Ðdioc me ton (si,j) me mình diafor� ìti h k0-gramm  tou (si,j) èqei pollaplasiasteÐ me ton λ. EpÐshc,
o (si,j)(ti,j) eÐnai Ðdioc me ton (si,j) me mình diafor� ìti h k0-st lh tou (si,j) èqei pollaplasiasteÐ me ton
λ. Tèloc, gia k�je x ∈ Rd to T (x) eÐnai to Ðdio me to x me mình diafor� ìti h k0-suntetagmènh èqei
pollaplasiasteÐ me ton λ. EÐnai fanerì ìti o antÐstrofoc metasqhmatismìc tou T eÐnai o metasqhmatismìc
Ðdiou tÔpou, pou orÐzetai me ton Ðdio k0 all� me ton 1

λ antÐ tou λ, kai o antÐstrofoc pÐnakac tou (ti,j) eÐnai o
pÐnakac Ðdiou tÔpou, pou orÐzetai me ton Ðdio k0 all� me ton 1

λ antÐ tou λ. EpÐshc,

detT = det(ti,j) = λ.
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TrÐtoc eidikìc tÔpoc: 'Estw 1 ≤ k0 ≤ d, 1 ≤ l0 ≤ d kai k0 6= l0 . JewroÔme ton pÐnaka (ti,j) me

ti,j =


1, an i = j,
±1, an i = k0 , j = l0 ,
0, alli¸c

kai ton antÐstoiqo grammikì metasqhmatismì T . An (si,j) eÐnai opoiosd pote d× d pÐnakac, tìte o (ti,j)(si,j)
eÐnai Ðdioc me ton (si,j) me mình diafor� ìti h l0-gramm  tou (si,j) èqei prostejeÐ sthn k0-gramm  tou, an
tk0,l0 = +1,   èqei afairejeÐ apì thn k0-gramm  tou, an tk0,l0 = −1. EpÐshc, o (si,j)(ti,j) eÐnai Ðdioc me
ton (si,j) me mình diafor� ìti h l0-st lh tou (si,j) èqei prostejeÐ sthn   afairejeÐ apì thn k0-st lh tou,
antistoÐqwc. Tèloc, gia k�je x ∈ Rd to T (x) eÐnai to Ðdio me to x me mình diafor� ìti h l0-suntetagmènh tou
x èqei prostejeÐ sthn   afairejeÐ apì thn k0-suntetagmènh tou, antistoÐqwc. EÐnai fanerì ìti o antÐstrofoc
metasqhmatismìc tou T eÐnai o metasqhmatismìc Ðdiou tÔpou, pou orÐzetai me touc Ðdiouc k0, l0 all� me ∓1
antÐ ±1 kai o antÐstrofoc pÐnakac tou (ti,j) eÐnai o pÐnakac Ðdiou tÔpou, pou orÐzetai me touc Ðdiouc k0, l0 all�
me ∓1 antÐ ±1. EpÐshc,

detT = det(ti,j) = 1.

Parat rhsh: Prin proqwr soume prèpei na tonisteÐ ìti sthn perÐptwsh d = 1 oi grammikoÐ metasqhmati-
smoÐ tou R pr¸tou kai trÐtou eidikoÔ tÔpou den ufÐstantai! Gi autoÔc touc metasqhmatismoÔc qreiazìmaste
toul�qiston duo diaforetikèc suntetagmènec k0, l0 . EpÐshc, sthn Ðdia perÐptwsh, ènac grammikìc metasqh-
matismìc T tou R deÔterou eidikoÔ tÔpou èqei tÔpo T (x) = λx gia k�je x ∈ R , ìpou λ 6= 0. 'Omwc, k�je
grammikìc metasqhmatismìc tou R eÐnai eÐte autoÔ akrib¸c tou tÔpou eÐte o mhdenikìc metasqhmatismìc (me
λ = 0, dhlad ). Epomènwc, sthn perÐptwsh d = 1 ìlh h epìmenh ergasÐa aplopoieÐtai drastik�!

Apì th stoiqei¸dh grammik  �lgebra gnwrÐzoume th mèjodo tou Gauss wc mèjodo epÐlushc susthm�twn
all� kai wc mèjodo upologismoÔ orizous¸n. Me thn orologÐa pou èqoume eis�gei, to jewrhtikì katast�lagma
thc mejìdou tou Gauss eÐnai to ex c. Gia k�je d×d pÐnaka (si,j) up�rqoun k�poioi peperasmènoi d×d pÐnakec
twn tri¸n eidik¸n tÔpwn pou perigr�yame prohgoumènwc ¸ste an pollaplasi�soume ton (si,j) me autoÔc touc
pÐnakec apì arister� kai apì dexi� na prokÔyei ènac d× d pÐnakac (ri,j), ìpou

ri,j =
{

1, an 1 ≤ i = j ≤ m0 ,
0, alli¸c

gia k�poion m0 me 0 ≤ m0 ≤ d (sthn perÐptwsh m0 = 0 eÐnai, fusik�, ri,j = 0 gia k�je i, j). An R eÐnai o
grammikìc metasqhmatismìc tou Rd pou antistoiqeÐ ston pÐnaka (ri,j), tìte gia k�je x ∈ Rd to R(x) eÐnai
to Ðdio me to x me th diafor� ìti oi suntetagmènec tou x met� thn m0-ost  èqoun gÐnei ìlec 0. Blèpoume ìti
o R eÐnai antistrèyimoc an kai mìno an m0 = d  , isodÔnama, an R = Id , o tautotikìc metasqhmatismìc tou
Rd . EpÐshc

detR = det(ri,j) =
{

1, an m0 = d,
0, an 0 ≤ m0 < d.

Epomènwc, o R eÐnai antistrèyimoc an kai mìno an detR 6= 0.
An diatup¸soume ta prohgoÔmena gia grammikoÔc metasqhmatismoÔc antÐ gia pÐnakec, prokÔptei ìti gia k�-

je grammikì metasqhmatismì S tou Rd up�rqoun grammikoÐ metasqhmatismoÐ T1
′ , . . . , Tn

′ , Tn+1
′ , . . . , Tn+m

′

tou Rd , ìloi twn tri¸n eidik¸n tÔpwn, ¸ste Tn′◦· · ·◦T1
′◦S◦Tn+m

′◦· · ·◦Tn+1
′ = R. Tèloc, an sumbolÐsoume

Tk ton antÐstrofo tou Tk
′ , tìte katal goume ston ex c kanìna.

Gia k�je grammikì metasqhmatismì S tou Rd up�rqoun grammikoÐ me-

tasqhmatismoÐ T1 , . . . , Tn , Tn+1 , . . . , Tn+m tou Rd , ìloi twn tri¸n

eidik¸n tÔpwn, ¸ste

S = T1 ◦ · · · ◦ Tn ◦R ◦ Tn+1 ◦ · · · ◦ Tn+m .

Apì thn teleutaÐa isìthta brÐskoume ìti

detS = detT1 · · · detTn detR detTn+1 · · · detTn+m .

Epeid  k�je Tk eÐnai antistrèyimoc kai sugqrìnwc k�je detTk eÐnai 6= 0, sunep�getai ìti o S eÐnai antistrè-
yimoc an kai mìno an o R eÐnai antistrèyimoc kai, epÐshc, ìti detS 6= 0 an kai mìno an detR 6= 0. 'Ara,
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b�sei ìswn eÐpame gia ton R, katal goume sto gnwstì krit rio gia thn antistreyimìthta enìc grammikoÔ
metasqhmatismoÔ:

O grammikìc metasqhmatismìc S eÐnai antistrèyimoc an kai mìno an

detS 6= 0.

'Estw opoiod pote kleistì-anoiktì di�sthma

J = [a1, b1)× · · · × [ad, bd)

kai grammikìc metasqhmatismìc T tou Rd pr¸tou eidikoÔ tÔpou (akrib¸c ìpwc ton èqoume perigr�yei).
JewroÔme kai to di�sthma J ′ to opoÐo eÐnai to Ðdio me to J me mình diafor� ìti oi akmèc [ak0 , bk0), [al0 , bl0)
tou J èqoun all�xei jèsh. Tìte gia k�je x = (x1, . . . , xd) kai gia to antÐstoiqo y = T (x) = (y1, . . . , yd)
isqÔei yk0 = xl0 , yl0 = xk0 kai yj = xj gia k�je j 6= k0, l0 . 'Ara y ∈ T (J) an kai mìno an x ∈ J an kai
mìno an ak0 ≤ xk0 < bk0 , al0 ≤ xl0 < bl0 , aj ≤ xj < bj gia j 6= k0, l0 an kai mìno an al0 ≤ yk0 < bl0 ,
ak0 ≤ yl0 < bk0 , aj ≤ yj < bj gia j 6= k0, l0 an kai mìno an y ∈ J ′ . 'Ara T (J) = J ′ kai, epomènwc,
md(T (J)) = md(J ′) = Vd(J ′) = Vd(J). Epeid  detT = −1, to teleutaÐo gr�fetai

md(T (J)) = |detT |Vd(J).

JewroÔme, p�li, opoiod pote kleistì-anoiktì di�sthma J , to Ðdio me prin, kai grammikì metasqhmatismì
T tou Rd deÔterou eidikoÔ tÔpou (akrib¸c ìpwc ton èqoume perigr�yei). JewroÔme kai to di�sthma J ′ to
opoÐo eÐnai to Ðdio me to J me mình diafor� ìti h akm  [ak0 , bk0) tou J èqei antikatastajeÐ me thn [λak0 , λbk0),
an λ > 0,   thn (λbk0 , λak0 ], an λ < 0. JewroÔme thn perÐptwsh λ > 0. Tìte gia k�je x = (x1, . . . , xd)
kai gia to antÐstoiqo y = T (x) = (y1, . . . , yd) isqÔei yk0 = λxk0 kai yj = xj gia j 6= k0 . 'Ara y ∈ T (J)
an kai mìno an x ∈ J an kai mìno an ak0 ≤ xk0 < bk0 kai aj ≤ xj < bj gia j 6= k0 an kai mìno an
λak0 ≤ yk0 < λbk0 kai aj ≤ yj < bj gia j 6= k0 an kai mìno an y ∈ J ′ . 'Ara T (J) = J ′ kai, epomènwc,
md(T (J)) = md(J ′) = Vd(J ′) = λVd(J). Sthn perÐptwsh λ < 0, me ton Ðdio trìpo brÐskoume ìtimd(T (J)) =
md(J ′) = Vd(J ′) = −λVd(J). Epeid  detT = λ, sunep�getai kai stic duo peript¸seic ìti

md(T (J)) = |detT |Vd(J).

Tèloc, èstw opoiod pote kleistì-anoiktì di�sthma J , to Ðdio me prin, kai grammikìc metasqhmatismìc T
tou Rd trÐtou eidikoÔ tÔpou (akrib¸c ìpwc ton èqoume perigr�yei). Tìte gia k�je x = (x1, . . . , xd) ∈ Rd

kai to antÐstoiqo y = T (x) = (y1, . . . , yd) isqÔei yk0 = xk0 ±xl0 kai yj = xj gia j 6= k0 . Ja jewr soume thn
perÐptwsh yk0 = xk0 + xl0 diìti h perÐptwsh yk0 = xk0 − xl0 eÐnai parìmoia. 'Eqoume, loipìn, ìti y ∈ T (J)
an kai mìno an x ∈ J an kai mìno an ak0 ≤ xk0 < bk0 kai aj ≤ xj < bj gia j 6= k0 an kai mìno an
ak0 ≤ yk0 − yl0 < bk0 kai aj ≤ yj < bj gia j 6= k0 . 'Ara

T (J) = {(y1, . . . , yd) : ak0 ≤ yk0 − yl0 < bk0 kai aj ≤ yj < bj gia j 6= k0}.

Ja sqhmatÐsoume trÐa akìmh sÔnola:

E1 = {(y1, . . . , yd) : ak0 + al0 ≤ yk0 < bk0 + al0 kai aj ≤ yj < bj gia j 6= k0},

E2 = {(y1, . . . , yd) : ak0 + al0 ≤ yk0 < ak0 + yl0 kai aj ≤ yj < bj gia j 6= k0},

E3 = {(y1, . . . , yd) : bk0 + al0 ≤ yk0 < bk0 + yl0 kai aj ≤ yj < bj gia j 6= k0}.

EÐnai eÔkolo na dei kaneÐc ìti ta T (J), E2 eÐnai xèna, ìti ta E1, E3 eÐnai, epÐshc, xèna kai ìti

T (J) ∪ E2 = E1 ∪ E3 .

Katìpin, parathroÔme ìti E3 = E2 +x0 kai E1 = J+y0 , ìpou x0 = (x0
(1), . . . , x0

(d)) me x(k0)
0 = bk0−ak0

kai x
(j)
0 = 0 gia j 6= k0 kai ìpou y0 = (y0

(1), . . . , y0
(d)) me y(k0)

0 = al0 kai y
(j)
0 = 0 gia j 6= k0 .

EpÐshc, ta T (J), E1, E2, E3 eÐnai Lebesgue metr sima ston Rd . Gia par�deigma, to E1 eÐnai di�sthma.
To E2 eÐnai h tom  twn {(y1, . . . , yd) : ak0 + al0 ≤ yk0 kai aj ≤ yj gia j 6= k0} kai {(y1, . . . , yd) : yk0 <
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ak0 + yl0 kai yj < bj gia j 6= k0}, apì ta opoÐa to pr¸to eÐnai kleistì ⊆ Rd kai to deÔtero eÐnai anoiktì
⊆ Rd . Katìpin, to E3 = E2+x0 eÐnai, epÐshc, Lebesgue metr simo ston Rd . Tèloc, to T (J) = (E1∪E3)\E2

eÐnai Lebesgue metr simo ston Rd .
Epomènwc, apì thn T (J) ∪E2 = E1 ∪E3 sunep�getai md(T (J)) +md(E2) = md(E1) +md(E3) kai apì

tic E3 = E2 + x0 kai E1 = J + y0 sunep�getai md(E3) = md(E2) kai md(E1) = md(J) = Vd(J). 'Ara,
md(T (J)) = Vd(J) kai, epeid  detT = 1,

md(T (J)) = |detT |Vd(J).

'Eqoume, loipìn, apodeÐxei th sqèsh md(T (J)) = | detT |Vd(J) gia k�je grammikì metasqhmatismì T tou
Rd apì touc treic eidikoÔc tÔpouc kai gia k�je kleistì-anoiktì di�sthma J = [a1, b1)× · · · × [ad, bd).

T¸ra, èstw grammikìc metasqhmatismìc T tou Rd apì touc treic eidikoÔc tÔpouc kai opoiod pote A ⊆
Rd . Ja apodeÐxoume ìti

md
∗(T (A)) ≤ |detT |md

∗(A).

An md
∗(A) = +∞, h anisìthta eÐnai profan c. 'Estw md

∗(A) < +∞. JewroÔme opoiond pote ε > 0,
opìte up�rqoun anoikt� diast mata I1, I2, . . . tou Rd ¸ste A ⊆

⋃+∞
n=1 In kai

∑+∞
n=1 Vd(In) < md

∗(A) + ε.
Gia kajèna apì ta anoikt� diast mata In jewroÔme to antÐstoiqo kleistì-anoiktì di�sthma Jn kai tìte eÐnai
In ⊆ Jn kai Vd(In) = Vd(Jn). 'Ara A ⊆

⋃+∞
n=1 Jn , opìte T (A) ⊆

⋃+∞
n=1 T (Jn) kai, epomènwc,

md
∗(T (A)) ≤

+∞∑
n=1

md
∗(T (Jn)) =

+∞∑
n=1

md(T (Jn)) = |detT |
+∞∑
n=1

Vd(Jn)

= |detT |
+∞∑
n=1

Vd(In) < |detT |(md
∗(A) + ε).

Epeid  autì isqÔei gia k�je ε > 0, sunep�getai md
∗(T (A)) ≤ |detT |md

∗(A).
Epeid  o T eÐnai antistrèyimoc, sunep�getai A = T−1(T (A)) kai, epeid  o T−1 eÐnai ki autìc eidikoÔ

tÔpou, efarmìzoume thn md
∗(T (A)) ≤ |detT |md

∗(A) ston T−1 antÐ tou T kai sto sÔnolo T (A), opìte
md
∗(A) = md

∗(T−1(T (A))) ≤ | det(T−1)|md
∗(T (A)) kai, epomènwc, | detT |md

∗(A) ≤ md
∗(T (A)). Apì tic

duo anisìthtec èqoume ìti
md
∗(T (A)) = | detT |md

∗(A).

Ac jewr soume, t¸ra, ton grammikì metasqhmatismì R tou Rd , ìpwc ton eÐqame perigr�yei prohgoumè-
nwc. Anm0 = d, tìte R = Id kai, epomènwc, gia k�je A ⊆ Rd eÐnaimd

∗(R(A)) = md
∗(A) = | detR|md

∗(A).
An m0 < d, tìte gia k�je A ⊆ Rd eÐnai R(A) ⊆ L, ìpou L eÐnai to kÔrio uperepÐpedo tou Rd to opoÐo eÐnai
k�jeto ston xd-�xona: L = {(x1, . . . , xd) : xd = 0}. 'Ara md

∗(R(A)) ≤ md
∗(L) = md(L) = 0 kai, epomènwc,

md
∗(R(A)) = 0 = |detR|md

∗(A). 'Ara, se k�je perÐptwsh, eÐnai

md
∗(R(A)) = | detR|md

∗(A).

Qrhsimopoi¸ntac tic S = T1◦· · ·◦Tn◦R◦Tn+1◦· · ·◦Tn+m kai detS = detT1 · · · detTn detR detTn+1 · · · detTn+m

pou anafèrame prohgoumènwc, katal goume amèswc sto pr¸to mèroc tou Jewr matoc 2.5.

Je¸rhma 2.5. Gia k�je grammikì metasqhmatismì S tou Rd kai gia k�je A ⊆ Rd isqÔei

md
∗(S(A)) = | detS|md

∗(A).

EpÐshc, gia k�je E ∈ Ld sunep�getai S(E) ∈ Ld kai

md(S(E)) = | detS|md(E).

Apìdeixh: Gia to deÔtero mèroc upojètoume, kat' arq�c, ìti o S eÐnai antistrèyimoc  , isodÔnama, ìti
detS 6= 0. H antistreyimìthta tou S epitrèpei na gr�foume

S(S−1(A)) = A, S(A)c = S(Ac), S
(⋂

A
)

=
⋃
S(A).
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Tìte, gia k�je A ⊆ Rd ,

md
∗(A ∩ S(E)) +md

∗(A ∩ S(E)c)
=md

∗(S(S−1(A)) ∩ S(E)) +md
∗(S(S−1(A)) ∩ S(Ec))

=md
∗(S(S−1(A) ∩ E)) +md

∗(S(S−1(A) ∩ Ec))

= |detS|
(
md
∗(S−1(A) ∩ E) +md

∗(S−1(A) ∩ Ec)
)

= |detS|md
∗(S−1(A))

= |detS| |detS−1|md
∗(A) = md

∗(A).

'Ara S(E) ∈ Ld .
Tèloc, èstw ìti o S den eÐnai antistrèyimoc  , isodÔnama, ìti detS = 0. Apì to pr¸to mèroc sunep�getai

ìti md
∗(S(E)) = 0 kai, epomènwc, S(E) ∈ Ld . 'Ara se k�je perÐptwsh eÐnai S(E) ∈ Ld . Tèloc, epeid 

E,S(E) ∈ Ld , apì to pr¸to mèroc sunep�getai

md(S(E)) = md
∗(S(E)) = |detS|md

∗(E) = |detS|md(E).

Affinikìc metasqhmatismìc tou Rd qarakthrÐzetai k�je sun�rthsh h opoÐa eÐnai sÔnjesh gram-
mikoÔ metasqhmatismoÔ tou Rd kai metafor�c ston Rd , dhlad  sun�rthsh f : Rd → Rd me tÔpo

f(x) = S(x) + x0 ,

ìpou S eÐnai grammikìc metasqhmatismìc tou Rd kai x0 ∈ Rd . B�sei thc Prìtashc 2.12 kai tou Jewr matoc
2.5, an f eÐnai o parap�nw affinikìc metasqhmatismìc, tìte isqÔei md

∗(f(A)) = | detS|md
∗(A) gia k�je

A ⊆ Rd . EpÐshc, gia k�je E ∈ Ld sunep�getai f(E) ∈ Ld kai md(f(E)) = | detS|md(E).
Ac jumhjoÔme ton sumbolismì

‖x‖ =
√
x1

2 + · · ·+ xd2

gia to m koc tou x = (x1, . . . , xd) ∈ Rd kai

< x, y >= x1y1 + · · ·+ xdyd

gia to eswterikì ginìmeno twn x = (x1, . . . , xd), y = (y1, . . . , yd) ∈ Rd . Profan¸c, < x, x >= ‖x‖2 .
Ac jumhjoÔme, epÐshc, ìti ta stoiqeÐa x1 , . . . , xd tou Rd apoteloÔn orjokanonik  b�sh tou Rd an eÐnai

< xi, xj >=
{

1, an i = j,
0, an i 6= j.

H aploÔsterh orjokanonik  b�sh tou Rd sqhmatÐzetai apì ta e1 , . . . , ed .
'Estw grammikìc metasqhmatismìc S tou Rd kai [S] = (si,j) o antÐstoiqoc d× d pÐnakac. 'Estw, epÐshc,

S∗ o suzug c proc ton S grammikìc metasqhmatismìc, dhlad  o grammikìc metasqhmatismìc tou Rd o opoÐoc
èqei antÐstoiqo pÐnaka ton an�strofo tou [S]. Dhlad ,

[S∗] = [S]t

 , isodÔnama, [S∗] = (s∗i,j), ìpou s
∗
i,j = sj,i gia k�je i, j.

T¸ra, gia k�je x, y ∈ Rn kai gia k�je grammikì metasqhmatismì S tou Rd isqÔei

< S(x), y >=< x, S∗(y) > .

Pr�gmati,

< S(x), y >=
d∑
i=1

S(x)iyi =
d∑
i=1

(
d∑
j=1

si,jxj)yi =
d∑
j=1

xj(
d∑
i=1

si,jyi)

=
d∑
j=1

xj(
d∑
i=1

s∗j,iyi) =
d∑
j=1

xjS
∗(y)j =< x, S∗(y) > .
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'Enac grammikìc metasqhmatismìc O tou Rd qarakthrÐzetai orjog¸nioc metasqhmatismìc tou Rd

an ta O(e1), . . . , O(ed) apoteloÔn orjokanonik  b�sh tou Rd . Epeid  ta O(e1), . . . , O(ed) eÐnai oi st lec
tou [O] kai oi grammèc tou [O]t , eÐnai profanèc ìti to ginìmeno [O]t[O] eÐnai o d×d pÐnakac (< O(ei), O(ej) >).
'Ara o O eÐnai orjog¸nioc an kai mìno an to ginìmeno [O]t[O] eÐnai o monadiaÐoc d × d pÐnakac. All� eÐnai
[O∗ ◦O] = [O∗][O] = [O]t[O] kai, epomènwc, o O eÐnai orjog¸nioc an kai mìno an O∗ ◦O = Id .

'Ara, an o O eÐnai orjog¸nioc metasqhmatismìc tou Rd , tìte gia k�je x, y ∈ Rd isqÔei

< O(x), O(y) >=< x,O∗(O(y)) >=< x, (O∗ ◦O)(y) >=< x, y > .

ApodeiknÔetai kai to antÐstrofo: an o grammikìc metasqhmatismìcO tou Rd ikanopoieÐ thn< O(x), O(y) >=<
x, y > gia k�je x, y ∈ Rd , tìte eÐnai < O(ei), O(ej) >=< ei, ej > gia k�je i, j kai, epomènwc, o O eÐnai
orjog¸nioc.

Efarmìzontac thn < O(x), O(y) >=< x, y > me y = x, brÐskoume ìti

‖O(x)‖ = ‖x‖

gia k�je x. 'Ara ènac orjog¸nioc metasqhmatismìc tou Rd af nei amet�blhta ta m kh twn stoiqeÐwn tou
Rd . Gr�fontac < x, y >= ‖x‖‖y‖ cos θ(x, y), ìpou θ(x, y) eÐnai h gwnÐa an�mesa sta x, y, kai, an�loga,
< O(x), O(y) >= ‖O(x)‖‖O(y)‖ cos θ(O(x), O(y)), brÐskoume ìti cos θ(O(x), O(y)) = cos θ(x, y). Epeid  oi
gwnÐec an koun sto di�sthma [0, π], sumperaÐnoume ìti

θ(O(x), O(y)) = θ(x, y).

Epomènwc, ènac orjog¸nioc metasqhmatismìc tou Rd af nei amet�blhtec tic gwnÐec an�mesa sta stoiqeÐa
tou Rd .

Apì thn O∗ ◦ O = Id kai thn det(O∗) = det[O∗] = det([O]t) = det[O] = detO sunep�getai ìti
(detO)2 = 1 kai, epomènwc,

|detO| = 1

gia k�je orjog¸nio metasqhmatismì O tou Rd . 'Ara

Prìtash 2.13. Gia k�je orjog¸nio metasqhmatismì O tou Rd kai gia k�je A ⊆ Rd isqÔei

md
∗(O(A)) = md

∗(A).

EpÐshc, gia k�je E ∈ Ld sunep�getai O(E) ∈ Ld kai

md(O(E)) = md(E).

QarakthrÐzoume stere� kÐnhsh ston Rd opoiad pote f : Rd → Rd me tÔpo

f(x) = O(x) + x0 ,

ìpou O eÐnai orjog¸nioc metasqhmatismìc tou Rd kai x0 ∈ Rd . Dhlad , oi stereèc kin seic eÐnai eidik 
kathgorÐa affinik¸n metasqhmatism¸n. Apì ta mèqri t¸ra apotelèsmata prokÔptei to ex c.

Prìtash 2.14. Gia k�je stere� kÐnhsh f tou Rd kai gia k�je A ⊆ Rd isqÔei

md
∗(f(A)) = md

∗(A).

EpÐshc, gia k�je E ∈ Ld sunep�getai f(E) ∈ Ld kai

md(f(E)) = md(E).
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Kef�laio 3

Lebesgue metr simec sunart seic.

3.1 Lebesgue metr simec sunart seic.

'Estw A ∈ Ld kai f : A→ R = R ∪ {−∞,+∞}. H f qarakthrÐzetai Lebesgue metr simh an

{x ∈ A : f(x) > a} ∈ Ld

gia k�je a ∈ R.
To {x ∈ A : f(x) > a} gr�fetai kai {x ∈ A : f(x) ∈ (a,+∞]} = f−1((a,+∞]). Ja qrhsimopoioÔme

suqn� ton gnwstì sumbolismì f−1(K) = {x ∈ A : f(x) ∈ K} kai eidik� se sqèsh me anisìthtec   isìthtec
pou ikanopoioÔn oi timèc miac sun�rthshc.

ParadeÐgmata: (1) {x ∈ A : f(x) ≥ a} = f−1([a,+∞]).
(2) {x ∈ A : f(x) < a} = f−1([−∞, a)).
(3) {x ∈ A : a < f(x) ≤ b} = f−1((a, b]).
(4) {x ∈ A : f(x) = a} = f−1([a, a]) = f−1({a}).
(5) {x ∈ A : f(x) = −∞} = f−1([−∞,−∞]) = f−1({−∞}).
(6) {x ∈ A : a ≤ f(x) ≤ b   c < f(x)} = f−1([a, b] ∪ (c,+∞]).

Ja qrhsimopoioÔme, epÐshc, suqn� tic gnwstèc sqèseic

f−1
(⋃

K
)

=
⋃
f−1(K), f−1

(⋂
K
)

=
⋂
f−1(K),

f−1(K \ L) = f−1(K) \ f−1(L), f−1(Kc) = A \ f−1(K).

L mma 3.1. 'Estw A ∈ Ld kai f : A→ R .
(1) An K,L ⊆ R kai f−1(K), f−1(L) ∈ Ld , tìte f−1(Kc), f−1(K \ L) ∈ Ld .
(2) An Kn ⊆ R kai f−1(Kn) ∈ Ld gia k�je n ∈ N, tìte f−1(

⋃+∞
n=1Kn) ∈ Ld kai f−1(

⋂+∞
n=1Kn) ∈ Ld .

Apìdeixh: (1) f−1(Kc) = A \ f−1(K) ∈ Ld , diìti A ∈ Ld kai f−1(K) ∈ Ld . f−1(K \ L) = f−1(K) \
f−1(L) ∈ Ld , diìti f−1(K) ∈ Ld kai f−1(L) ∈ Ld .
(2) f−1(

⋃+∞
n=1Kn) =

⋃+∞
n=1 f

−1(Kn) ∈ Ld , diìti f−1(Kn) ∈ Ld gia k�je n ∈ N. OmoÐwc f−1(
⋂+∞
n=1Kn) =⋂+∞

n=1 f
−1(Kn) ∈ Ld .

'Eqoume qarakthrÐsei di�sthma sto R k�je [a, b], (a, b], [a, b) kai (a, b). Ja qarakthrÐzoume genikeu-
mèna diast mata sto R ìla ta prohgoÔmena kaj¸c kai ta [a,+∞), (a,+∞), (−∞, b], (−∞, b) kai
(−∞,+∞). Tèloc, ja qarakthrÐzoume genikeumèna diast mata sto R ìla ta prohgoÔmena kaj¸c kai
ta [a,+∞], (a,+∞], [−∞, b], [−∞, b), (−∞,+∞], [−∞,+∞), [−∞,+∞], [−∞,−∞], kai [+∞,+∞].

Prìtash 3.1. 'Estw A ∈ Ld kai Lebesgue metr simh f : A→ R . Tìte f−1(K) = {x ∈ A : f(x) ∈ K} ∈
Ld gia k�je K to opoÐo eÐnai eÐte genikeumèno di�sthma eÐte arijm simh ènwsh genikeumènwn diasthm�twn
sto R eÐte anoiktì eÐte kleistì ⊆ R eÐte arijm simh tom  anoikt¸n eÐte arijm simh ènwsh kleist¸n ⊆ R.
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Apìdeixh: EÐnai [a,+∞] =
⋂+∞
n=1(a− 1

n ,+∞] kai [−∞, b] = (b,+∞]c. Apì ton orismì kai to L mma 3.1
sunep�getai ìti f−1([a,+∞]) ∈ Ld kai f−1([−∞, b]) ∈ Ld . EpÐshc, [a, b] = [−∞, b] ∩ [a,+∞], opìte p�li
apì to L mma 3.1 sunep�getai ìti f−1([a, b]) ∈ Ld .

T¸ra, prèpei na parathr soume ìti k�je �llo genikeumèno di�sthma K sto R , ektìc twn {−∞}, {+∞},
eÐnai arijm simh ènwsh diasthm�twn tÔpou [a, b], [−∞, b] kai [a,+∞]. Eidik� ta K = {−∞}, K = {+∞}
eÐnai arijm simec tomèc diasthm�twn tÔpou [−∞, b], to pr¸to, kai [a,+∞], to deÔtero. 'Ara apì to L mma
3.1 sunep�getai ìti f−1(K) ∈ Ld gia k�je genikeumèno di�sthma sto R .

An K =
⋃+∞
n=1Kn kai k�je Kn eÐnai genikeumèno di�sthma sto R , tìte apì ta prohgoÔmena kai to L mma

3.1 sunep�getai ìti f−1(K) ∈ Ld .
An to K eÐnai anoiktì ⊆ R, èqoume apodeÐxei ìti up�rqoun diast mata Kn sto R ¸ste na eÐnai K =⋃+∞

n=1Kn . 'Ara f−1(K) ∈ Ld . Tèloc, an to K eÐnai kleistì ⊆ R, tìte to U = Kc eÐnai anoiktì ⊆ R, opìte
f−1(U) ∈ Ld . Epeid  K = U c , sunep�getai f−1(K) ∈ Ld .

ParadeÐgmata: (1) 'Estw A ∈ Ld kai f : A → R h opoÐa eÐnai stajer  sto A. Dhlad , up�rqei c ∈ R
¸ste na eÐnai f(x) = c gia k�je x ∈ A. Tìte h f eÐnai Lebesgue metr simh.

'Estw c ∈ R. Tìte gia k�je a ∈ R eÐnai

{x ∈ A : f(x) > a} =
{
A, an a < c,
∅, an a ≥ c.

'Ara, se k�je perÐptwsh, {x ∈ A : f(x) > a} ∈ Ld , opìte h f eÐnai Lebesgue metr simh.
'Estw c = +∞. Tìte gia k�je a ∈ R eÐnai {x ∈ A : f(x) > a} = A ∈ Ld , opìte h f eÐnai Lebesgue

metr simh.
'Estw c = −∞. Tìte gia k�je a ∈ R eÐnai {x ∈ A : f(x) > a} = ∅ ∈ Ld , opìte h f eÐnai Lebesgue

metr simh.
(2) 'Estw f : Rd → R suneq c ston Rd . Tìte h f eÐnai Lebesgue metr simh.

'Estw a ∈ R. Ja apodeÐxoume ìti {x ∈ Rd : f(x) > a} ∈ Ld . ArkeÐ na apodeÐxoume ìti to U = {x ∈
Rd : f(x) > a} eÐnai anoiktì ⊆ Rd . JewroÔme opoiod pote x0 ∈ U , dhlad  f(x0) > a. Epeid  h f eÐnai
suneq c sto x0 , gia k�je ε > 0 kai, epomènwc, kai gia ε = f(x0) − a > 0 up�rqei δ > 0 ¸ste gia k�je
x me ‖x − x0‖ < δ na isqÔei |f(x) − f(x0)| < ε. Dhlad , gia k�je x sthn anoikt  mp�la B(x0; δ) isqÔei
f(x) > f(x0) − ε = f(x0) − (f(x0) − a) = a. 'Ara B(x0; δ) ⊆ U . ApodeÐxame, loipìn, ìti gia k�je x0 ∈ U
up�rqei anoikt  mp�la B(x0; δ) ⊆ U . 'Ara to U eÐnai anoiktì ⊆ Rd .
(3) 'Estw B ⊆ A kai A ∈ Ld . H sun�rthsh χB : A→ R me tÔpo

χB(x) =
{

1, an x ∈ B,
0, an x ∈ A \B,

onom�zetai qarakthristik  sun�rthsh tou B (sto A).
Ja apodeÐxoume ìti h χB eÐnai Lebesgue metr simh an kai mìno an B ∈ Ld . Kat' arq�c parathroÔme ìti

B = {x ∈ A : χB(x) > 1
2}. 'Ara, an h χB eÐnai Lebesgue metr simh, tìte B ∈ Ld . Antistrìfwc, èstw ìti

B ∈ Ld . Tìte gia k�je a ∈ R eÐnai

{x ∈ A : χB(x) > a} =


A, an a < 0,
B, an 0 ≤ a < 1,
∅, an a ≥ 1.

Se k�je perÐptwsh eÐnai {x ∈ A : χB(x) > a} ∈ Ld . 'Ara h χB eÐnai Lebesgue metr simh.

An f : A→ R kai B ⊆ A, tìte h sun�rthsh f |B : B → R me tÔpo

f |B(x) = f(x)

gia k�je x ∈ B onom�zetai periorismìc thc f sto B.

Prìtash 3.2. 'Estw A ∈ Ld kai Lebesgue metr simh f : A→ R . An B ⊆ A kai B ∈ Ld tìte h f |B eÐnai
Lebesgue metr simh.
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Apìdeixh: Gia k�je a ∈ R eÐnai

{x ∈ B : f |B(x) > a} = {x ∈ B : f(x) > a} = {x ∈ A : f(x) > a} ∩B.

EÐnai {x ∈ A : f(x) > a} ∈ Ld kai B ∈ Ld, opìte {x ∈ B : f |B(x) > a} ∈ Ld kai, epomènwc, h f |B eÐnai
Lebesgue metr simh.

Prìtash 3.3. 'Estw A ⊆ Rd kai f : A→ R . 'Estw, epÐshc, An ∈ Ld (n ∈ N) ¸ste ta An na eÐnai an�
dÔo xèna kai

⋃+∞
n=1An = A. An gia k�je n h f |An

: An → R eÐnai Lebesgue metr simh, tìte kai h f : A→ R
eÐnai Lebesgue metr simh.

Apìdeixh: Gia k�je a ∈ R eÐnai

{x ∈ A : f(x) > a} =
+∞⋃
n=1

{x ∈ An : f(x) > a} =
+∞⋃
n=1

{x ∈ An : f |An
(x) > a}.

K�je f |An
eÐnai Lebesgue metr simh, opìte {x ∈ An : f |An

(x) > a} ∈ Ld gia k�je n, opìte {x ∈ A : f(x) >
a} ∈ Ld . 'Ara h f eÐnai Lebesgue metr simh.

Parat rhsh: H Prìtash 3.2 lèei ìti, an {periorÐsoume} mia Lebesgue metr simh sun�rthsh se mikrìtero
Lebesgue metr simo pedÐo orismoÔ, tìte h sun�rthsh pou prokÔptei eÐnai ki aut  Lebesgue metr simh. H
Prìtash 3.3 lèei ìti, an {sugkol soume} arijm simec Lebesgue metr simec sunart seic, tìte h sun�rthsh
pou prokÔptei eÐnai Lebesgue metr simh.

Me autèc tic duo mejìdouc mporoÔme na dhmiourg soume èna meg�lo apìjema Lebesgue metr simwn sunar-
t sewn. Gia par�deigma, an jewr soume opoiad pote suneq  sun�rthsh ston Rd kai p�roume ton periorismì
thc se opoiod pote di�sthma ston Rd , tìte autìc o periorismìc eÐnai mia Lebesgue metr simh sun�rthsh me
pedÐo orismoÔ to sugkekrimèno di�sthma. Katìpin, an jewr soume arijm simec tètoiec sunart seic, dhlad 
periorismoÔc suneq¸n sunart sewn se arijm sima diast mata ta opoÐa eÐnai xèna an� dÔo kai an sugkol -
soume autèc tic sunart seic, tìte prokÔptei sun�rthsh pou, ìpwc eÐnai gnwstì, thn qarakthrÐzoume kat�
tm mata suneq . 'Ara, k�je kat� tm mata suneq c sun�rthsh eÐnai Lebesgue metr simh. MporoÔme,
pio genik�, na sugkol soume arijm simec suneqeÐc sunart seic afoÔ pr¸ta tic periorÐsoume se xèna an� dÔo
Lebesgue metr sima sÔnola. H sun�rthsh pou prokÔptei eÐnai ki aut  Lebesgue metr simh.

'Estw A ⊆ Rd , λ ∈ R kai f : A→ R . OrÐzoume th sun�rthsh λf : A→ R me ton tÔpo

(λf)(x) =
{

0, an λ = 0 kai f(x) = ±∞,
λf(x), alli¸c.

Prìtash 3.4. 'Estw A ∈ Ld , Lebesgue metr simh f : A → R kai λ ∈ R. Tìte h λf : A → R eÐnai
Lebesgue metr simh.

Apìdeixh: 'Estw λ = 0. Tìte h λf eÐnai stajer  0 sto A, opìte eÐnai Lebesgue metr simh.
'Estw λ > 0. Tìte gia k�je a ∈ R eÐnai

{x ∈ A : (λf)(x) > a} = {x ∈ A : λf(x) > a} =
{
x ∈ A : f(x) >

a

λ

}
∈ Ld .

'Ara h λf eÐnai Lebesgue metr simh.
'Estw λ < 0. Tìte gia k�je a ∈ R eÐnai

{x ∈ A : (λf)(x) > a} = {x ∈ A : λf(x) > a} =
{
x ∈ A : f(x) <

a

λ

}
∈ Ld .

'Ara h λf eÐnai Lebesgue metr simh.

'Estw A ⊆ Rd kai f, g : A→ R . OrÐzoume th sun�rthsh f + g : A→ R me ton tÔpo

(f + g)(x) =
{

0, an f(x) = ±∞ kai g(x) = ∓∞,
f(x) + g(x), alli¸c.
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Prìtash 3.5. 'Estw A ∈ Ld kai Lebesgue metr simec f, g : A→ R . Tìte h f +g : A→ R eÐnai Lebesgue
metr simh.

Apìdeixh: QwrÐzoume to A sta ex c tèssera uposÔnol� tou.

B = {x ∈ A : −∞ < f(x) < +∞,−∞ < g(x) < +∞},

C = {x ∈ A : f(x) = +∞, g(x) > −∞} ∪ {x ∈ A : g(x) = +∞, f(x) > −∞},

D = {x ∈ A : f(x) = −∞, g(x) < +∞} ∪ {x ∈ A : g(x) = −∞, f(x) < +∞},

E = {x ∈ A : f(x) = +∞, g(x) = −∞} ∪ {x ∈ A : f(x) = −∞, g(x) = +∞}.

EÐnai eÔkolo na dei kaneÐc ìti ta B,C,D,E eÐnai an� dÔo xèna kaj¸c kai ìti B∪C ∪D∪E = A. EpÐshc,
ta tèssera sÔnola eÐnai Lebesgue metr sima. Pr�gmati,

B = f−1((−∞,+∞)) ∩ g−1((−∞,+∞)) ∈ Ld ,

C =
(
f−1({+∞}) ∩ g−1((−∞,+∞])

)
∪
(
g−1({+∞}) ∩ f−1((−∞,+∞])

)
∈ Ld ,

D =
(
f−1({−∞}) ∩ g−1([−∞,+∞))

)
∪
(
g−1({−∞}) ∩ f−1([−∞,+∞))

)
∈ Ld ,

E =
(
f−1({+∞}) ∩ g−1({−∞})

)
∪
(
f−1({−∞}) ∩ g−1({+∞})

)
∈ Ld .

Katìpin, parathroÔme ìti (f + g)(x) = +∞ gia k�je x ∈ C. 'Ara h (f + g)|C eÐnai stajer  +∞ sto
pedÐo orismoÔ thc, to C, kai, epomènwc, eÐnai Lebesgue metr simh.

OmoÐwc, eÐnai (f + g)(x) = −∞ gia k�je x ∈ D. 'Ara h (f + g)|D eÐnai stajer  −∞ sto pedÐo orismoÔ
thc, to D, kai, epomènwc, eÐnai Lebesgue metr simh.

Tèloc, eÐnai (f + g)(x) = 0 gia k�je x ∈ E. 'Ara h (f + g)|E eÐnai stajer  0 sto pedÐo orismoÔ thc, to
E, kai, epomènwc, eÐnai Lebesgue metr simh.

Epomènwc, sÔmfwna me thn Prìtash 3.3, gia na apodeÐxoume ìti h f + g eÐnai Lebesgue metr simh, arkeÐ
na apodeÐxoume ìti h (f + g)|B eÐnai Lebesgue metr simh. JewroÔme mia opoiad pote arÐjmhsh tou Q :

Q = {r1 , r2 , r3 , . . . }.

Tìte gia k�je a ∈ R eÐnai

{x ∈ B : (f + g)|B(x) > a}= {x ∈ B : (f + g)(x) > a}
= {x ∈ B : f(x) + g(x) > a}

=
+∞⋃
n=1

{x ∈ B : f(x) > rn , g(x) > a− rn}.

Gia na apodeÐxoume thn teleutaÐa isìthta skeftìmaste wc ex c. 'Estw y ∈
⋃+∞
n=1{x ∈ B : f(x) > rn , g(x) >

a − rn}. Tìte up�rqei k�poioc n ∈ N ¸ste y ∈ {x ∈ B : f(x) > rn , g(x) > a − rn} kai, epomènwc,
y ∈ B, f(y) > rn kai g(y) > a − rn . Sunep�getai y ∈ B kai f(y) + g(y) > rn + (a − rn) = a, opìte
y ∈ {x ∈ B : f(x) + g(x) > a}. Antistrìfwc, èstw y ∈ {x ∈ B : f(x) + g(x) > a}. Tìte y ∈ B kai
f(y) + g(y) > a, opìte f(y) > a− g(y). Lìgw thc puknìthtac tou Q sto R, up�rqei k�poioc rhtìc an�mesa
stouc f(y) kai a− g(y). Dhlad  up�rqei n ∈ N ¸ste y ∈ B kai f(y) > rn > a− g(y). 'Ara up�rqei n ∈ N
¸ste y ∈ B, f(y) > rn kai g(y) > a − rn kai, epomènwc, y ∈ {x ∈ B : f(x) > rn , g(x) > a − rn}. 'Ara
y ∈

⋃+∞
n=1{x ∈ B : f(x) > rn , g(x) > a− rn}.

T¸ra, eÐnai {x ∈ B : f(x) > rn , g(x) > a−rn} = B∩{x ∈ A : f(x) > rn}∩{x ∈ A : g(x) > a−rn} ∈ Ld
gia k�je n ∈ N kai, epomènwc, {x ∈ B : (f + g)|B(x) > a} ∈ Ld . 'Ara h (f + g)|B eÐnai Lebesgue metr simh.

Sundu�zontac tic Prot�seic 3.4 kai 3.5, blèpoume ìti an A ∈ Ld kai oi f, g : A → R eÐnai Lebesgue
metr simec, tìte kai h

f − g = f + (−1)g : A→ R

eÐnai Lebesgue metr simh.
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L mma 3.2. 'Estw A ∈ Ld kai Lebesgue metr simh f : A → R . Tìte h f2 : A → R me tÔpo (f2)(x) =
(f(x))2 gia k�je x ∈ A eÐnai ki aut  Lebesgue metr simh.

Apìdeixh: An a < 0, tìte

{x ∈ A : (f2)(x) > a} = {x ∈ A : (f(x))2 > a} = A ∈ Ld .

An a ≥ 0, tìte

{x ∈ A : (f2)(x) > a}= {x ∈ A : (f(x))2 > a}
= {x ∈ A : f(x) >

√
a} ∪ {x ∈ A : f(x) < −

√
a} ∈ Ld .

'Ara, se k�je perÐptwsh, eÐnai {x ∈ A : (f2)(x) > a} ∈ Ld kai, epomènwc, h f2 eÐnai Lebesgue metr simh.

'Estw A ⊆ Rd kai f, g : A→ R . OrÐzoume th sun�rthsh fg : A→ R me ton tÔpo

(fg)(x) =
{

0, an f(x) = ±∞, g(x) = 0   an f(x) = 0, g(x) = ±∞,
f(x)g(x), alli¸c.

Prìtash 3.6. 'Estw A ∈ Ld kai Lebesgue metr simec f, g : A → R . Tìte h fg : A → R eÐnai Lebesgue
metr simh.

Apìdeixh: QwrÐzoume to A sta ex c tèssera uposÔnol� tou.

B = {x ∈ A : −∞ < f(x) < +∞,−∞ < g(x) < +∞},
C = {x ∈ A : f(x) = +∞, g(x) > 0} ∪ {x ∈ A : f(x) = −∞, g(x) < 0}

∪{x ∈ A : f(x) > 0, g(x) = +∞} ∪ {x ∈ A : f(x) < 0, g(x) = −∞},
D = {x ∈ A : f(x) = −∞, g(x) > 0} ∪ {x ∈ A : f(x) = +∞, g(x) < 0}

∪{x ∈ A : f(x) > 0, g(x) = −∞} ∪ {x ∈ A : f(x) < 0, g(x) = +∞},
E = {x ∈ A : f(x) = 0, g(x) = +∞} ∪ {x ∈ A : f(x) = 0, g(x) = −∞}

∪{x ∈ A : f(x) = +∞, g(x) = 0} ∪ {x ∈ A : f(x) = −∞, g(x) = 0}.

'Opwc sthn apìdeixh thc Prìtashc 3.5, eÔkola apodeiknÔetai ìti ta sÔnola B,C,D,E eÐnai Lebesgue
metr sima, xèna an� dÔo kai ìti B ∪ C ∪D ∪ E = A. Katìpin, parathroÔme ìti h fg eÐnai stajer  +∞ sto
C, stajer  −∞ sto D kai stajer  0 sto E. 'Ara oi periorismoÐ (fg)|C , (fg)|D kai (fg)|E eÐnai Lebesgue
metr simec sunart seic. Epomènwc, arkeÐ na apodeÐxoume ìti o periorismìc (fg)|B eÐnai Lebesgue metr simh
sun�rthsh.

Gia k�je x ∈ B oi f(x), g(x) eÐnai pragmatikoÐ arijmoÐ kai, epomènwc, eÐnai

f(x)g(x) =
1
4

(f(x) + g(x))2 − 1
4

(f(x)− g(x))2 .

'Ara gia touc periorismoÔc f |B , g|B kai (fg)|B isqÔei

(fg)|B =
1
4

(f |B + g|B)2 − 1
4

(f |B − g|B)2 .

EÐnai B ∈ Ld , opìte oi f |B kai g|B eÐnai Lebesgue metr simec sunart seic. 'Ara, sÔmfwna me thn Prìtash

3.5, oi f |B + g|B kai f |B − g|B eÐnai Lebesgue metr simec kai, sÔmfwna me to L mma 3.2, oi (f |B + g|B)2 kai

(f |B − g|B)2 eÐnai Lebesgue metr simec. 'Ara h (fg)|B eÐnai Lebesgue metr simh.

Prìtash 3.7. 'Estw A ∈ Ld kai Lebesgue metr simec f, g : A→ R . Tìte {x ∈ A : f(x) = g(x)} ∈ Ld .

Apìdeixh: ParathroÔme ìti {x ∈ A : f(x) = g(x)} = {x ∈ A : (f − g)(x) = 0} = (f − g)−1({0}) ∈ Ld ,
diìti h f − g eÐnai Lebesgue metr simh.

Prìtash 3.8. 'Estw A ∈ Ld kai Lebesgue metr simec f, g : A→ R . Tìte oi max{f, g},min{f, g} : A→
R eÐnai ki autèc Lebesgue metr simec.
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Apìdeixh: EÐnai profanèc ìti gia opoiousd pote a, b, c ∈ R isqÔei: max{b, c} > a an kai mìno an eÐte
b > a eÐte c > a. 'Ara, gia k�je a ∈ R, eÐnai

{x ∈ A : max{f, g}(x) > a}= {x ∈ A : max{f(x), g(x)} > a}
= {x ∈ A : f(x) > a   g(x) > a}
= {x ∈ A : f(x) > a} ∪ {x ∈ A : g(x) > a}.

EÐnai {x ∈ A : f(x) > a}, {x ∈ A : g(x) > a} ∈ Ld kai, epomènwc, {x ∈ A : max{f, g}(x) > a} ∈ Ld .
'Ara h max{f, g} eÐnai Lebesgue metr simh.

Epeid  oi f, g eÐnai Lebesgue metr simec, sunep�getai ìti oi −f,−g eÐnai Lebesgue metr simec, opìte h
max{−f,−g} eÐnai Lebesgue metr simh. 'Ara kai h min{f, g} = −max{−f,−g} eÐnai Lebesgue metr simh.

Gia k�je a ∈ R orÐzoume

a+ = max{a, 0} =
{
a, an a ≥ 0,
0, an a ≤ 0, a− = −min{a, 0} =

{
0, an a ≥ 0,
−a, an a ≤ 0.

EÐnai profanèc ìti isqÔei

a+ ≥ 0, a− ≥ 0, a+ − a− = a, a+ + a− = |a|.

T¸ra, gia k�je f : A → R orÐzoume tic sunart seic f+ = max{f, 0}, f− = −min{f, 0}, ìpou 0 eÐnai h
mhdenik  sun�rthsh sto A. Fusik�, gia tic timèc twn sunart sewn aut¸n isqÔei f+(x) = max{f, 0}(x) =
max{f(x), 0} = (f(x))+ kai, omoÐwc, f−(x) = −min{f, 0}(x) = −min{f(x), 0} = (f(x))− . EpÐshc,

f+ ≥ 0, f− ≥ 0, f+ − f− = f, f+ + f− = |f |.

Prìtash 3.9. 'Estw A ∈ Ld kai Lebesgue metr simh f : A → R . Tìte oi f+ , f− , |f | : A → R eÐnai ki
autèc Lebesgue metr simec.

Apìdeixh: 'Amesh efarmog  twn prohgoÔmenwn prot�sewn kai eidik¸tera thc Prìtashc 3.8.

'Estw A ⊆ Rd kai sunart seic fn : A→ R (n ∈ N). OrÐzoume tic sunart seic

sup
n≥1

fn : A→ R , inf
n≥1

fn : A→ R

me touc tÔpouc

( sup
n≥1

fn)(x) = sup{fn(x) : n ≥ 1}, ( inf
n≥1

fn)(x) = inf{fn(x) : n ≥ 1}

gia k�je x ∈ A.
Fusik�, me entel¸c an�logo trìpo orÐzontai, gia k�je m ∈ N, kai oi

sup
n≥m

fn : A→ R , inf
n≥m

fn : A→ R .

An, gia suntomÐa, sumbolÐsoume gm = supn≥m fn , tìte parathroÔme ìti isqÔei gm+1 ≤ gm sto koinì pedÐo
orismoÔ A kai, epomènwc, eÐnai limm→+∞ gm = infm≥1 gm sto A. OmoÐwc, an sumbolÐsoume hm = infn≥m fn ,
tìte isqÔei hm+1 ≥ hm sto A kai, epomènwc, eÐnai limm→+∞ hm = supm≥1 hm sto A. OrÐzoume, t¸ra, tic
sunart seic

lim sup
n→+∞

fn : A→ R , lim inf
n→+∞

fn : A→ R

me touc tÔpouc
lim sup
n→+∞

fn = inf
m≥1

( sup
n≥m

fn) = lim
m→+∞

( sup
n≥m

fn),

lim inf
n→+∞

fn = sup
m≥1

( inf
n≥m

fn) = lim
m→+∞

( inf
n≥m

fn).
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Me �lla lìgia, gia k�je x ∈ A eÐnai

( lim sup
n→+∞

fn)(x) = lim sup
n→+∞

fn(x), ( lim inf
n→+∞

fn)(x) = lim inf
n→+∞

fn(x).

GnwrÐzoume ìti gia k�je x ∈ A isqÔoun ta ex c:
(i) lim infn→+∞ fn(x) ≤ lim supn→+∞ fn(x) kai
(ii) lim infn→+∞ fn(x) = lim supn→+∞ fn(x) an kai mìno an up�rqei to ìrio limn→+∞ fn(x) kai, sthn
perÐptwsh aut , isqÔei

lim inf
n→+∞

fn(x) = lim sup
n→+∞

fn(x) = lim
n→+∞

fn(x).

MporoÔme, loipìn, na orÐsoume to sÔnolo

B = {x ∈ A : lim inf
n→+∞

fn(x) = lim sup
n→+∞

fn(x)}

= {x ∈ A : to lim
n→+∞

fn(x) up�rqei }

opìte akrib¸c sto sÔnolo B mporoÔme na orÐsoume th sun�rthsh

lim
n→+∞

fn : B → R

me tÔpo
( lim
n→+∞

fn)(x) = lim
n→+∞

fn(x).

Prìtash 3.10. 'Estw A ∈ Ld kai Lebesgue metr simec fn : A→ R (n ∈ N).
(1) Oi supn≥1 fn , infn≥1 fn , lim supn→+∞ fn , lim infn→+∞ fn : A→ R eÐnai Lebesgue metr simec.

(2) Gia to sÔnolo B = {x ∈ A : to limn→+∞ fn(x) up�rqei } isqÔei B ∈ Ld kai h limn→+∞ fn : B → R
eÐnai Lebesgue metr simh.

Apìdeixh: (1) An P ⊆ R kai a ∈ R, tìte isqÔei to ex c: a < supP an kai mìno an o a den eÐnai �nw
fr�gma tou P an kai mìno an up�rqei p ∈ P ¸ste p > a. Autì ja to qrhsimopoi soume sth deÔterh isìthta
parak�tw:

{x ∈ A : ( sup
n≥1

fn)(x) > a}= {x ∈ A : sup{fn(x) : n ∈ N} > a}

= {x ∈ A : up�rqei n ∈ N ¸ste fn(x) > a}

=
+∞⋃
n=1

{x ∈ A : fn(x) > a}.

K�je fn eÐnai Lebesgue metr simh, opìte {x ∈ A : fn(x) > a} ∈ Ld gia k�je n kai, epomènwc, {x ∈ A :
( supn≥1 fn)(x) > a} ∈ Ld . 'Ara h supn≥1 fn eÐnai Lebesgue metr simh.

EÐnai eÔkolo na dei kaneÐc ìti infn≥1 fn = − supn≥1(−fn). Epeid  k�je fn eÐnai Lebesgue metr simh,
sunep�getai ìti k�je−fn eÐnai Lebesgue metr simh, opìte apì ta prohgoÔmena sunep�getai ìti h supn≥1(−fn)
eÐnai Lebesgue metr simh kai �ra h infn≥1 fn eÐnai Lebesgue metr simh.

Tèloc, me diadoqik  efarmog  twn prohgoumènwn, èqoume ìti k�je gm = supn≥m fn eÐnai Lebesgue
metr simh kai ìti h lim supn→+∞ fn = infm≥1 gm eÐnai Lebesgue metr simh. OmoÐwc, k�je hm = infn≥m fn
eÐnai Lebesgue metr simh kai h lim infn→+∞ fn = supm≥1 hm eÐnai Lebesgue metr simh.

(2) Epeid  oi lim supn→+∞ fn , lim infn→+∞ fn : A→ R eÐnai Lebesgue metr simec, sÔmfwna me thn Prìtash
3.7 to

B = {x ∈ A : lim inf
n→+∞

fn(x) = lim sup
n→+∞

fn(x)}

eÐnai Lebesgue metr simo. Epomènwc kai oi periorismoÐ ( lim infn→+∞ fn)|B kai ( lim supn→+∞ fn)|B eÐnai
Lebesgue metr simec sunart seic. 'Omwc, eÐnai

( lim inf
n→+∞

fn)|B = ( lim sup
n→+∞

fn)|B = lim
n→+∞

fn

kai, epomènwc, h limn→+∞ fn eÐnai Lebesgue metr simh.
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3.2 L-sqedìn pantoÔ.

'Estw k�poia idiìthta P = P (x) h opoÐa anafèretai se k�poia metablht  x kai h opoÐa isqÔei   den isqÔei
an�loga me tic timèc pou paÐrnei h metablht  x. Gia par�deigma, h idiìthta x2 > 2   h idiìthta x = 7. An,
loipìn, èqoume mia tètoia idiìthta kai h metablht  x paÐrnei timèc mèsa apì to sÔnolo A ∈ Ld tìte lème ìti
h P (x) isqÔei gia L-sqedìn k�je x ∈ A   h P isqÔei L sqedìn pantoÔ sto A an to sÔnolo
twn x gia ta opoÐa den isqÔei h P (x) èqei d-di�stato mètro Lebesgue Ðso me 0 :

md({x ∈ A : den isqÔei h P (x)}) = 0.

ParathroÔme ìti, an h P isqÔei L-sqedìn pantoÔ stoA ∈ Ld tìte, ex orismoÔ, {x ∈ A : den isqÔei h P (x)} ∈
Ld kai, epomènwc,

{x ∈ A : isqÔei h P (x)} = A \ {x ∈ A : den isqÔei h P (x)} ∈ Ld .

M�lista, eÐnai fanerì ìti

md(A) =md({x ∈ A : isqÔei h P (x)}) +md({x ∈ A : den isqÔei h P (x)})
=md({x ∈ A : isqÔei h P (x)}).

'Estw ìti èqoume duo idiìthtec P = P (x) kai Q = Q(x) me metablht  x sto A ∈ Ld . Ac upojèsoume ìti
h P sunep�getai thn Q, dhlad  ìti gia k�je x: an isqÔei h P (x), tìte isqÔei kai h Q(x). Tìte mporoÔme na
sumper�noume ìti: an h P isqÔei L-sqedìn pantoÔ sto A, tìte kai h Q isqÔei L-sqedìn pantoÔ sto A. Autì
apodeiknÔetai eÔkola wc ex c. Apì thn upìjesh sunep�getai ìti {x ∈ A : den isqÔei h Q(x)} ⊆ {x ∈ A :
den isqÔei h P (x)}, opìte

md
∗({x ∈ A : den isqÔei h Q(x)})≤md

∗({x ∈ A : den isqÔei h P (x)})
=md({x ∈ A : den isqÔei h P (x)}) = 0.

'Ara {x ∈ A : den isqÔei h Q(x)} ∈ Ld kaimd({x ∈ A : den isqÔei h Q(x)}) = md
∗({x ∈ A : den isqÔei h Q(x)}) =

0.
Tèloc, ac upojèsoume ìti èqoume idiìthtec Pn = Pn(x) (n ∈ N) me metablht  x sto A ∈ Ld . Tìte

sqhmatÐzetai h sÔzeuxh P twn Pn , h opoÐa sumbolÐzetai kai
∧+∞
n=1 Pn . Aut  eÐnai mia nèa prìtash h opoÐa

isqÔei an kai mìno an isqÔei k�je Pn . Pio sugkekrimèna, gia k�je x ∈ A : isqÔei h P (x) an gia k�je n ∈ N
isqÔei h Pn(x). Tìte mporoÔme na sumper�noume ìti: an gia k�je n ∈ N h Pn isqÔei L-sqedìn pantoÔ sto
A, tìte kai h P isqÔei L-sqedìn pantoÔ sto A. Ki autì apodeiknÔetai eÔkola, ìpwc to prohgoÔmeno. Apì
thn upìjesh eÐnai {x ∈ A : den isqÔei h P (x)} =

⋃+∞
n=1{x ∈ A : den isqÔei h Pn(x)}, opìte

md
∗({x ∈ A : den isqÔei h P (x)})≤

+∞∑
n=1

md
∗({x ∈ A : den isqÔei h Pn(x)})

=
+∞∑
n=1

md({x ∈ A : den isqÔei h Pn(x)})

=
+∞∑
n=1

0 = 0.

'Ara {x ∈ A : den isqÔei h P (x)} ∈ Ld kaimd({x ∈ A : den isqÔei h P (x)}) = md
∗({x ∈ A : den isqÔei h P (x)}) =

0.
Pollèc forèc ton teleutaÐo kanìna ton diatup¸noume wc ex c: an gia k�je n ∈ N h Pn isqÔei L-sqedìn

pantoÔ sto A, tìte ìlec tautìqrona oi Pn isqÔoun L-sqedìn pantoÔ sto A.

Prìtash 3.11. 'Estw A ∈ Ld kai f : A → R . An B ⊆ A me md(A \ B) = 0 kai h f |B eÐnai Lebesgue
metr simh, tìte kai h f eÐnai Lebesgue metr simh.
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Apìdeixh: Gia k�je a ∈ R eÐnai

{x ∈ A : f(x) > a} = {x ∈ B : f(x) > a} ∪ {x ∈ A \B : f(x) > a}.

T¸ra, {x ∈ B : f(x) > a} = {x ∈ B : f |B(x) > a} ∈ Ld diìti h f |B eÐnai Lebesgue metr simh. EpÐshc,
{x ∈ A \B : f(x) > a} ⊆ A \B. Epeid  md(A \B) = 0, sunep�getai md

∗({x ∈ A \B : f(x) > a}) = 0 kai,
epomènwc, {x ∈ A \B : f(x) > a} ∈ Ld . 'Ara {x ∈ A : f(x) > a} ∈ Ld , opìte h f eÐnai Lebesgue metr simh.

Prìtash 3.12. 'Estw A ∈ Ld kai Lebesgue metr simh f : A→ R . 'Estw kai mia g : A→ R tètoia ¸ste
na isqÔei g = f L-sqedìn pantoÔ sto A. Tìte h g eÐnai ki aut  Lebesgue metr simh.

Apìdeixh: 'Estw B = {x ∈ A : g(x) = f(x)}. Apì thn upìjesh sunep�getai ìti md(A \ B) = 0, opìte
A\B ∈ Ld kai, epomènwc, B = A\(A\B) ∈ Ld . 'Ara h f |B eÐnai Lebesgue metr simh kai, epeid , g|B = f |B ,
sunep�getai ìti kai h g|B eÐnai Lebesgue metr simh. Apì thn Prìtash 3.11 sunep�getai ìti h g eÐnai Lebesgue
metr simh.

Prìtash 3.13. 'Estw A ∈ Ld kai Lebesgue metr simec fn : A→ R (n ∈ N). 'Estw kai mia f : A→ R .
An isqÔei limn→+∞ fn = f L-sqedìn pantoÔ sto A, tìte kai h f eÐnai Lebesgue metr simh.

Apìdeixh: JewroÔme ta sÔnola B = {x ∈ A : to limn→+∞ fn(x) up�rqei } kai C = {x ∈ A :
limn→+∞ fn(x) = f(x)}.

SÔmfwna me thn Prìtash 3.10, isqÔei B ∈ Ld kai h limn→+∞ fn : B → R eÐnai Lebesgue metr simh.
EpÐshc, C ⊆ B ⊆ A kai apì thn upìjesh sunep�getai ìti md(A \ C) = 0. 'Ara C ∈ Ld . Epomènwc, h
f |C = ( limn→+∞ fn(x))|C eÐnai Lebesgue metr simh kai, apì thn Prìtash 3.11, h f eÐnai Lebesgue metr simh.

3.3 Aplèc sunart seic.

'Estw A ⊆ Rd . Mia sun�rthsh φ : A → R qarakthrÐzetai apl  sun�rthsh sto A an to sÔnolo
tim¸n thc eÐnai peperasmèno. Prèpei na tonisteÐ ìti, ex orismoÔ, oi timèc miac apl c sun�rthshc eÐnai ìlec
pragmatikoÐ arijmoÐ.

'Estw, loipìn, φ : A→ R mia opoiad pote apl  sun�rthsh sto A kai èstw λ1 , . . . , λn ìlec oi (diafore-
tikèc an� dÔo) timèc thc. OrÐzoume

Ak = {x ∈ A : φ(x) = λk} = φ−1({λk}),

gia 1 ≤ k ≤ n, to sÔnolo sto opoÐo h φ paÐrnei thn tim  λk . EÐnai fanerì ìti ta A1 , . . . , An eÐnai xèna an�
dÔo kai ìti A = A1 ∪ · · · ∪An .

SugkrÐnoume thn φ me thn
∑n

k=1 λkχAk
, ìpou (upenjumÐzoume) me χB sumbolÐzoume th qarakthristik 

sun�rthsh enìc sunìlou B. JewroÔme opoiod pote x ∈ A. To x an kei se akrib¸c èna apì ta A1 , . . . , An ,
kai èstw x ∈ Ak0 . Sunep�getai ìti χAk0

(x) = 1 kai χAk
(x) = 0 gia k�je k 6= k0 kai, epomènwc,( n∑

k=1

λkχAk

)
(x) =

n∑
k=1

λkχAk
(x) = λk0 .

Apì thn �llh meri�, epeid  x ∈ Ak0 , sunep�getai

φ(x) = λk0 .

'Ara ( n∑
k=1

λkχAk

)
(x) = φ(x)

gia k�je x ∈ A. Dhlad 

φ =
n∑
k=1

λkχAk
.

Blèpoume, loipìn, ìti k�je apl  sun�rthsh gr�fetai wc grammikìc sunduasmìc qarakthristik¸n sunar-
t sewn. H sugkekrimènh graf  φ =

∑n
k=1 λkχAk

, ìpou oi arijmoÐ λ1 , . . . , λn eÐnai diaforetikoÐ an� dÔo, ta
A1 , . . . , An eÐnai xèna an� dÔo kai A = A1 ∪ · · · ∪An onom�zetai kanonik  anapar�stash thc φ.
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L mma 3.3. 'Estw A ∈ Ld kai apl  sun�rthsh φ sto A. An φ =
∑n

k=1 λkχAk
eÐnai h kanonik  anapar�-

stash thc φ, tìte: h φ eÐnai Lebesgue metr simh an kai mìno an Ak ∈ Ld gia k�je k.

Apìdeixh: An h φ eÐnai Lebesgue metr simh, tìte Ak = φ−1({λk}) ∈ Ld .
Antistrìfwc, an Ak ∈ Ld gia k�je k, tìte k�je χAk

eÐnai Lebesgue metr simh, opìte kai o grammikìc
sunduasmìc

∑n
k=1 λkχAk

, dhlad  h φ, eÐnai Lebesgue metr simh sun�rthsh.

Prìtash 3.14. 'Estw A ⊆ Rd .
(1) An oi φ, ψ eÐnai aplèc sunart seic sto A kai λ ∈ R, tìte kai oi λφ, φ + ψ, φ − ψ, φψ, max{φ, ψ},
min{φ, ψ}, φ+ , φ− kai |φ| eÐnai aplèc sunart seic sto A. An, epiplèon, oi φ, ψ eÐnai Lebesgue metr simec,
tìte kai oi upìloipec sunart seic eÐnai Lebesgue metr simec.
(2) An h φ eÐnai apl  sun�rthsh sto A kai B ⊆ A, tìte h φ|B eÐnai apl  sun�rthsh sto B. An, epiplèon,
h φ eÐnai Lebesgue metr simh kai B ∈ Ld , tìte kai h φ|B eÐnai Lebesgue metr simh.

Apìdeixh: (1) 'Estw λk (1 ≤ k ≤ n) ìlec oi (diaforetikèc an� dÔo) timèc thc φ kai µl (1 ≤ l ≤ m) ìlec
oi (diaforetikèc an� dÔo) timèc thc ψ.

EÐnai fanerì ìti oi timèc thc λφ eÐnai h 0, an λ = 0,   oi λλk (1 ≤ k ≤ n), an λ 6= 0.
OmoÐwc, oi timèc thc φ ± ψ eÐnai k�poiec apì tic λk ± µl (1 ≤ k ≤ n, 1 ≤ l ≤ m) kai oi timèc thc φψ

eÐnai k�poiec apì tic λkµl (1 ≤ k ≤ n, 1 ≤ l ≤ m). EpÐshc, oi timèc thc max{φ, ψ} eÐnai k�poiec apì tic
max{λk, µl} (1 ≤ k ≤ n, 1 ≤ l ≤ m) kai oi timèc thc min{φ, ψ} eÐnai k�poiec apì tic min{λk, µl} (1 ≤ k ≤
n, 1 ≤ l ≤ m).

'Ara ìlec autèc oi sunart seic èqoun peperasmèno sÔnolo (pragmatik¸n) tim¸n kai epomènwc eÐnai aplèc
sunart seic sto A. Profan¸c, tìte kai oi φ+ = max{φ, 0}, φ− = −min{φ, 0} kai |φ| = φ+ +φ− eÐnai aplèc
sunart seic sto A.

To sumpèrasma gia th Lebesgue metrhsimìthta eÐnai stoiqei¸dec.
(2) An λk (1 ≤ k ≤ n) ìlec oi (diaforetikèc an� dÔo) timèc thc φ, tìte oi timèc thc φ|B eÐnai k�poiec apì tic
λk (1 ≤ k ≤ n). 'Ara h φ|B èqei peperasmèno sÔnolo (pragmatik¸n) tim¸n kai epomènwc eÐnai apl  sun�rthsh
sto B.

To sumpèrasma gia th Lebesgue metrhsimìthta eÐnai kai p�li stoiqei¸dec.

H epìmenh Prìtash 3.15 ja faneÐ arket� qr simh sto epìmeno kef�laio.

Prìtash 3.15. 'Estw A ⊆ Rd kai f : A → R ¸ste f ≥ 0 sto A. Tìte up�rqoun aplèc sunart seic
φn (n ∈ N) sto A me tic idiìthtec:
(i) 0 ≤ φn ≤ φn+1 gia k�je n ≥ 1,
(ii) limn→+∞ φn = f sto A kai
(iii) an h f eÐnai Lebesgue metr simh, tìte ìlec oi φn eÐnai ki autèc Lebesgue metr simec.

Apìdeixh: JewroÔme opoiond pote n ∈ N. OrÐzoume ta ex c sÔnola:

En,k =
{
x ∈ A :

k

2n
≤ f(x) <

k + 1
2n

}
(0 ≤ k ≤ 22n − 1)

kai
Fn = {x ∈ A : 2n ≤ f(x)}.

EÐnai safèc ìti ta En,0 , En,1 , . . . , En,22n−1 , Fn eÐnai xèna an� dÔo kai ìti

En,0 ∪ En,1 ∪ · · · ∪ En,22n−1 ∪ Fn = A.

EÐnai, epÐshc, safèc ìti, an h f eÐnai Lebesgue metr simh, tìte ìla ta parap�nw sÔnola eÐnai Lebesgue
metr sima. T¸ra, sqhmatÐzoume th sun�rthsh φn : A→ R me tÔpo

φn =
22n−1∑
k=0

k

2n
χEn,k

+ 2nχFn

=
0
2n
χEn,0 +

1
2n
χEn,1 + · · ·+ 22n − 1

2n
χEn,22n−1

+ 2nχFn .
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ParathroÔme ìti eÐnai φn ≥ 0 kai ìti, an h f eÐnai Lebesgue metr simh, tìte, epeid  ìla ta parap�nw
sÔnola eÐnai Lebesgue metr sima, sunep�getai ìti ìlec oi qarakthristikèc sunart seic pou emfanÐzontai ston
tÔpo thc φn eÐnai Lebesgue metr simec kai, epomènwc, h φn eÐnai ki aut  Lebesgue metr simh.

Gia na sugkrÐnoume tic φn kai φn+1 , jewroÔme kai to sÔnolo

Gn = {x ∈ A : 2n ≤ f(x) < 2n+1}

kai blèpoume tic ex c sqèseic:

En,k = En+1,2k ∪ En+1,2k+1 (0 ≤ k ≤ 22n − 1), Fn = Gn ∪ Fn+1 ,

En+1,22n+1 ∪ · · · ∪ En+1,22n+2−1 = Gn .

EpÐshc, ta Gn , Fn+1 eÐnai xèna. 'Ara

φn =
22n−1∑
k=0

k

2n
χEn,k

+ 2nχFn

=
22n−1∑
k=0

2k
2n+1

(
χEn+1,2k

+ χEn+1,2k+1

)
+ 2n(χGn + χFn+1)

≤
22n−1∑
k=0

( 2k
2n+1

χEn+1,2k
+

2k + 1
2n+1

χEn+1,2k+1

)
+ 2nχGn + 2n+1χFn+1

=
22n+1−1∑
l=0

l

2n+1
χEn+1,l

+ 2nχGn + 2n+1χFn+1

=
22n+1−1∑
l=0

l

2n+1
χEn+1,l

+ 2n
(
χEn+1,22n+1 + · · ·+ χEn+1,22n+2−1

)
+2n+1χFn+1

≤
22n+1−1∑
l=0

l

2n+1
χEn+1,l

+
22n+2−1∑
l=22n+1

l

2n+1
χEn+1,l

+ 2n+1χFn+1

=
22n+2−1∑
l=0

l

2n+1
χEn+1,l

+ 2n+1χFn+1

= φn+1 .

Tèloc, apomènei na apodeÐxoume ìti limn→+∞ φn(x) = f(x) gia k�je x ∈ A, opìte paÐrnoume opoiod pote
x ∈ A.

An 0 ≤ f(x) < +∞, tìte up�rqei n0 ¸ste f(x) < 2n gia k�je n ≥ n0 . JewroÔme opoiond pote n ≥ n0

kai, epeid  0 ≤ 2nf(x) < 22n , up�rqei k ¸ste 0 ≤ k ≤ 22n − 1 kai k ≤ 2nf(x) < k + 1. Autì shmaÐnei ìti
x ∈ En,k kai, epomènwc, φn(x) = k

2n . 'Ara

φn(x) ≤ f(x) < φn(x) +
1
2n

gia k�je n ≥ n0 kai, epomènwc,
lim

n→+∞
φn(x) = f(x).

An f(x) = +∞, tìte gia k�je n eÐnai 2n ≤ f(x). Dhlad , x ∈ Fn , opìte φn(x) = 2n . 'Ara

lim
n→+∞

φn(x) = +∞ = f(x).

42



Kef�laio 4

To olokl rwma Lebesgue.

4.1 Aplèc mh arnhtikèc Lebesgue metr simec sunart seic.

'Estw A ∈ Ld kai φ : A→ [0,+∞) opoiad pote mh arnhtik  Lebesgue metr simh apl  sun�rthsh sto A
kai èstw

φ =
n∑
k=1

akχAk

h kanonik  anapar�stas  thc. Autì shmaÐnei ìti ta sÔnola A1, . . . , An ∈ Ld eÐnai mh ken� kai an� dÔo xèna,
ìti A1 ∪ · · · ∪ An = A, ìti se k�je Ak h φ èqei stajer  tim  ak ≥ 0 kai ìti oi a1, . . . , an eÐnai ìlec oi
diaforetikèc an� dÔo timèc thc φ. OrÐzoume to olokl rwma Lebesgue thc φ sto A, kai to sumbolÐzoume∫
A φ, na eÐnai o arijmìc ∫

A
φ =

n∑
k=1

akmd(Ak).

Sthn perÐptwsh pou eÐnai ak = 0 kai md(Ak) = +∞, tìte sumbatik� deqìmaste ìti akmd(Ak) = 0.

L mma 4.1. 'Estw A,B1, . . . , Bm ∈ Ld , A = B1 ∪ · · · ∪ Bm kai ta B1, . . . , Bm eÐnai an� dÔo xèna. 'Estw,
epÐshc, arijmoÐ b1, . . . , bm ≥ 0 kai h sun�rthsh φ =

∑m
l=1 blχBl

: A → R. Tìte h φ eÐnai mh arnhtik 
Lebesgue metr simh apl  sun�rthsh sto A kai isqÔei∫

A
φ =

m∑
l=1

blmd(Bl).

Apìdeixh: Epeid  k�je Bl eÐnai Lebesgue metr simo, k�je χBl
eÐnai Lebesgue metr simh. 'Ara kai o

grammikìc sunduasmìc φ =
∑m

l=1 blχBl
eÐnai Lebesgue metr simh sun�rthsh sto A. Ta B1, . . . , Bm eÐnai an�

dÔo xèna, opìte h φ eÐnai stajer  = bl se k�je Bl kai, epeid  A = B1 ∪ · · · ∪ Bm , oi b1, . . . , bm eÐnai ìlec
oi timèc thc φ sto A. Oi timèc autèc eÐnai peperasmènec, opìte h φ eÐnai apl  kai epeid  b1, . . . , bm ≥ 0, h φ
eÐnai mh arnhtik .

An eÐqame upojèsei ìti oi b1, . . . , bm eÐnai an� dÔo diaforetikoÐ kai ìti ta B1, . . . , Bm eÐnai mh ken�, tìte
h φ =

∑m
l=1 blχBl

ja  tan h kanonik  anapar�stash thc φ. Gia na upologÐsoume to
∫
A φ prèpei na broÔme

thn kanonik  anapar�stash thc φ.
An k�poio Bl0 eÐnai = ∅, tìte mporoÔme na to agno soume. Pr�gmati, den ephre�zetai h isìthta A =

B1 ∪ · · · ∪Bm, oÔte h isìthta φ =
∑m

l=1 blχBl
(diìti h qarakthristik  sun�rthsh χBl0

eÐnai tautotik� mhdèn

sto A), oÔte h isìthta
∫
A φ =

∑m
l=1 blmd(Bl) (diìti md(Bl0) = md(∅) = 0). Epomènwc, agnooÔme ìla ta

Bl ta opoÐa eÐnai ken� kai, afoÔ all�xoume thn arÐjmhsh kai xanasumbolÐsoume m to pl joc twn Bl pou
apomènoun, mporoÔme na upojèsoume sth sunèqeia ìti ìla ta B1, . . . , Bm eÐnai mh ken�.

Katìpin, omadopoioÔme touc b1, . . . , bm , b�zontac ìlouc ìsoi eÐnai Ðsoi metaxÔ touc sthn Ðdia om�da.
All�zontac, an qrei�zetai, thn arÐjmhsh twn b1, . . . , bm , ac upojèsoume ìti dhmiourgoÔntai n om�dec:

{b1 = · · · = bl1}, {bl1+1 = · · · = bl2}, . . .
. . . , {bln−2+1 = · · · = bln−1}, {bln−1+1 = · · · = bln},
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ìpou (ìpwc dhl¸netai) se k�je om�da oi arijmoÐ eÐnai Ðsoi metaxÔ touc, ìpou arijmoÐ apì diaforetikèc om�dec
eÐnai �nisoi kai ìpou, fusik�, ln = m. T¸ra, sumbolÐzoume a1 thn koin  tim  twn arijm¸n thc pr¸thc om�dac,
a2 thn koin  tim  twn arijm¸n thc deÔterhc om�dac, . . . , an−1 thn koin  tim  twn arijm¸n thc (n− 1)-ost c
om�dac kai an thn koin  tim  twn arijm¸n thc n-ost c om�dac. Epomènwc, oi arijmoÐ a1, . . . , an eÐnai ìlec oi
diaforetikèc an� dÔo timèc thc φ. SumbolÐzoume, epÐshc,

A1 = B1∪ · · · ∪Bl1 , A2 = Bl1+1 ∪ · · · ∪Bl2 , . . .
. . . , An−1 = Bln−2+1 ∪ · · · ∪Bln−1 , An = Bln−1+1 ∪ · · · ∪Bln .

Sunep�getai ìti h φ eÐnai stajer  = ak se k�je Ak , ìti ta A1, . . . , An eÐnai mh ken�, an� dÔo xèna kai ìti
A = A1 ∪ · · · ∪An . 'Ara isqÔei

φ =
n∑
k=1

akχAk

kai aut  eÐnai h kanonik  anapar�stash thc φ. 'Ara∫
A
φ= a1md(A1) + · · ·+ anmd(An)

= a1(md(B1) + · · ·+md(Bl1)) + · · ·+ an(md(Bln−1+1) + · · ·+md(Bln))
= (b1md(B1) + · · ·+ bl1md(Bl1)) + · · ·
· · ·+ (bln−1+1md(Bln−1+1) + · · ·+ blnmd(Bln))

= b1md(B1) + · · ·+ bmmd(Bm).

Prìtash 4.1. 'Estw A ∈ Ld , arijmìc λ ≥ 0 kai mh arnhtikèc Lebesgue metr simec aplèc sunart seic
φ, ψ sto A. Tìte:
(i)
∫
A φ ≥ 0,

(ii)
∫
A(λφ) = λ

∫
A φ,

(iii)
∫
A(φ+ ψ) =

∫
A φ+

∫
A ψ kai,

(iv) an φ ≤ ψ sto A, tìte
∫
A φ ≤

∫
A ψ.

Apìdeixh: 'Estw φ =
∑n

k=1 akχAk
kai ψ =

∑m
l=1 blχBl

oi kanonikèc anaparast�seic twn φ, ψ.
(i) Epeid  k�je ak kai k�je md(Ak) eÐnai ≥ 0, eÐnai

∫
A φ =

∑n
k=1 akmd(Ak) ≥ 0.

(ii) EÐnai λφ =
∑n

k=1(λak)χAk
kai apì to L mma 4.1 sunep�getai ìti

∫
A(λφ) =

∑n
k=1(λak)md(Ak) =

λ
∑n

k=1 akmd(Ak) = λ
∫
A φ.

(iii) JewroÔme ta sÔnola Ck,l = Ak ∩ Bl ∈ Ld gia k�je k = 1, . . . , n kai l = 1, . . . ,m. EÐnai eÔkolo na dei
kaneÐc ìti ta sÔnola aut� eÐnai an� dÔo xèna kai ìti h ènws  touc eÐnai = A. EpÐshc, h sun�rthsh φ+ψ eÐnai
stajer  = ak + bl se k�je Ck,l . Dhlad , isqÔei φ + ψ =

∑n
k=1

∑m
l=1(ak + bl)χCk,l

sto A. Apì to L mma
4.1 sunep�getai ìti

∫
A(φ+ψ) =

∑n
k=1

∑m
l=1(ak + bl)md(Ck,l). ParathroÔme, epÐshc, ìti gia k�je k h ènwsh

twn Ck,l (1 ≤ l ≤ m) eÐnai = Ak kai, omoÐwc, gia k�je l h ènwsh twn Ck,l (1 ≤ k ≤ n) eÐnai = Bl . 'Ara
eÐnai

∑m
l=1md(Ck,l) = md(Ak) kai

∑n
k=1md(Ck,l) = md(Bl). Sundu�zontac ìla aut� brÐskoume ìti∫

A
(φ+ ψ) =

n∑
k=1

m∑
l=1

(ak + bl)md(Ck,l)

=
n∑
k=1

m∑
l=1

akmd(Ck,l) +
n∑
k=1

m∑
l=1

blmd(Ck,l)

=
n∑
k=1

ak

( m∑
l=1

md(Ck,l)
)

+
m∑
l=1

bl

( n∑
k=1

md(Ck,l)
)

=
n∑
k=1

akmd(Ak) +
m∑
l=1

blmd(Bl)

=
∫
A
φ+

∫
A
ψ.
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(iv) An φ ≤ ψ sto A, tìte h ψ − φ eÐnai mh arnhtik  Lebesgue metr simh apl  sun�rthsh sto A kai isqÔei
ψ = φ + (ψ − φ) sto A. Apì to (iii) sunep�getai

∫
A ψ =

∫
A φ +

∫
A(ψ − φ). Apì to (i) sunep�getai∫

A(ψ − φ) ≥ 0 kai, epomènwc,
∫
A ψ ≥

∫
A φ.

'Estw A,B ∈ Ld me B ⊆ A kai mh arnhtik  Lebesgue metr simh apl  sun�rthsh φ sto A. 'Otan gr�foume∫
B φ, dhlad  to olokl rwma Lebesgue thc φ sto B, exupakoÔetai ìti jewroÔme thn φ periorismènh sto B
¸ste na èqei pedÐo orismoÔ to B. 'Iswc ja  tan pio akribèc na gr�foume

∫
B(φ|B), all� ja apofÔgoume autì

to perÐploko sÔmbolo. Jumìmaste, p�ntwc, ìti h φ|B eÐnai mh arnhtik  Lebesgue metr simh apl  sun�rthsh
sto B.

L mma 4.2. 'Estw A,B ∈ Ld me B ⊆ A kai mh arnhtik  Lebesgue metr simh apl  sun�rthsh φ sto A.
Tìte

∫
B φ =

∫
A(φχB).

Apìdeixh: 'Estw φ =
∑n

k=1 akχAk
h kanonik  anapar�stash thc φ sto A. JewroÔme ta sÔnola Bk =

Ak ∩B ∈ Ld . EÐnai profanèc ìti ta sÔnola aut� eÐnai an� dÔo xèna kai ìti h ènws  touc eÐnai = B. EpÐshc,
h φ|B eÐnai stajer  = ak se k�je Bk . Dhlad  eÐnai φ|B =

∑n
k=1 ak(χBk

)|B . Apì to L mma 4.1 sunep�getai
ìti ∫

B
φ =

∫
B

(φ|B) =
n∑
k=1

akmd(Bk).

Apì thn �llh meri�, eÐnai φχB =
∑n

k=1 akχAk
χB =

∑n
k=1 akχAk∩B =

∑n
k=1 akχBk

. 'Ara, p�li apì to
L mma 4.1 sunep�getai ìti ∫

A
(φχB) =

n∑
k=1

akmd(Bk).

'Ara
∫
B φ =

∫
A(φχB).

AxÐzei na jumìmaste ton tÔpo∫
B
φ =

n∑
k=1

akmd(Bk) =
n∑
k=1

akmd(Ak ∩B)

pou up�rqei mèsa sthn apìdeixh tou L mmatoc 4.2.

L mma 4.3. 'Estw A ∈ Ld kai mh arnhtik  Lebesgue metr simh apl  sun�rthsh φ sto A. EpÐshc, èstw
En ∈ Ld (n ∈ N) ¸ste En ⊆ En+1 gia k�je n ≥ 1 kai èstw E =

⋃+∞
n=1En . Tìte limn→+∞

∫
En
φ =

∫
E φ.

Apìdeixh: 'Estw φ =
∑m

k=1 akχAk
h kanonik  anapar�stash thc φ sto A. Epeid  Ak ∩En ⊆ Ak ∩En+1

gia k�je n ≥ 1 kai Ak ∩ E =
⋃+∞
n=1(Ak ∩ En), sunep�getai

md(Ak ∩ E) = lim
n→+∞

md(Ak ∩ En).

Epomènwc, ∫
E
φ=

m∑
k=1

akmd(Ak ∩ E) =
m∑
k=1

ak lim
n→+∞

md(Ak ∩ En)

= lim
n→+∞

m∑
k=1

akmd(Ak ∩ En) = lim
n→+∞

∫
En

φ.

L mma 4.4. 'Estw A ∈ Ld kai mh arnhtikèc Lebesgue metr simec aplèc sunart seic φ, ψ kai φn , ψn
(n ∈ N) sto A.
(1) An φn ≤ φn+1 sto A gia k�je n ≥ 1 kai φ ≤ limn→+∞ φn sto A, tìte

∫
A φ ≤ limn→+∞

∫
A φn .

(2) An φn ≤ φn+1 kai ψn ≤ ψn+1 sto A gia k�je n ≥ 1 kai limn→+∞ φn ≤ limn→+∞ ψn sto A, tìte
limn→+∞

∫
A φn ≤ limn→+∞

∫
A ψn .

(3) An φn ≤ φn+1 kai ψn ≤ ψn+1 sto A gia k�je n ≥ 1 kai limn→+∞ φn = limn→+∞ ψn sto A, tìte
limn→+∞

∫
A φn = limn→+∞

∫
A ψn .
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Apìdeixh: Kat' arq�c parathroÔme ìti apì thn φn ≤ φn+1 sto A sunep�getai h
∫
A φn ≤

∫
A φn+1 .

Epomènwc h akoloujÐa
∫
A φn (n ∈ N) èqei ìrio, dhlad  up�rqei to limn→+∞

∫
A φn . To Ðdio, fusik�, isqÔei

kai gia to limn→+∞
∫
A ψn .

(1) JewroÔme opoiond pote arijmì λ me 0 < λ < 1 kai gia k�je n ≥ 1 orÐzoume to sÔnolo

En = {x ∈ A : λφ(x) ≤ φn(x)}.

Epeid  h sun�rthsh φn−λφ eÐnai Lebesgue metr simh kai En = {x ∈ A : (φn−λφ)(x) ≥ 0}, sunep�getai
ìti En ∈ Ld gia k�je n. EpÐshc, eÐnai profanèc ìti En ⊆ En+1 gia k�je n kai ìti A =

⋃+∞
n=1En . Ac doÔme

lÐgo pio prosektik� th deÔterh sqèsh. Epeid  En ⊆ A gia k�je n, sunep�getai
⋃+∞
n=1En ⊆ A. 'Estw, t¸ra,

tuqìn x ∈ A. An φ(x) = 0, tìte λφ(x) = 0, opìte h φn(x) ≥ λφ(x) isqÔei gia k�je n, opìte x ∈ En gia
k�je n kai, epomènwc, x ∈

⋃+∞
n=1En . An φ(x) > 0, tìte λφ(x) < φ(x). Epeid  φ(x) ≤ limn→+∞ φn(x),

sunep�getai ìti isqÔei λφ(x) ≤ φn(x) gia k�je n ≥ apì k�poion n0 ∈ N. 'Ara isqÔei x ∈ En gia k�je n ≥ n0

kai, epomènwc, x ∈
⋃+∞
n=1En . 'Ara, se k�je perÐptwsh, eÐnai x ∈

⋃+∞
n=1En kai, epomènwc, A ⊆

⋃+∞
n=1En .

T¸ra, apì to L mma 4.3 sunep�getai ∫
A
φ = lim

n→+∞

∫
En

φ.

Epeid  isqÔei λφ ≤ φn sto En sunep�getai
∫
En

(λφ) ≤
∫
En
φn . Akìmh, eÐnai

∫
En
φn =

∫
A(φnχEn) ≤

∫
A φn ,

diìti isqÔei φnχEn ≤ φn sto A. 'Ara

λ

∫
A
φ = lim

n→+∞
λ

∫
En

φ = lim
n→+∞

∫
En

(λφ) ≤ lim
n→+∞

∫
A
φn .

Epeid  h teleutaÐa anisìthta isqÔei gia k�je λ me 0 < λ < 1 kai ta
∫
A φ kai limn→+∞

∫
A φn den exart¸ntai

apì ton λ, paÐrnontac ìrio kaj¸c λ→ 1− , sumperaÐnoume ìti
∫
A φ ≤ limn→+∞

∫
A φn .

(2). JewroÔme opoiond pote k kai parathroÔme ìti, epeid  φn ≤ φn+1 sto A gia k�je n, sunep�getai
φk ≤ limn→+∞ φn sto A. 'Ara φk ≤ limn→+∞ ψn sto A kai, epomènwc, apì to (1) sunep�getai∫

A
φk ≤ lim

n→+∞

∫
A
ψn .

Autì isqÔei gia k�je k, opìte limk→+∞
∫
A φk ≤ limn→+∞

∫
A ψn . Autì akrib¸c jèlame na apodeÐxoume.

(3) H limn→+∞ φn = limn→+∞ ψn shmaÐnei ìti limn→+∞ φn ≤ limn→+∞ ψn kai limn→+∞ ψn ≤ limn→+∞ φn .
'Ara apì to (2) sunep�getai limn→+∞

∫
A φn ≤ limn→+∞

∫
A ψn kai limn→+∞

∫
A ψn ≤ limn→+∞

∫
A φn . 'Ara

limn→+∞
∫
A φn = limn→+∞

∫
A ψn .

4.2 Mh arnhtikèc Lebesgue metr simec sunart seic.

'Estw A ∈ Ld kai Lebesgue metr simh sun�rthsh f : A → [0,+∞]. JewroÔme opoiad pote akoloujÐa
mh arnhtik¸n Lebesgue metr simwn apl¸n sunart sewn φn : A → [0,+∞) (n ∈ N) me tic idiìthtec: (i)
0 ≤ φn ≤ φn+1 sto A gia k�je n kai (ii) limn→+∞ φn = f sto A. To ìti up�rqei toul�qiston mia tètoia
akoloujÐa exasfalÐzetai apì thn Prìtash 3.15. Katìpin, jewroÔme thn akoloujÐa twn oloklhrwm�twn

∫
A φn

(n ∈ N). Aut� ta oloklhr¸mata èqoun orisjeÐ sthn prohgoÔmenh enìthta 4.1 kai eÐnai stoiqeÐa tou [0,+∞]
(Prìtash 4.1), dhlad  mh arnhtikoÐ arijmoÐ   +∞. Epeid  φn ≤ φn+1 sto A, sunep�getai apì thn Prìtash
4.1 ìti

∫
A φn ≤

∫
A φn+1 . 'Ara h akoloujÐa twn oloklhrwm�twn eÐnai aÔxousa kai, epomènwc, èqei ìrio to

opoÐo eÐnai stoiqeÐo tou [0,+∞]. OrÐzoume to olokl rwma Lebesgue thc f sto A, kai to sumbolÐzoume∫
A f , na eÐnai to ìrio ∫

A
f = lim

n→+∞

∫
A
φn .

'Opwc eÐpame, h Prìtash 3.15 exasfalÐzei thn Ôparxh miac toul�qiston akoloujÐac φn (n ∈ N) me tic
idiìthtec (i) kai (ii). En gènei, up�rqoun perissìterec tètoiec akoloujÐec (gia thn Ðdia f). 'Estw ìti ψn
(n ∈ N) eÐnai ki aut  mia opoiad pote akoloujÐa mh arnhtik¸n Lebesgue metr simwn apl¸n sunart sewn
me tic Ðdiec idiìthtec: (i) 0 ≤ ψn ≤ ψn+1 sto A gia k�je n kai (ii) limn→+∞ ψn = f sto A. Tìte
isqÔei limn→+∞ φn = limn→+∞ ψn sto A, opìte apì to L mma 4.4(3) sunep�getai ìti limn→+∞

∫
A φn =

limn→+∞ ψn . Autì shmaÐnei ìti to
∫
A f , ìpwc to orÐsame prohgoumènwc, eÐnai kal¸c orismèno.
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Prìtash 4.2. 'Estw A ∈ Ld , arijmìc λ ≥ 0 kai mh arnhtikèc Lebesgue metr simec sunart seic f, g sto
A. Tìte:
(i)
∫
A f ≥ 0,

(ii)
∫
A(λf) = λ

∫
A f ,

(iii)
∫
A(f + g) =

∫
A f +

∫
A g kai,

(iv) an f ≤ g sto A, tìte
∫
A f ≤

∫
A g.

Apìdeixh: (i) Autì to èqoume  dh apodeÐxei.
(ii) JewroÔme Lebesgue metr simec aplèc sunart seic φn : A→ [0,+∞) (n ∈ N) ¸ste 0 ≤ φn ≤ φn+1 sto
A gia k�je n kai limn→+∞ φn = f sto A. Sunep�getai apì ton orismì tou

∫
A f ìti

∫
A f = limn→+∞

∫
A φn .

T¸ra orÐzoume tic Lebesgue metr simec aplèc sunart seic λφn : A → [0,+∞) (n ∈ N). Gi autèc isqÔei
0 ≤ λφn ≤ λφn+1 sto A gia k�je n kai limn→+∞(λφn) = λf sto A. Sunep�getai apì ton orismì tou∫
A(λf) ìti

∫
A(λf) = limn→+∞

∫
A(λφn). Apì thn Prìtash 4.1, èqoume ìti

∫
A(λφn) = λ

∫
A φn . 'Ara∫

A
(λf) = lim

n→+∞

∫
A

(λφn) = lim
n→+∞

(
λ

∫
A
φn

)
= λ lim

n→+∞

∫
A
φn = λ

∫
A
f.

(ii) Ektìc apì tic φn , jewroÔme kai Lebesgue metr simec aplèc sunart seic ψn : A → [0,+∞) (n ∈ N)
¸ste 0 ≤ ψn ≤ ψn+1 sto A gia k�je n kai limn→+∞ ψn = g sto A. Apì ton orismì tou

∫
A g eÐnai∫

A g = limn→+∞
∫
A ψn . T¸ra orÐzoume tic Lebesgue metr simec aplèc sunart seic φn + ψn : A→ [0,+∞)

(n ∈ N). Gi autèc isqÔei 0 ≤ (φn + ψn) ≤ (φn+1 + ψn+1) sto A gia k�je n kai limn→+∞(φn + ψn) = f + g
sto A. Sunep�getai apì ton orismì tou

∫
A(f + g) ìti

∫
A(f + g) = limn→+∞

∫
A(φn +ψn). Apì thn Prìtash

4.1, eÐnai
∫
A(φn + ψn) =

∫
A φn +

∫
A ψn . 'Ara∫

A
(f + g) = lim

n→+∞

∫
A

(φn + ψn) = lim
n→+∞

(∫
A
φn +

∫
A
ψn

)
= lim
n→+∞

∫
A
φn + lim

n→+∞

∫
A
ψn =

∫
A
f +

∫
A
g.

(iii) JewroÔme tic φn kai ψn , ìpwc prin. Epeid  f ≤ g sto A, sunep�getai limn→+∞ φn ≤ limn→+∞ ψn sto
A. Apì to L mma 4.4(2) prokÔptei ìti∫

A
f = lim

n→+∞

∫
A
φn ≤ lim

n→+∞

∫
A
ψn =

∫
A
g.

'Estw A,B ∈ Ld me B ⊆ A kai mh arnhtik  Lebesgue metr simh sun�rthsh f sto A. 'Opwc kai
sthn perÐptwsh twn apl¸n sunart sewn, ìtan gr�foume

∫
B f ja ennooÔme to olokl rwma Lebesgue tou

periorismoÔ f |B thc f sto B, h opoÐa eÐnai mh arnhtik  Lebesgue metr simh sun�rthsh sto B.

L mma 4.5. 'Estw A,B ∈ Ld me B ⊆ A kai mh arnhtik  Lebesgue metr simh sun�rthsh f sto A. Tìte∫
B f =

∫
A(fχB).

Apìdeixh: JewroÔme Lebesgue metr simec aplèc sunart seic φn (n ∈ N) sto A ¸ste 0 ≤ φn ≤ φn+1

sto A gia k�je n kai limn→+∞ φn = f sto A. Tìte oi φn|B (n ∈ N) eÐnai Lebesgue metr simec aplèc
sunart seic sto B kai isqÔei 0 ≤ φn|B ≤ φn+1|B sto B gia k�je n kai limn→+∞ φn|B = f |B sto B.
Apì ton orismì tou

∫
B f =

∫
B(f |B) eÐnai

∫
B f = limn→+∞

∫
B(φn|B) = limn→+∞

∫
B φn . OmoÐwc, oi φnχB

(n ∈ N) eÐnai Lebesgue metr simec aplèc sunart seic sto A kai isqÔei 0 ≤ φnχB ≤ φn+1χB sto A gia k�je
n kai limn→+∞ φnχB = fχB sto A. Apì ton orismì tou

∫
A(fχB) eÐnai

∫
A(fχB) = limn→+∞

∫
A(φnχB).

Apì to L mma 4.2 èqoume ìti
∫
B φn =

∫
A(φnχB) kai, epomènwc,∫

B
f = lim

n→+∞

∫
B
φn = lim

n→+∞

∫
A

(φnχB) =
∫
A

(fχB).

Prìtash 4.3. 'Estw A,B,C ∈ Ld me B,C ⊆ A, B ∩ C = ∅ kai mh arnhtik  Lebesgue metr simh
sun�rthsh f sto A. Tìte

∫
B∪C f =

∫
B f +

∫
C f .
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Apìdeixh: Apì thn Prìtash 4.2 kai to L mma 4.5, sunep�getai∫
B∪C

f =
∫
A

(fχB∪C) =
∫
A

(f(χB + χC)) =
∫
A

(fχB + fχC)

=
∫
A

(fχB) +
∫
A

(fχC) =
∫
B
f +

∫
C
f.

Parathr ste ìti h isìthta χB∪C = χB + χC isqÔei sto A akrib¸c epeid  ta B,C eÐnai xèna.

4.3 Lebesgue metr simec sunart seic.

'Estw A ∈ Ld kai Lebesgue metr simh f : A → R . JewroÔme tic f+ , f− : A → [0,+∞] gia tic opoÐec
isqÔei

f = f+ − f− , |f | = f+ + f−

sto A. Sthn prohgoÔmenh enìthta orÐsame ta
∫
A f

+ kai
∫
A f
− kai, t¸ra, orÐzoume to olokl rwma

Lebesgue thc f sto A, kai to sumbolÐzoume
∫
A f , wc ex c:∫

A
f =

∫
A
f+ −

∫
A
f− .

Prosoq ! Ta
∫
A f

+ kai
∫
A f
− eÐnai stoiqeÐa tou [0,+∞]. Sthn perÐptwsh pou prokÔptei aprosdiìristh

morf , dhlad  an
∫
A f

+ = +∞ kai
∫
A f
− = +∞, tìte den orÐzetai to

∫
A f . Pio sugkekrimèna, èqoume

tic ex c peript¸seic:
(i) An 0 ≤

∫
A f

+ < +∞ kai 0 ≤
∫
A f
− < +∞, tìte to

∫
A f =

∫
A f

+ −
∫
A f
− eÐnai pragmatikìc arijmìc.

(ii) An
∫
A f

+ = +∞ kai 0 ≤
∫
A f
− < +∞, tìte

∫
A f =

∫
A f

+ −
∫
A f
− = +∞.

(iii) An 0 ≤
∫
A f

+ < +∞ kai
∫
A f
− = +∞, tìte

∫
A f =

∫
A f

+ −
∫
A f
− = −∞.

(iv) An
∫
A f

+ = +∞ kai
∫
A f
− = +∞, tìte to

∫
A f den orÐzetai.

ParathroÔme ìti ∫
A
|f | =

∫
A
f+ +

∫
A
f− .

Autì eÐnai �mesh efarmog  thc Prìtashc 4.2, epeid  oi f+ , f− eÐnai mh arnhtikèc.
Me ta Ðdia sÔmbola, h f qarakthrÐzetai Lebesgue oloklhr¸simh sto A an to

∫
A f eÐnai arijmìc

(kai ìqi ±∞).

L mma 4.6. 'Estw A ∈ Ld kai Lebesgue metr simh f : A→ R . H f eÐnai Lebesgue oloklhr¸simh sto A
an kai mìno an oi f+ kai f− eÐnai kai oi duo Lebesgue oloklhr¸simec sto A an kai mìno an h |f | eÐnai Lebesgue
oloklhr¸simh sto A.

Apìdeixh: SÔmfwna me tic prohgoÔmenec parathr seic, to
∫
A f eÐnai arijmìc an kai mìno an ta

∫
A f

+

kai
∫
A f
− eÐnai kai ta duo arijmoÐ. EpÐshc, apì thn isìthta

∫
A |f | =

∫
A f

+ +
∫
A f
− (kai epeid  kai oi treic

posìthtec eÐnai mh arnhtikèc) prokÔptei ìti ta
∫
A f

+ kai
∫
A f
− eÐnai kai ta duo arijmoÐ an kai mìno an to∫

A |f | eÐnai arijmìc.

B�sei tou L mmatoc 4.6:

H f eÐnai oloklhr¸simh sto A an kai mìno an
∫
A |f | < +∞.

Prìtash 4.4. 'Estw A ∈ Ld , arijmìc λ kai Lebesgue oloklhr¸simec f, g sto A. Tìte:
(i) h λf eÐnai Lebesgue oloklhr¸simh sto A kai∫

A
(λf) = λ

∫
A
f.

(ii) h f + g eÐnai Lebesgue oloklhr¸simh sto A kai∫
A

(f + g) =
∫
A
f +

∫
A
g.

(iii) an f ≤ g sto A, tìte
∫
A f ≤

∫
A g.
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Apìdeixh: (i) Epeid  |λ| ≥ 0 kai |f | ≥ 0, apì thn Prìtash 4.2 sunep�getai
∫
A |λf | =

∫
A |λ||f | = |λ|

∫
A |f | <

+∞, diìti
∫
A |f | < +∞. 'Ara h λf eÐnai Lebesgue oloklhr¸simh. Epomènwc, ektìc apì ta

∫
A f

+ ,
∫
A f
− kai

ta
∫
A(λf)+ ,

∫
A(λf)− eÐnai arijmoÐ.

An λ = 0, tìte, apì ton trìpo pou èqei orisjeÐ h sun�rthsh λf , eÐnai λf = 0 sto A (akìmh ki an h f èqei
timèc ±∞ se shmeÐa tou A). Akìmh, epeid  to

∫
A f eÐnai arijmìc, sunep�getai

∫
A(λf) =

∫
A 0 = 0 = λ

∫
A f .

T¸ra, èstw λ > 0. EÐnai eÔkolo na dei kaneÐc ìti (λf)+ = λf+ kai (λf)− = λf− sto A. 'Ara, p�li apì
thn Prìtash 4.2, sunep�getai∫

A
(λf) =

∫
A

(λf)+ −
∫
A

(λf)− =
∫
A

(λf+)−
∫
A

(λf−) = λ

∫
A
f+ − λ

∫
A
f−

= λ
(∫

A
f+ −

∫
A
f−
)

= λ

∫
A
f.

Tèloc, èstw λ < 0. Tìte (λf)+ = −λf− kai (λf)− = −λf+ sto A. 'Ara, kai p�li apì thn Prìtash 4.2
(prosèxte: −λ > 0), sunep�getai∫

A
(λf) =

∫
A

(λf)+ −
∫
A

(λf)− =
∫
A

(−λf−)−
∫
A

(−λf+)

=−λ
∫
A
f− + λ

∫
A
f+ = λ

(∫
A
f+ −

∫
A
f−
)

= λ

∫
A
f.

(ii) Apì thn Prìtash 4.2 sunep�getai
∫
A |f + g| ≤

∫
A(|f |+ |g|) =

∫
A |f |+

∫
A |g| < +∞, diìti

∫
A |f | < +∞

kai
∫
A |g| < +∞. 'Ara h f + g eÐnai Lebesgue oloklhr¸simh kai, epomènwc, ektìc apì ta

∫
A f

+ ,
∫
A f
− ,∫

A g
+ ,
∫
A g
− kai ta

∫
A(f + g)+ ,

∫
A(f + g)− eÐnai arijmoÐ.

T¸ra, isqÔei (f + g)+ − (f + g)− = f + g = f+ − f− + g+ − g− kai, epomènwc, (f + g)+ + f− + g− =
(f+g)−+f+ +g+ sto A. (Autì eÐnai polÔ eÔkolo na apodeiqjeÐ, all� èqei pollèc leptomèreiec me tic opoÐec
ac asqolhjeÐte eseÐc. Mhn xeqn�te ìti, apì ton trìpo pou èqei orisjeÐ h f + g, eÐnai (f + g)(x) = 0 sthn
perÐptwsh pou f(x) = ±∞ kai g(x) = ∓∞.) Epeid  ìlec oi sunart seic pou emfanÐzontai sthn teleutaÐa
isìthta eÐnai ≥ 0, apì thn Prìtash 4.2 sunep�getai∫

A
(f + g)+ +

∫
A
f− +

∫
A
g− =

∫
A

(
(f + g)+ + f− + g−

)
=
∫
A

(
(f + g)− + f+ + g+

)
=
∫
A

(f + g)− +
∫
A
f+ +

∫
A
g+

kai, epeid  ìla ta oloklhr¸mata eÐnai arijmoÐ,∫
A

(f + g)+ −
∫
A

(f + g)− =
∫
A
f+ −

∫
A
f− +

∫
A
g+ −

∫
A
g− .

'Ara
∫
A(f + g) =

∫
A f +

∫
A g.

(iii) Apì thn f ≤ g sunep�getai f+ − f− ≤ g+ − g− kai, epomènwc, f+ + g− ≤ f− + g+ (ki autì qrei�zetai
lÐgec pr�xeic gia na apodeiqjeÐ). 'Ara, apì thn Prìtash 4.2,∫

A
f+ +

∫
A
g− =

∫
A

(f+ + g−) ≤
∫
A

(f− + g+) =
∫
A
f− +

∫
A
g+

kai, epeid  ìla ta oloklhr¸mata eÐnai arijmoÐ,∫
A
f+ −

∫
A
f− ≤

∫
A
g+ −

∫
A
g− .

'Ara
∫
A f ≤

∫
A g.

L mma 4.7. 'Estw A,B ∈ Ld me B ⊆ A kai Lebesgue metr simh sun�rthsh f sto A. Tìte:
(i)
∫
B f =

∫
A(fχB).

(ii) h f eÐnai Lebesgue oloklhr¸simh sto B an kai mìno an h fχB eÐnai Lebesgue oloklhr¸simh sto A.
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Apìdeixh: (i) IsqÔei (f |B)+ = f+|B kai (f |B)− = f−|B . 'Ara∫
B
f =

∫
B

(f |B) =
∫
B

(f |B)+ −
∫
B

(f |B)− =
∫
B

(f+|B)−
∫
B

(f+|B)

=
∫
B
f+ −

∫
B
f− .

Apì to L mma 4.5 sunep�getai
∫
B f

+ =
∫
A(f+χB) kai

∫
B f
− =

∫
A(f−χB). EpÐshc, eÐnai eÔkolo na dei

kaneÐc ìti f+χB = (fχB)+ kai f−χB = (fχB)− . 'Ara∫
B
f =

∫
A

(f+χB)−
∫
A

(f−χB) =
∫
A

(fχB)+ −
∫
A

(fχB)− =
∫
A

(fχB).

(ii) Apì to (i) eÐnai profanèc ìti to
∫
B f eÐnai arijmìc an kai mìno an to

∫
A(fχB) eÐnai arijmìc.

Prìtash 4.5. 'Estw A,B,C ∈ Ld me B,C ⊆ A, B ∩C = ∅ kai Lebesgue oloklhr¸simh sun�rthsh f sto
A. Tìte

∫
B∪C f =

∫
B f +

∫
C f .

Apìdeixh: Epeid  |fχB| = |f ||χB| = |f |χB ≤ |f | sto A, sunep�getai
∫
A |fχB| ≤

∫
A |f | < +∞. 'Ara h

fχB eÐnai Lebesgue oloklhr¸simh sto A. OmoÐwc kai fχC eÐnai Lebesgue oloklhr¸simh sto A. Epomènwc,
apì thn Prìtash 4.4 kai to L mma 4.7, sunep�getai∫

B∪C
f =

∫
A

(fχB∪C) =
∫
A

(f(χB + χC)) =
∫
A

(fχB + fχC)

=
∫
A

(fχB) +
∫
A

(fχC) =
∫
B
f +

∫
C
f.

4.4 O rìloc twn sunìlwn mhdenikoÔ mètrou Lebesgue.

Prìtash 4.6. 'Estw A,B ∈ Ld me B ⊆ A kai md(B) = 0. Tìte gia k�je Lebesgue metr simh f sto A
isqÔei

∫
B f = 0.

Apìdeixh: JewroÔme opoiad pote mh arnhtik  Lebesgue metr simh apl  sun�rthsh φ sto A kai èstw
φ =

∑n
k=1 akχAk

h kanonik  thc anapar�stash. Apì ton tÔpo amèswc met� to L mma 4.2 sunep�getai∫
B
φ =

n∑
k=1

akmd(Ak ∩B) =
n∑
k=1

ak0 = 0,

diìti Ak ∩B ⊆ B kai, epomènwc, md(Ak ∩B) = 0.
T¸ra, èstw mh arnhtik  Lebesgue metr simh sun�rthsh f sto A. PaÐrnoume opoiad pote akoloujÐa

mh arnhtik¸n Lebesgue metr simwn apl¸n φn (n ∈ N) sto A ¸ste φn ≤ φn+1 sto A gia k�je n kai
limn→+∞ φn = f sto A. Oi sqèseic autèc isqÔoun, profan¸c, kai sto B. Mìlic apodeÐxame ìti

∫
B φn = 0

gia k�je n kai apì ton orismì tou
∫
B f sunep�getai∫
B
f = lim

n→+∞

∫
B
φn = lim

n→+∞
0 = 0.

Tèloc, èstw Lebesgue metr simh f sto A. Tìte
∫
B f

+ = 0 kai
∫
B f
− = 0 kai, epeid  kai ta duo aut�

oloklhr¸mata eÐnai arijmoÐ, ∫
B
f =

∫
B
f+ −

∫
B
f− = 0− 0 = 0.

MporoÔme, loipìn, na poÔme ìti ta sÔnola mhdenikoÔ mètrou Lebesgue eÐnai amelhtèa se sqèsh me to
olokl rwma Lebesgue. H epìmenh prìtash katagr�fei merik� qr sima porÐsmata.
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Prìtash 4.7. 'Estw A ∈ Ld , arijmìc λ kai Lebesgue metr simec f, g, h sto A.
(i) An oi f, g eÐnai Ðsec L-sqedìn pantoÔ sto A kai h f eÐnai Lebesgue oloklhr¸simh sto A, tìte kai h g eÐnai
Lebesgue oloklhr¸simh sto A kai

∫
A f =

∫
A g.

(ii) An h = λf L-sqedìn pantoÔ sto A kai h f eÐnai Lebesgue oloklhr¸simh sto A, tìte kai h h eÐnai
Lebesgue oloklhr¸simh sto A kai

∫
A h = λ

∫
A f .

(iii) An h = f + g L-sqedìn pantoÔ sto A kai oi f, g eÐnai Lebesgue oloklhr¸simec sto A, tìte kai h h eÐnai
Lebesgue oloklhr¸simh sto A kai

∫
A h =

∫
A f +

∫
A g.

(iv) An f ≤ g L-sqedìn pantoÔ sto A kai oi f, g eÐnai Lebesgue oloklhr¸simec sto A, tìte
∫
A f ≤

∫
A g.

Apìdeixh: (i) 'Estw B = {x ∈ A : f(x) 6= g(x)}, opìte md(B) = 0. Epeid  oi f, g eÐnai Lebesgue
metr simec sto A sunep�getai ìti B ∈ Ld kai, epomènwc, A \B ∈ Ld . Apì tic Prot�seic 4.5 (  4.3) kai 4.6
kai epeid  h f eÐnai Lebesgue oloklhr¸simh sto A, sunep�getai∫

A\B
|f | =

∫
A\B
|f |+

∫
B
|f | =

∫
A
|f | < +∞.

'Omwc eÐnai g = f kai, epomènwc, |g| = |f | sto A \B, opìte∫
A\B
|g| =

∫
A\B
|f | < +∞.

Tèloc, apì tic Prot�seic 4.3 kai 4.6 sunep�getai∫
A
|g| =

∫
A\B
|g|+

∫
B
|g| =

∫
A\B
|g| < +∞.

'Ara h g eÐnai Lebesgue oloklhr¸simh sto A. OmoÐwc:∫
A
g =

∫
A\B

g +
∫
B
g =

∫
A\B

g =
∫
A\B

f =
∫
A\B

f +
∫
B
f =

∫
A
f.

(ii) Apì thn Prìtash 4.4 sunep�getai ìti h λf eÐnai Lebesgue oloklhr¸simh sto A kai
∫
A(λf) = λ

∫
A f .

'Ara, apì to (i) èqoume ìti kai h h eÐnai Lebesgue oloklhr¸simh sto A kai
∫
A h =

∫
A(λf) = λ

∫
A f .

(iii) Apì thn Prìtash 4.4 sunep�getai ìti h f + g eÐnai Lebesgue oloklhr¸simh sto A kai
∫
A(f + g) =∫

A f+
∫
A g. 'Ara, apì to (i) prokÔptei ìti kai h h eÐnai Lebesgue oloklhr¸simh sto A kai

∫
A h =

∫
A(f+g) =∫

A f +
∫
A g.

(iv) 'Opwc sto (i) jewroÔme to B = {x ∈ A : f(x) > g(x)}, opìte md(B) = 0. Epeid  f ≤ g sto A \ B,
sunep�getai ∫

A
g =

∫
A\B

g +
∫
B
g =

∫
A\B

g ≤
∫
A\B

f =
∫
A\B

f +
∫
B
f =

∫
A
f.

Prìtash 4.8. 'Estw A ∈ Ld kai Lebesgue oloklhr¸simh f sto A. An B = {x ∈ A : f(x) = ±∞}, tìte
md(B) = 0.

Apìdeixh: EÐnai safèc ìti B ∈ Ld . Gia k�je n ∈ N orÐzoume thn mh arnhtik  Lebesgue metr simh apl 
sun�rthsh

φ(x) =
{
n, an x ∈ B,
0, an x ∈ A \B.

Tìte isqÔei φ ≤ |f | sto A, opìte

nmd(B) =
∫
A
φ ≤

∫
A
|f |.

Sunep�getai

0 ≤ md(B) ≤ 1
n

∫
A
|f |

gia k�je n kai, paÐrnontac to ìrio kaj¸c n→ +∞, prokÔptei md(B) = 0.
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4.5 Ta oriak� jewr mata.

Aut  h enìthta eÐnai Ðswc h pio shmantik  gia th jewrÐa twn oloklhrwm�twn Lebesgue. 'Opwc ja doÔme
sthn epìmenh enìthta, ta apotelèsmata pou ja doÔme t¸ra diaqwrÐzoun ta oloklhr¸mata Lebesgue apì ta
oloklhr¸mata Riemann pou majaÐnoume ston Apeirostikì Logismì.

Je¸rhma 4.1. To Je¸rhma Monìtonhc SÔgklishc (Lebesgue). 'Estw A ∈ Ld kai mh arnhtikèc
Lebesgue metr simec f, fn : A → [0,+∞] (n ∈ N) ètsi ¸ste na isqÔei fn ≤ fn+1 L-sqedìn pantoÔ sto A
gia k�je n kai limn→+∞ fn = f L-sqedìn pantoÔ sto A. Tìte∫

A
f = lim

n→+∞

∫
A
fn .

Apìdeixh: Pr¸th perÐptwsh. JewroÔme thn aploÔsterh perÐptwsh kat� thn opoÐa oi fn ≤ fn+1 kai
limn→+∞ fn = f isqÔoun se olìklhro to A.

GnwrÐzoume ìti gia k�je n up�rqoun mh arnhtikèc Lebesgue metr simec aplèc sunart seic φn,k (k ∈ N)
sto A ¸ste na eÐnai

φn,k ≤ φn,k+1 (k ∈ N), lim
k→+∞

φn,k = fn

sto A. Apì ton orismì tou
∫
A fn sunep�getai∫

A
fn = lim

k→+∞

∫
A
φn,k .

T¸ra, orÐzoume tic sunart seic
φk = max{φ1,k , . . . , φk,k}.

EÐnai safèc ìti oi φk (k ∈ N) eÐnai mh arnhtikèc Lebesgue metr simec aplèc sunart seic sto A. Kat' arq�c
ja apodeÐxoume ìti

φk ≤ φk+1 (k ∈ N)

sto A. Autì eÐnai aplì:

φk = max{φ1,k , . . . , φk,k} ≤ max{φ1,k+1 , . . . , φk,k+1}
≤max{φ1,k+1 , . . . , φk,k+1 , φk+1,k+1} = φk+1 .

H pr¸th anisìthta isqÔei diìti φ1,k ≤ φ1,k+1 , . . . , φk,k ≤ φk,k+1 kai h deÔterh anisìthta isqÔei diìti up�rqei
mia epiplèon sun�rthsh sto deÔtero mèloc thc. Katìpin, ja apodeÐxoume ìti

lim
k→+∞

φk = f

sto A. Pr¸ta parathroÔme ìti

φk = max{φ1,k , . . . , φk,k} ≤ max{f1 , . . . , fk} = fk ≤ f

sto A. H pr¸th anisìthta isqÔei diìti φ1,k ≤ f1 , . . . , φk,k ≤ fk kai h deÔterh isìthta isqÔei diìti f1 ≤ · · · ≤
fk . Katìpin parathroÔme ìti, epeid  isqÔei φk ≤ φk+1 gia k�je k, sunep�getai ìti to limk→+∞ φk up�rqei.
Sundu�zontac me to ìti φk ≤ f gia k�je k, prokÔptei ìti

lim
k→+∞

φk ≤ f

sto A. Tèloc, parathroÔme ìti gia k�je k kai n me n ≤ k isqÔei, profan¸c, φk ≥ φn,k kai, af nontac to k
na → +∞,

lim
k→+∞

φk ≥ lim
k→+∞

φn,k = fn

gia k�je n. Af nontac, t¸ra, to n na → +∞,

lim
k→+∞

φk ≥ lim
n→+∞

fn = f
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sto A. 'Ara apodeÐqjhke ìti limk→+∞ φk = f sto A.
Apì tic φk ≤ φk+1 (k ∈ N) kai limk→+∞ φk = f sto A, b�sei tou orismoÔ tou

∫
A f brÐskoume ìti∫

A
f = lim

k→+∞

∫
A
φk .

T¸ra parathroÔme ìti èqoume apodeÐxei ìti φk ≤ fk ≤ f sto A gia k�je k. 'Ara∫
A
φk ≤

∫
A
fk ≤

∫
A
f

gia k�je k kai, sÔmfwna me thn idiìthta parembol c,∫
A
f = lim

k→+∞

∫
A
fk .

H genik  perÐptwsh. SÔmfwna me mia genik  arq  pou diatup¸jhke sthn enìthta 3.2, ìlec tautìqrona oi
(arijm simec) idiìthtec fn ≤ fn+1 (n ∈ N) kai limn→+∞ fn = f isqÔoun L-sqedìn pantoÔ sto A. Dhlad ,
up�rqei k�poio B ⊆ A me md(B) = 0 ¸ste ìlec oi parap�nw idiìthtec na isqÔoun sto A \B. Efarmìzontac
to apotèlesma thc pr¸thc perÐptwshc sto A \B, brÐskoume ìti∫

A\B
f = lim

n→+∞

∫
A\B

fn .

Apì tic Prot�seic 4.3 kai 4.6 sunep�getai
∫
A f =

∫
A\B f +

∫
B f =

∫
A\B f kai, omoÐwc,

∫
A fn =

∫
A\B fn

gia k�je n. 'Ara ∫
A
f = lim

n→+∞

∫
A
fn .

Je¸rhma 4.2. To L mma tou Fatou. 'Estw A ∈ Ld kai mh arnhtikèc Lebesgue metr simec fn : A→
[0,+∞] (n ∈ N). Tìte ∫

A
(lim inf
n→+∞

fn) ≤ lim inf
n→+∞

∫
A
fn .

Apìdeixh: OrÐzoume
gm = inf

n≥m
fn

gia k�je m ≥ 1, opìte lim infn→+∞ fn = limm→+∞ gm . ParathroÔme, epÐshc, ìti isqÔei 0 ≤ gm ≤ gm+1

sto A gia k�je m. Akìmh, profan¸c, isqÔei gm ≤ fm sto A kai, epomènwc,
∫
A gm ≤

∫
A fm gia k�je m.

Apì autì sunep�getai ìti lim infm→+∞
∫
A gm ≤ lim infm→+∞

∫
A fm .

Apì to Je¸rhma Monìtonhc SÔgklishc,∫
A

(lim inf
n→+∞

fn) = lim
m→+∞

∫
A
gm = lim inf

m→+∞

∫
A
gm ≤ lim inf

m→+∞

∫
A
fm .

H deÔterh isìthta isqÔei diìti, an up�rqei to limm→+∞, tìte up�rqei kai to lim infm→+∞ kai eÐnai Ðso me to
limm→+∞.

Par�deigma: 'Estw fn = χ[n,n+ 1
n

] : R→ R (n ∈ N). 'Olec oi fn eÐnai Lebesgue metr simec kai ≥ 0 sto

R.
'Estw tuqìn x ∈ R. An o fusikìc n eÐnai arket� meg�loc (kai, sugkekrimèna, an n ≥ n0 = [x] + 1), tìte

x /∈ [n, n+ 1
n ], opìte fn(x) = 0. 'Ara limn→+∞ fn(x) = 0 gia k�je x ∈ R. Epomènwc, lim infn→+∞ fn(x) = 0

gia k�je x ∈ R. JewroÔme kai th stajer  sun�rthsh f = 0 sto R, opìte eÐnai

lim inf
n→+∞

fn = 0

sto R. Apì thn �llh meri�, eÐnai
∫
R fn =

∫
R χ[n,n+ 1

n
] = m1([n, n + 1

n ]) = 1
n , opìte limn→+∞

∫
R fn =

limn→+∞
1
n = 0 kai, epomènwc, lim infn→+∞

∫
R fn = 0. EpÐshc,

∫
R(lim infn→+∞ fn) =

∫
R 0 = 0. Epomènwc,

epibebai¸netai o kanìnac ∫
R

(lim inf
n→+∞

fn) ≤ lim inf
n→+∞

∫
R
fn
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kai, m�lista, sthn perÐptwsh aut  isqÔei wc isìthta.

Par�deigma: 'Estw fn = χ[n,n+1] : R→ R (n ∈ N). 'Olec oi fn eÐnai Lebesgue metr simec kai ≥ 0 sto
R.

Gia k�je x ∈ R, an o fusikìc n eÐnai arket� meg�loc, x /∈ [n, n + 1], opìte fn(x) = 0. 'Ara
limn→+∞ fn(x) = 0 gia k�je x ∈ R. Epomènwc, lim infn→+∞ fn(x) = 0 gia k�je x ∈ R, opìte eÐnai

lim inf
n→+∞

fn = 0

sto R. T¸ra,
∫
R fn =

∫
R χ[n,n+1] = m1([n, n + 1]) = 1, opìte limn→+∞

∫
R fn = limn→+∞ 1 = 1, opìte

lim infn→+∞
∫
R fn = 1. Akìmh,

∫
R(lim infn→+∞ fn) =

∫
R 0 = 0. 'Ara, kai p�li epibebai¸netai o kanìnac∫

R
(lim inf
n→+∞

fn) ≤ lim inf
n→+∞

∫
R
fn

all� sthn perÐptwsh aut  isqÔei wc gn sia anisìthta.

Par�deigma: 'Estw f2k−1 = χ[0,1] kai f2k = χ[2,3] (me pedÐo orismoÔ to R) gia k�je k ∈ N.
An x /∈ [0, 1] ∪ [2, 3], eÐnai fn(x) = 0 gia k�je n ∈ N, opìte limn→+∞ fn(x) = 0 kai, epomènwc,

lim infn→+∞ fn(x) = 0. An x ∈ [0, 1], tìte eÐnai fn(x) = 1 gia k�je perittì n kai fn(x) = 0 gia k�je �rtio
n. 'Ara gia k�je m ≥ 1 isqÔei infn≥m fn(x) = inf{0, 1} = 0, opìte lim infn→+∞ fn(x) = limm→+∞ 0 = 0.
OmoÐwc, apodeiknÔetai ìti lim infn→+∞ fn(x) = 0 gia k�je x ∈ [2, 3]. 'Ara

lim inf
n→+∞

fn = 0

sto R. 'Ara
∫
R(lim infn→+∞ fn) =

∫
R 0 = 0.

EpÐshc, eÐnai
∫
R fn =

∫
R χ[0,1] = m1([0, 1]) = 1, an o n eÐnai perittìc, kai

∫
R fn =

∫
R χ[2,3] = m1([2, 3]) =

1, an o n eÐnai �rtioc. 'Ara
∫
R fn = 1 gia k�je n, opìte limn→+∞

∫
R fn = 1. 'Ara lim infn→+∞

∫
R fn = 1,

opìte kai p�li epibebai¸netai o kanìnac∫
R

(lim inf
n→+∞

fn) ≤ lim inf
n→+∞

∫
R
fn

kai (p�li) sthn perÐptwsh aut  isqÔei wc gn sia anisìthta.

Je¸rhma 4.3. To Je¸rhma Kuriarqhmènhc SÔgklishc. 'Estw A ∈ Ld , Lebesgue metr simec
f, fn : A→ R (n ∈ N) kai Lebesgue oloklhr¸simh g : A→ [0,+∞] ètsi ¸ste na isqÔei |fn| ≤ g L-sqedìn
pantoÔ sto A gia k�je n kai limn→+∞ fn = f L-sqedìn pantoÔ sto A. Tìte∫

A
f = lim

n→+∞

∫
A
fn .

Apìdeixh: Kat' arq�c blèpoume ìti isqÔoun ìlec tautìqrona oi (arijm simec) idiìthtec |fn| ≤ g kai
limn→+∞ fn = f L-sqedìn pantoÔ sto A. Epomènwc, isqÔei kai h |f | ≤ g L-sqedìn pantoÔ sto A.

Epeid  eÐnai |fn| ≤ g L-sqedìn pantoÔ sto A, sunep�getai
∫
A |fn| ≤

∫
A g < +∞, opìte k�je fn eÐnai

Lebesgue oloklhr¸simh sto A. OmoÐwc, kai h f eÐnai Lebesgue oloklhr¸simh sto A.
EÔkola blèpoume ìti apì thn |fn| ≤ g sunep�gontai oi

g + fn ≥ 0, g − fn ≥ 0

L-sqedìn pantoÔ sto A. EpÐshc, isqÔei

lim inf
n→+∞

(g + fn) = g + lim inf
n→+∞

fn = g + f, lim inf
n→+∞

(g − fn) = g − lim sup
n→+∞

fn = g − f

L-sqedìn pantoÔ sto A. Apì to L mma tou Fatou prokÔptei∫
A

(g + f) ≤ lim inf
n→+∞

∫
A

(g + fn),
∫
A

(g − f) ≤ lim inf
n→+∞

∫
A

(g − fn).
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'Ara, apì thn Prìtash 4.4,∫
A
g +

∫
A
f ≤ lim inf

n→+∞

(∫
A
g +

∫
A
fn

)
,

∫
A
g −

∫
A
f ≤ lim inf

n→+∞

(∫
A
g −

∫
A
fn

)
.

Epomènwc, ∫
A
g +

∫
A
f ≤

∫
A
g + lim inf

n→+∞

∫
A
fn ,

∫
A
g −

∫
A
f ≤

∫
A
g − lim sup

n→+∞

∫
A
fn .

Epeid  to
∫
A g eÐnai arijmìc, ∫

A
f ≤ lim inf

n→+∞

∫
A
fn ,

∫
A
f ≥ lim sup

n→+∞

∫
A
fn .

Tèloc, apì thn stoiqei¸dh genik  anisìthta lim infn→+∞ ≤ lim supn→+∞ sunep�getai lim infn→+∞
∫
A fn =

lim supn→+∞
∫
A fn =

∫
A f , opìte ∫

A
f = lim

n→+∞

∫
A
fn .

Je¸rhma 4.4. 'Estw A ∈ Ld kai En ⊆ A, En ∈ Ld (n ∈ N) ¸ste En ⊆ En+1 gia k�je n. EpÐshc,
èstw E =

⋃+∞
n=1En . An h f eÐnai Lebesgue metr simh sto A kai ≥ 0 L-sqedìn pantoÔ sto A   an h f eÐnai

Lebesgue oloklhr¸simh sto A, tìte

lim
n→+∞

∫
En

f =
∫
E
f.

Apìdeixh: (1) 'Estw ìti h f : A→ [0,+∞] eÐnai Lebesgue metr simh sto A. Epeid  En ⊆ En+1 gia k�je
n kai E =

⋃+∞
n=1En , sunep�getai ìti χEn ≤ χEn+1 sto A gia k�je n kai limn→+∞ χEn = χE sto A. 'Ara,

profan¸c,
0 ≤ fχEn ≤ fχEn+1 , lim

n→+∞
(fχEn) = fχE

sto A kai apì to Je¸rhma Monìtonhc SÔgklishc sunep�getai ìti

lim
n→+∞

∫
En

f = lim
n→+∞

∫
A

(fχEn) =
∫
A

(fχE) =
∫
E
f.

(2) 'Estw ìti h f eÐnai Lebesgue oloklhr¸simh sto A. 'Opwc sto (1), parathroÔme ìti limn→+∞(fχEn) =
fχE sto A. EpÐshc, eÐnai |fχEn | ≤ |f | sto A kai, efarmìzontac to Je¸rhma Kuriarqhmènhc SÔgklishc, h
apìdeixh telei¸nei ìpwc kai sto (1).

Par�deigma: 'Estw fn =
√
nχ(0, 1

n
) : R → R (n ∈ N). K�je fn eÐnai Lebesgue metr simh sto R kai∫

R fn =
√
nm1((0, 1

n)) =
√
n 1
n = 1√

n
. 'Ara limn→+∞

∫
R fn = 0.

EpÐshc, eÐnai eÔkolo na dei kaneÐc ìti gia k�je x isqÔei limn→+∞ fn(x) = 0. Pr�gmati, an x ≤ 0, tìte
eÐnai fn(x) = 0 gia k�je n kai, an x > 0, tìte gia arket� meg�lo n isqÔei x /∈ (0, 1

n), opìte fn(x) = 0.
Epomènwc, limn→+∞ fn = 0 sto R. Profan¸c,

∫
R(limn→+∞ fn) =

∫
R 0 = 0. 'Ara∫

R
( lim
n→+∞

fn) = lim
n→+∞

∫
R
fn .

Gia na doÔme an autì epibebai¸nei to Je¸rhma Kuriarqhmènhc SÔgklishc, prèpei na doÔme an up�rqei
k�poia Lebesgue oloklhr¸simh g : R→ [0,+∞] me thn idiìthta:

|fn| ≤ g

L-sqedìn pantoÔ sto R.
Mia prosektik  sqedÐash twn grafhm�twn twn fn deÐqnei ìti mia tètoia sun�rthsh g eÐnai, gia par�deigma,

h

g =
+∞∑
n=1

√
nχ[ 1

n+1
, 1
n

) .
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Aut  h g eÐnai Lebesgue metr simh sto R, diìti k�je χ[ 1
n+1

, 1
n

) eÐnai Lebesgue metr simh sto R. EpÐshc,

eÐnai g ≥ 0 sto R, opìte up�rqei to
∫
R g. Gia na upologÐsoume to olokl rwma, ja qrhsimopoi soume to

Je¸rhma 4.4. JewroÔme ta sÔnola [ 1
n , 1) (n ∈ N) kai parathroÔme ìti èqoun tic idiìthtec: [ 1

n , 1) ⊆ [ 1
n+1 , 1)

gia k�je n kai
⋃+∞
n=1[ 1

n , 1) = (0, 1). 'Ara, epeid  eÐnai g ≥ 0,∫
(0,1)

g = lim
n→+∞

∫
[ 1
n
,1)
g.

Katìpin, blèpoume ìti eÐnai g =
∑n−1

k=1

√
kχ[ 1

k+1
, 1
k
) sto [ 1

n , 1), opìte

∫
[ 1
n
,1)
g =

n−1∑
k=1

√
km1

([ 1
k + 1

,
1
k

))
=

n−1∑
k=1

√
k

k(k + 1)
.

'Ara ∫
(0,1)

g = lim
n→+∞

n−1∑
k=1

√
k

k(k + 1)
=

+∞∑
k=1

√
k

k(k + 1)
≤

+∞∑
k=1

1
k
√
k
< +∞.

Tèloc, epeid  eÐnai g = 0 sto (−∞, 0] ∪ [1,+∞), sunep�getai∫
R
g =

∫
(−∞,0]∪[1,+∞)

g +
∫

(0,1)
g = 0 +

∫
(0,1)

g < +∞

kai, epomènwc, h g eÐnai Lebesgue oloklhr¸simh sto R.
Up�rqei ki �lloc trìpoc na apodeiqteÐ ìti

∫
(0,1) g < +∞. MporoÔme na doÔme polÔ eÔkola (parathr¸ntac,

gia par�deigma, to gr�fhma thc g) ìti

g(x) ≤ 1√
x

gia k�je x ∈ (0, 1). Sthn epìmenh enìthta ja doÔme wc par�deigma ìti an h : (0, 1) → R eÐnai h sun�rthsh
me tÔpo h(x) = 1√

x
, tìte

∫
(0,1) h = 2. 'Ara

∫
(0,1) g ≤

∫
(0,1) h = 2 kai, epomènwc,

∫
(0,1) g < +∞.

Par�deigma: 'Estw fn = nχ(0, 1
n

) : R → R (n ∈ N). K�je fn eÐnai Lebesgue metr simh sto R kai∫
R fn = nm1((0, 1

n)) = n 1
n = 1. 'Ara limn→+∞

∫
R fn = 1.

'Opwc sto prohgoÔmeno par�deigma, eÔkola blèpoume ìti gia k�je x isqÔei limn→+∞ fn(x) = 0. 'Ara,
limn→+∞ fn = 0 sto R, opìte

∫
R(limn→+∞ fn) =

∫
R 0 = 0. 'Ara∫

R
( lim
n→+∞

fn) 6= lim
n→+∞

∫
R
fn .

Gia na doÔme an autì den diafwneÐ me to Je¸rhma Kuriarqhmènhc SÔgklishc, prèpei na apodeÐxoume ìti
den up�rqei k�poia Lebesgue oloklhr¸simh g : R→ [0,+∞] me thn idiìthta:

|fn| ≤ g

L-sqedìn pantoÔ sto R gia k�je n ∈ N. Me �lla lìgia, prèpei na apodeÐxoume ìti, an gia opoiad pote
Lebesgue metr simh g : R→ [0,+∞] isqÔei |fn| ≤ g L-sqedìn pantoÔ sto R gia k�je n ∈ N, tìte ja isqÔei∫
R g = +∞.

Mia prosektik  sqedÐash twn grafhm�twn twn fn deÐqnei ìti gia k�je g me aut n thn idiìthta (dhlad :
|fn| ≤ g L-sqedìn pantoÔ sto R gia k�je n ∈ N) prèpei na isqÔei

g ≥ g0 =
+∞∑
n=1

nχ[ 1
n+1

, 1
n

)

L-sqedìn pantoÔ sto R.
Autì shmaÐnei ìti arkeÐ na apodeÐxoume ìti

∫
R g0 = +∞, afoÔ autì sunep�getai ìti

∫
R g = +∞.
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Aut  h g0 eÐnai Lebesgue metr simh sto R, diìti k�je χ[ 1
n+1

, 1
n

) eÐnai Lebesgue metr simh sto R. EpÐshc,

eÐnai g0 ≥ 0 sto R, opìte up�rqei to
∫
R g0. Gia na upologÐsoume to olokl rwma, ja qrhsimopoi soume

kai p�li to Je¸rhma 4.4. JewroÔme ta sÔnola [ 1
n , 1) (n ∈ N) kai parathroÔme ìti èqoun tic idiìthtec:

[ 1
n , 1) ⊆ [ 1

n+1 , 1) gia k�je n kai
⋃+∞
n=1[ 1

n , 1) = (0, 1). 'Ara, epeid  eÐnai g0 ≥ 0,∫
(0,1)

g0 = lim
n→+∞

∫
[ 1
n
,1)
g0 .

Katìpin, blèpoume ìti eÐnai g0 =
∑n−1

k=1 kχ[ 1
k+1

, 1
k
) sto [ 1

n , 1), opìte

∫
[ 1
n
,1)
g0 =

n−1∑
k=1

km1

([ 1
k + 1

,
1
k

))
=

n−1∑
k=1

1
k + 1

.

'Ara ∫
(0,1)

g0 = lim
n→+∞

n−1∑
k=1

1
k + 1

=
+∞∑
k=1

1
k + 1

= +∞.

Tèloc, epeid  eÐnai g0 = 0 sto (−∞, 0] ∪ [1,+∞), sunep�getai∫
R
g0 =

∫
(−∞,0]∪[1,+∞)

g0 +
∫

(0,1)
g0 = 0 +

∫
(0,1)

g0 = +∞.

'Opwc sto prohgoÔmeno par�deigma, up�rqei ki �lloc trìpoc na apodeiqteÐ ìti
∫
(0,1) g0 = +∞. MporoÔme

na doÔme polÔ eÔkola ìti

g0(x) ≥ 1
2x

gia k�je x ∈ (0, 1). Sthn epìmenh enìthta ja doÔme wc par�deigma ìti an h : (0, 1) → R eÐnai h sun�rthsh
me tÔpo h(x) = 1

x , tìte
∫
(0,1) h = +∞. 'Ara

∫
(0,1) g0 ≥

1
2

∫
(0,1) h = +∞ kai, epomènwc,

∫
(0,1) g0 = +∞.

Par�deigma: JewroÔme thn sun�rthsh f : [1,+∞) me tÔpo

f =
+∞∑
n=1

(−1)n−1

n
χ[n,n+1) .

H sun�rthsh eÐnai Lebesgue metr simh sto [1,+∞), diìti k�je χ[n,n+1) eÐnai Lebesgue metr simh sto
[1,+∞). 'Omwc, h f den èqei stajerì prìshmo sto [1,+∞), opìte den eÐnai bèbaio ìti up�rqei to

∫
[1,+∞) f .

EÔkola blèpoume ìti

f+ =
+∞∑
k=1

1
2k − 1

χ[2k−1,2k)

kai

f− =
+∞∑
k=1

1
2k
χ[2k,2k+1) .

An orÐsoume gm =
∑m

k=1
1

2k−1χ[2k−1,2k), tìte oi gm (m ∈ N) eÐnai mh arnhtikèc Lebesgue metr simec
sunart seic sto [1,+∞) me tic idiìthtec: gm ≤ gm+1 sto [1,+∞) gia k�je m kai limm→+∞ gm = f+ sto
[1,+∞). 'Ara ∫

[1,+∞)
f+ = lim

m→+∞

∫
[1,+∞)

gm = lim
m→+∞

m∑
k=1

1
2k − 1

m1([2k − 1, 2k))

= lim
m→+∞

m∑
k=1

1
2k − 1

=
+∞∑
k=1

1
2k − 1

≥
+∞∑
k=1

1
2k

=
1
2

+∞∑
k=1

1
k

= +∞.
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OrÐzontac tic hm =
∑m

k=1
1
2kχ[2k,2k+1) , me ton Ðdio trìpo blèpoume ìti∫

[1,+∞)
f− = lim

m→+∞

∫
[1,+∞)

hm = lim
m→+∞

m∑
k=1

1
2k
m1([2k, 2k + 1))

= lim
m→+∞

m∑
k=1

1
2k

=
+∞∑
k=1

1
2k

=
1
2

+∞∑
k=1

1
k

= +∞.

SumperaÐnoume ìti
∫
[1,+∞) f

+ =
∫
[1,+∞) f

− = +∞, opìte to
∫
[1,+∞) f =

∫
[1,+∞) f

+ −
∫
[1,+∞) f

− den
orÐzetai.

Ja parathr soume k�ti akìmh. H f eÐai Ðsh me thn
∑m−1

n=1
(−1)n−1

n χ[n,n+1) sto [1,m). 'Ara

∫
[1,m)

f =
m−1∑
n=1

(−1)n−1

n
m1([n, n+ 1)) =

m−1∑
n=1

(−1)n−1

n
.

EÐnai gnwstì ìti to ìrio

lim
m→+∞

∫
[1,m)

f = lim
m→+∞

m−1∑
n=1

(−1)n−1

n
=

+∞∑
n=1

(−1)n−1

n

up�rqei kai eÐnai pragmatikìc arijmìc. Parathr ste, epÐshc, ìti ta sÔnola [1,m) èqoun tic idiìthtec: [1,m) ⊆
[1,m+ 1) gia k�je m kai

⋃+∞
m=1[1,m) = [1,+∞). 'Omwc, den isqÔei h isìthta limm→+∞

∫
[1,m) f =

∫
[1,+∞) f .

Autì den antif�skei me to Je¸rhma 4.4, diìti h f den eÐnai Lebesgue oloklhr¸simh sto [1,+∞).

4.6 Sqèsh oloklhrwm�twn Lebesgue kai Riemann.

Je¸rhma 4.5. 'Estw f : [a, b] → R h opoÐa eÐnai Riemann oloklhr¸simh sto [a, b]. Tìte h f eÐnai kai
Lebesgue oloklhr¸simh sto [a, b] kai ∫

[a,b]
f =

∫ b

a
f(x) dx.

Me
∫
[a,b] f sumbolÐzoume to olokl rwma Lebesgue thc f en¸ me

∫ b
a f(x) dx sumbolÐzoume to olokl rwma

Riemann.

Apìdeixh: 'Estw ìti h f eÐnai Riemann oloklhr¸simh sto [a, b]. Tìte h f eÐnai fragmènh sto [a, b], opìte
mporoÔme na jèsoumeM = sup{f(x) : a ≤ x ≤ b} < +∞ kai m = inf{f(x) : a ≤ x ≤ b} > −∞. To krit rio
oloklhrwsimìthtac lèei ìti gia k�je ε > 0 up�rqei antÐstoiqh diamèrish x0 = a < x1 < · · · < xk−1 < xk <
· · · < xn−1 < xn = b tou [a, b] ¸ste na eÐnai

n∑
k=1

Mk(xk − xk−1)−
n∑
k=1

mk(xk − xk−1) < ε,

ìpou Mk = sup{f(x) : xk−1 ≤ x ≤ xk} kai mk = inf{f(x) : xk−1 ≤ x ≤ xk}. EpÐshc, isqÔei

n∑
k=1

mk(xk − xk−1) ≤
∫ b

a
f(x) dx ≤

n∑
k=1

Mk(xk − xk−1).

EÐnai fanerì ìti isqÔei
m ≤ mk kai Mk ≤M

gia k�je k.
T¸ra, orÐzoume tic sunart seic

ψ = m1χ[x0,x1) + · · ·+mn−1χ[xn−2,xn−1) +mnχ[xn−1,xn] ,
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ψ = M1χ[x0,x1) + · · ·+Mn−1χ[xn−2,xn−1) +Mnχ[xn−1,xn] .

Oi timèc thc ψ eÐnai oi m1, . . . ,mn kai oi timèc thc φ eÐnai oi M1, . . . ,Mn, opìte oi sunart seic autèc eÐnai
aplèc. EpÐshc, eÐnai Lebesgue metr simec afoÔ k�je di�sthma eÐnai Lebesgue metr simo kai, epomènwc, h
antÐstoiqh qarakthristik  sun�rthsh eÐnai Lebesgue metr simh. Epeid  ìlec oi timèc thc ψ eÐnai ≥ m, isqÔei
m ≤ ψ sto [a, b]. OmoÐwc, epeid  ìlec oi timèc thc φ eÐnai ≤ M , isqÔei φ ≤ M sto [a, b]. Akìmh, epeid  se
k�je [xk−1, xk] isqÔei mk ≤ f(x) ≤Mk , sunep�getai ìti eÐnai ψ ≤ f ≤ φ sto [a, b]. SunoyÐzoume:

m ≤ ψ ≤ f ≤ φ ≤M

sto [a, b]. ParathroÔme, t¸ra, ìti
∫
[a,b] ψ =

∑n
k=1mk(xk − xk−1) kai

∫
[a,b] φ =

∑n
k=1Mk(xk − xk−1), opìte

oi arqikèc anisìthtec gr�fontai ∫
[a,b]

φ−
∫

[a,b]
ψ < ε

kai ∫
[a,b]

ψ ≤
∫ b

a
f(x) dx ≤

∫
[a,b]

φ.

Efarmìzontac ta prohgoÔmena me ε = 1
n , sumperaÐnoume ìti gia k�je n ∈ N up�rqoun Lebesgue metr -

simec aplèc sunart seic ψn kai φn sto [a, b] me tic idiìthtec

m ≤ ψn ≤ f ≤ φn ≤M

sto [a, b], ∫
[a,b]

φn −
∫

[a,b]
ψn <

1
n

kai ∫
[a,b]

ψn ≤
∫ b

a
f(x) dx ≤

∫
[a,b]

φn .

Apì tic duo teleutaÐec idiìthtec eÐnai fanerì ìti prokÔptei

lim
n→+∞

∫
[a,b]

ψn = lim
n→+∞

∫
[a,b]

φn =
∫ b

a
f(x) dx.

Tèloc, orÐzoume tic sunart seic

g = lim sup
n→+∞

ψn , h = lim inf
n→+∞

φn ,

oi opoÐec eÐnai Lebesgue metr simec kai isqÔei

g ≤ f ≤ h

sto [a, b].
T¸ra, efarmìzoume to L mma tou Fatou stic φn −m ≥ 0 kai brÐskoume

∫
[a,b] ( lim infn→+∞(φn −m)) ≤

lim infn→+∞
∫
[a,b](φn − m). To pr¸to mèloc eÐnai Ðso me

∫
[a,b](lim infn→+∞ φn − m) =

∫
[a,b](h − m) =∫

[a,b] h−m(b−a). To deÔtero mèloc eÐnai Ðso me lim infn→+∞ (
∫
[a,b] φn−m(b−a)) =

∫ b
a f(x) dx−m(b−a).

'Ara h anisìthta gÐnetai
∫
[a,b] h ≤

∫ b
a f(x) dx.

OmoÐwc, efarmìzoume to L mma tou Fatou sticM−ψn ≥ 0 kai brÐskoume
∫
[a,b] ( lim infn→+∞(M−ψn)) ≤

lim infn→+∞
∫
[a,b](M − ψn). To pr¸to mèloc eÐnai Ðso me

∫
[a,b](M − lim supn→+∞ ψn) =

∫
[a,b](M − g) =

M(b−a)−
∫
[a,b] g. To deÔtero mèloc eÐnai Ðso me lim infn→+∞ (M(b−a)−

∫
[a,b] ψn) = M(b−a)−

∫ b
a f(x) dx.

'Ara h anisìthta gÐnetai
∫ b
a f(x) dx ≤

∫
[a,b] g.
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Apì tic duo teleutaÐec paragr�fouc sumperaÐnoume ìti
∫
[a,b] h ≤

∫ b
a f(x) dx ≤

∫
[a,b] g. Epeid  eÐnai g ≤ h

sto [a, b] sunep�getai ìti
∫
[a,b] g ≤

∫
[a,b] h kai, epomènwc,∫

[a,b]
g =

∫ b

a
f(x) dx =

∫
[a,b]

h.

Eidik¸tera, isqÔei
∫
[a,b](h − g) = 0. JewroÔme tuqìnta k ∈ N kai to sÔnolo Ek = {x ∈ [a, b] :

(h − g)(x) ≥ 1
k}. Tìte eÐnai h − g ≥ 1

kχEk
sto [a, b], opìte 0 =

∫
[a,b](h − g) ≥ 1

k

∫
[a,b] χEk

= 1
km1(Ek).

'Ara eÐnai m1(Ek) = 0 gia k�je k ≥ 1. An jèsoume E = {x ∈ [a, b] : (h − g)(x) > 0}, tìte eÐnai eÔkolo na
dei kaneÐc ìti isqÔei E =

⋃+∞
k=1Ek . 'Ara m1(E) ≤

∑+∞
k=1m1(Ek) =

∑+∞
k=1 0 = 0. Dhlad , m1(E) = 0 kai,

epomènwc, isqÔei h− g = 0 L-sqedìn pantoÔ sto [a, b]. 'Ara

g = f = h L− sqedìn pantoÔ sto [a, b].

H g (kai h h) eÐnai Lebesgue metr simh sto [a, b], opìte, b�sei thc Prìtashc 3.12, kai h f eÐnai Lebesgue
metr simh sto [a, b]. Gia ton Ðdio lìgo, b�sei thc Prìtashc 4.7, h f eÐnai Lebesgue oloklhr¸simh sto [a, b]
kai

∫
[a,b] f =

∫
[a,b] g. 'Ara ∫

[a,b]
f =

∫ b

a
f(x) dx.

Par�deigma: JewroÔme th sun�rthsh χQ∩[0,1] : [0, 1] → R. H sun�rthsh aut  onom�zetai sun�rthsh
Dirichlet. O tÔpoc thc eÐnai, fusik�,

χQ∩[0,1](x) =
{

1, an 0 ≤ x ≤ 1 kai x eÐnai rhtìc,
0, an 0 ≤ x ≤ 1 kai x eÐnai �rrhtoc.

GnwrÐzoume ìti to Q∩ [0, 1] eÐnai arijm simo, opìte m1
∗(Q∩ [0, 1]) = 0 kai, epomènwc, to Q∩ [0, 1] eÐnai

Lebesgue metr simo sto R. 'Ara h χQ∩[0,1] eÐnai Lebesgue metr simh sto [0, 1].
Epeid  eÐnai χQ∩[0,1] ≥ 0 sto [0, 1], up�rqei to

∫
[0,1] χQ∩[0,1] kai, m�lista,∫

[0,1]
χQ∩[0,1] = m1(Q ∩ [0, 1]) = 0.

'Ara h sun�rthsh eÐnai Lebesgue oloklhr¸simh sto [0, 1].
Ac upojèsoume, t¸ra, ìti h Ðdia sun�rthsh eÐnai Riemann oloklhr¸simh sto [0, 1]. Tìte gia k�je ε > 0

up�rqei antÐstoiqh diamèrish x0 = 0 < x1 < · · · < xk−1 < xk < · · · < xn−1 < xn = 1 tou [0, 1] ¸ste na eÐnai

n∑
k=1

Mk(xk − xk−1)−
n∑
k=1

mk(xk − xk−1) < ε,

ìpou Mk = sup{χQ∩[0,1](x) : xk−1 ≤ x ≤ xk} kai mk = inf{χQ∩[0,1](x) : xk−1 ≤ x ≤ xk}. ParathroÔme ìti,
lìgw thc puknìthtac tou Q all� kai tou R \Q sto R, se k�je di�sthma [xk−1, xk] up�rqoun toul�qiston
ènac rhtìc kai toul�qiston ènac �rrhtoc. Sunep�getai ìti {χQ∩[0,1](x) : xk−1 ≤ x ≤ xk} = {0, 1} kai,
epomènwc, Mk = 1 kai mk = 0 gia k�je k. 'Ara

∑n
k=1Mk(xk − xk−1) =

∑n
k=1(xk − xk−1) = 1− 0 = 1 kai∑n

k=1mk(xk − xk−1) =
∑n

k=1 0(xk − xk−1) = 0. 'Ara

1− 0 < ε

k�ti to opoÐo eÐnai adÔnato gia opoiond pote ε ≤ 1. Katal goume se �topo, opìte h χQ∩[0,1] den eÐnai
Riemann oloklhr¸simh sto [0, 1].

Epomènwc, den isqÔei to antÐstrofo tou Jewr matoc 4.5.

Par�deigma: JewroÔme th sun�rthsh f : [1,+∞) → R me tÔpo f(x) = 1
x . H f eÐnai suneq c sto

[1,+∞), opìte eÐnai Lebesgue metr simh sto [1,+∞). H sun�rthsh eÐnai ≥ 0 sto [1,+∞), opìte up�rqei
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to
∫
[1,+∞) f . Gia na upologÐsoume to olokl rwma Lebesgue ja qrhsimopoi soume to Je¸rhma 4.5 gia na

anaqjoÔme ston upologismì oloklhrwm�twn Riemann. Gia na gÐnei, ìmwc, autì prèpei pr¸ta na anaqjoÔme
se fragmèna kleist� diast mata (sta opoÐa h sun�rthsh eÐnai suneq c) antÐ tou [1,+∞). Autì epitugq�netai
me th bo jeia tou Jewr matoc 4.4.

Pio sugkekrimèna: jewroÔme ta sÔnola [1, n] (n ∈ N), ta opoÐa eÐnai Lebesgue metr sima kai èqoun tic
idiìthtec: [1, n] ⊆ [1, n + 1] gia k�je n kai

⋃+∞
n=1[1, n] = [1,+∞). Epeid  h f eÐnai Lebesgue metr simh kai

≥ 0 sto [1,+∞), sunep�getai ìti∫
[1,+∞)

f = lim
n→+∞

∫
[1,n]

f = lim
n→+∞

∫ n

1

1
x
dx = lim

n→+∞
log n = +∞.

H pr¸th isìthta isqÔei lìgw tou Jewr matoc 4.4 kai h deÔterh isìthta isqÔei lìgw tou Jewr matoc 4.5.
H sun�rthsh èqei Lebesgue olokl rwma sto [1,+∞) all� den eÐnai Lebesgue oloklhr¸simh sto [1,+∞).

Par�deigma: Akrib¸c ta Ðdia mporoÔme na poÔme kai gia tic sunart seic g, h : [1,+∞) → R me tÔpo
g(x) = 1

x2 kai me tÔpo h(x) = 1√
x
. Ja perioristoÔme ston upologismì twn oloklhrwm�twn Lebesgue:∫

[1,+∞)
g = lim

n→+∞

∫
[1,n]

g = lim
n→+∞

∫ n

1

1
x2
dx = lim

n→+∞

(
1− 1

n

)
= 1,

∫
[1,+∞)

h = lim
n→+∞

∫
[1,n]

h = lim
n→+∞

∫ n

1

1√
x
dx = lim

n→+∞
(2
√
n− 2) = +∞.

Kai oi duo sunart seic èqoun Lebesgue olokl rwma sto [1,+∞), ìmwc h g eÐnai Lebesgue oloklhr¸simh
sto [1,+∞) en¸ h h den eÐnai.

Par�deigma: T¸ra, jewroÔme thn f : (0, 1] → R me tÔpo f(x) = 1
x . H f eÐnai suneq c sto (0, 1],

opìte eÐnai Lebesgue metr simh sto (0, 1]. H sun�rthsh eÐnai ≥ 0 sto (0, 1], opìte up�rqei to
∫
(0,1] f . Gia

na upologÐsoume to olokl rwma Lebesgue jewroÔme ta sÔnola [ 1
n , 1] (n ∈ N), ta opoÐa eÐnai Lebesgue

metr sima kai èqoun tic idiìthtec: [ 1
n , 1] ⊆ [ 1

n+1 , 1] gia k�je n kai
⋃+∞
n=1[ 1

n , 1] = (0, 1]. Epeid  h f eÐnai
Lebesgue metr simh kai ≥ 0 sto (0, 1], sunep�getai ìti∫

(0,1]
f = lim

n→+∞

∫
[ 1
n
,1]
f = lim

n→+∞

∫ 1

1
n

1
x
dx = lim

n→+∞
log n = +∞.

H sun�rthsh èqei Lebesgue olokl rwma sto [1,+∞) all� den eÐnai Lebesgue oloklhr¸simh sto [1,+∞).

Par�deigma: Akrib¸c ta Ðdia isqÔoun kai gia tic g, h : (0, 1] → R me tÔpo g(x) = 1
x2 kai h(x) = 1√

x
. O

upologismìc twn oloklhrwm�twn Lebesgue gÐnetai wc ex c:∫
(0,1]

g = lim
n→+∞

∫
[ 1
n
,1]
g = lim

n→+∞

∫ 1

1
n

1
x2
dx = lim

n→+∞
(n− 1) = +∞,

∫
(0,1]

h = lim
n→+∞

∫
[ 1
n
,1]
h = lim

n→+∞

∫ 1

1
n

1√
x
dx = lim

n→+∞

(
2− 2√

n

)
= 2.

H sunart seic èqoun Lebesgue olokl rwma sto [1,+∞), all� h g den eÐnai Lebesgue oloklhr¸simh sto
[1,+∞) en¸ h h eÐnai.

Par�deigma: 'Estw h f : [−1, 1]→ R me tÔpo

f(x) =
{

1
x , an −1 ≤ x ≤ 1 kai x 6= 0,
0, an x = 0.

H f eÐnai suneq c se kajèna apì ta diast mata [−1, 0) kai (0, 1] kai stajer  sto {0}, opìte eÐnai Lebesgue
metr simh se kajèna apì aut� ta trÐa sÔnola. 'Ara h f eÐnai Lebesgue metr simh sthn ènws  touc, to [−1, 1].
H f den èqei stajerì prìshmo sto [−1, 1], opìte den eÐnai profanèc ìti up�rqei to

∫
[−1,1] f .
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H f+ : [−1, 1]→ [0,+∞] eÐnai ≥ 0 sto [−1, 1], opìte èqei olokl rwma Lebesgue sto [−1, 1]. H f+ èqei
tÔpo

f+(x) =
{

1
x , an 0 < x ≤ 1,
0, an −1 ≤ x ≤ 0.

'Ara
∫
[−1,1] f

+ =
∫
[−1,0] 0 +

∫
(0,1] f

+ = 0 +
∫
(0,1] f

+ kai, ìpwc se èna apì ta prohgoÔmena paradeÐgmata,∫
[−1,1]

f+ =
∫

(0,1]
f+ = lim

n→+∞

∫
[ 1
n
,1]
f+ = lim

n→+∞

∫ 1

1
n

1
x
dx = +∞.

OmoÐwc, h f− : [−1, 1]→ [0,+∞] eÐnai ≥ 0 sto [−1, 1], opìte èqei olokl rwma Lebesgue sto [−1, 1]. H
f− èqei tÔpo

f−(x) =
{
− 1
x , an −1 ≤ x < 0,

0, an 0 ≤ x ≤ 1.

'Ara
∫
[−1,1] f

− =
∫
[−1,0) f

− +
∫
[0,1] 0 =

∫
[−1,0) f

− kai

∫
[−1,1]

f− =
∫

[−1,0)
f− = lim

n→+∞

∫
[−1,− 1

n
]
f− = lim

n→+∞

∫ − 1
n

−1

(
− 1
x

)
dx = +∞.

Blèpoume, loipìn, ìti
∫
[−1,1] f

+ =
∫
[−1,1] f

− = +∞, opìte to
∫
[−1,1] f =

∫
[−1,1] f

+ −
∫
[−1,1] f

− den
up�rqei.

Par�deigma: 'Estw h f : [−1, 1]→ R me tÔpo

f(x) =
{

1
|x| , an −1 ≤ x ≤ 1 kai x 6= 0,
+∞, an x = 0.

H f eÐnai suneq c se kajèna apì ta diast mata [−1, 0) kai (0, 1] kai stajer  sto {0}, opìte eÐnai Lebesgue
metr simh se kajèna apì aut� ta trÐa sÔnola. 'Ara h f eÐnai Lebesgue metr simh sto [−1, 1]. Epeid  eÐnai
f ≥ 0 sto [−1, 1], up�rqei to

∫
[−1,1] f .

Me tic mejìdouc twn prohgoÔmenwn paradeigm�twn, upologÐzoume
∫
[−1,0) f = +∞ kai

∫
(0,1] f = +∞.

EpÐshc, eÐnai
∫
{0}(+∞) = 0, diìti m1({0}) = 0. 'Ara, kai p�li epeid  eÐnai f ≥ 0 sto [−1, 1],∫

[−1,1]
f =

∫
[−1,0)

f +
∫
{0}

f +
∫

(0,1]
f = (+∞) + 0 + (+∞) = +∞.

'Ara h f den eÐnai Lebesgue oloklhr¸simh sto [−1, 1].
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Kef�laio 5

Ask seic gia ìla ta kef�laia

Ask seic KefalaÐou 1.

LÔste kai tic duo.

1. 'Estw N èna opoiod pote sÔnolo me tic idiìthtec (i) kai (ii) thc Prìtashc 1.1 twn shmei¸sewn. EÐnai
dunatì na up�rqoun, gia ton Ðdio z ∈ [0, 1], duo diaforetikoÐ x ∈ N ¸ste o z − x na eÐnai rhtìc?

MporeÐ èna sÔnolo N me tic idiìthtec (i) kai (ii) thc Prìtashc 1.1 na eÐnai arijm simo?

(Upìdeixh: Upojèste ìti eÐnai dunatì, jewr ste mia arÐjmhsh tou N kai, b�sei tou (ii) kai tou pr¸tou
mèrouc thc �skhshc, breÐte mia arÐjmhsh tou [0, 1].)

2. ApodeÐxte ìti up�rqei N ⊆ R me tic ex c duo idiìthtec:

(i) Gia k�je diaforetikoÔc x, y ∈ N o arijmìc x− y eÐnai �rrhtoc.

(ii) Gia k�je z ∈ R up�rqei k�poioc x ∈ N ¸ste o z − x na eÐnai rhtìc.

(Upìdeixh: MimhjeÐte thn kataskeu  tou N pou up�rqei stic shmei¸seic qwrÐc na perioristeÐte sto
[0, 1].)

Ask seic Enìthtac 2.1.

LÔste kat' arq�c tic 1, 2, 3, 5.

1. MporeÐ èna anoiktì di�sthma na eÐnai ènwsh peperasmènwn kleist¸n diasthm�twn? arijm simwn klei-
st¸n diasthm�twn?

MporeÐ èna kleistì di�sthma na eÐnai ènwsh peperasmènwn anoikt¸n diasthm�twn? arijm simwn anoi-
kt¸n diasthm�twn?

MporeÐ èna anoiktì di�sthma na eÐnai tom  peperasmènwn kleist¸n diasthm�twn? arijm simwn kleist¸n
diasthm�twn?

MporeÐ èna kleistì di�sthma na eÐnai tom  peperasmènwn anoikt¸n diasthm�twn? arijm simwn anoikt¸n
diasthm�twn?

2. Ston Rd jewroÔme diast mata I1 , I2 , . . . sqedìn xèna an� dÔo kai diast mata J1 , J2 , . . . sqedìn xèna
an� dÔo ¸ste I1∪ I2∪ · · · = J1∪J2∪ · · · . ApodeÐxte ìti Vd(I1) +Vd(I2) + · · · = Vd(J1) +Vd(J2) + · · · .
(Upìdeixh: Parathr ste ìti In = (In ∩ J1) ∪ (In ∩ J2) ∪ · · · kai Jm = (I1 ∩ Jm) ∪ (I2 ∩ Jm) ∪ · · · gia
k�je n,m. GnwrÐzoume ìti h tom  duo diasthm�twn eÐnai di�sthma.)

3. 'Estw ìti r1 , r2 , . . . eÐnai mia arÐjmhsh tou Qd ∩ [0, 1]d . Gia k�je n ≥ 1, èstw In èna opoiod pote
di�sthma ston Rd to opoÐo perièqei to rn kai èqei Vd(In) ≤ 1

2n+1 .

Perigr�yte èna sugkekrimèno tètoio In .

IsqÔei Qd ∩ [0, 1]d ⊆
⋃+∞
n=1 In ?

IsqÔei [0, 1]d ⊆
⋃+∞
n=1 In ?
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4. 'Estw diast mata I1 , . . . , In ston Rd me Qd∩[0, 1]d ⊆ I1∪· · ·∪In . ApodeÐxte ìti Vd(I1)+· · ·+Vd(In) ≥
1.

(Upìdeixh: Jewr ste ta antÐstoiqa kleist� diast mata J1 , . . . , Jn kai apodeÐxte � me �topo � ìti
[0, 1]d ⊆ J1 ∪ · · · ∪ Jn .)

Ask seic Enìthtac 2.2.

LÔste kat' arq�c tic 1, 2. 3, 5, 6 (to pr¸to mèroc).

1. Me ton parak�tw sullogismì apodeiknÔetai ìti eÐnai md
∗(E) = 0 gia k�je E ⊆ Rd . QrhsimopoioÔme

thn σ-upoprosjetikìthta tou exwterikoÔ mètrou Lebesgue. Poio eÐnai to l�joc?

0 ≤ md
∗(E) = md

∗
( ⋃
x∈E
{x}
)
≤
∑
x∈E

md
∗({x}) =

∑
x∈E

0 = 0.

2. Qrhsimopoi¸ntac aplèc idiìthtec tou md
∗ , apodeÐxte ìti,

(i) an to E ⊆ Rd eÐnai fragmèno, tìte md
∗(E) < +∞.

(ii) an to E ⊆ Rd èqei eswterikì shmeÐo, tìte md
∗(E) > 0.

(iii) an E,F ⊆ Rd kai md
∗(E) = 0, tìte md

∗(E ∪ F ) = md
∗(F ).

3. ApodeÐxame ìti, an to E ⊆ Rd eÐnai arijm simo, tìte eÐnai md
∗(E) = 0, qrhsimopoi¸ntac thn σ-

upoprosjetikìthta tou md
∗ . ApodeÐxte to Ðdio me b�sh mìno ton orismì tou md

∗ .

(Upìdeixh: Jewr ste mia opoiad pote arÐjmhsh x1, x2, . . . tou E. P�rte opoiond pote ε > 0 kai se
k�je xn antistoiq ste k�poio kat�llhlo anoiktì di�sthma In ¸ste ta I1, I2, . . . na kalÔptoun to E kai
na èqoun sunolikì ìgko < ε.)

4. 'Estw ìti ta I1, I2, . . . eÐnai sqedìn xèna an� dÔo diast mata ston Rd kai E =
⋃+∞
n=1 In . ApodeÐxte ìti

eÐnai md
∗(E) =

∑+∞
n=1 Vd(In). Autì apoteleÐ genÐkeush se �peira arijm sima diast mata thc Prìtashc

2.2(3).

(Upìdeixh: BreÐte anoikt� diast mata I1′′, I2′′, . . . ¸ste na perièqoun ta antÐstoiqa I1, I2, . . . kai na eÐnai∑+∞
n=1 Vd(In

′′) <
∑+∞

n=1 Vd(In)+ε. Katìpin, jewr ste opoiad pote �peirh arijm simh sullog  anoikt¸n
diasthm�twn J1, J2, . . . ta opoÐa kalÔptoun to E kai apodeÐxte ìti eÐnai

∑+∞
n=1 Vd(In) ≤

∑+∞
n=1 Vd(Jn).

DeÐte thn �skhsh 2 thc enìthtac 2.1.)

MporeÐte na upologÐsete ta parak�tw?

m1
∗([0, 1] ∪ [2, 3]), m2

∗
(

([0, 1]× [0, 1]) ∪ ([1, 2]× [−1, 3])
)
.

5. 'Estw A ⊆ Rd me md
∗(A) < +∞ . ApodeÐxte ìti gia k�je ε > 0 up�rqei anoiktì U ⊆ Rd tètoio ¸ste

na eÐnai A ⊆ U kai md
∗(U) < md

∗(A) + ε.

(Upìdeixh: Jewr ste arijm sima anoikt� diast mata pou kalÔptoun to A sÔmfwna me ton orismì tou
md
∗(A) kai p�rte thn ènws  touc.)

ApodeÐxte ìti gia k�je A ⊆ Rd eÐnai

md
∗(A) = inf{md

∗(U) : A ⊆ U,U anoiktì ⊆ Rd}.

ApodeÐxte ìti gia k�je A ⊆ Rd up�rqei sÔnolo G ⊆ Rd to opoÐo eÐnai arijm simh tom  anoikt¸n ⊆ Rd

¸ste A ⊆ G kai md
∗(G) = md

∗(A).

(Upìdeixh: Efarmìste to pr¸to mèroc me ε = 1
n kai jewr ste ta antÐstoiqa Un .)
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6. 'Estw L opoiod pote uperepÐpedo ston Rd k�jeto se opoiond pote apì touc kÔriouc �xonec. ApodeÐxte
ìti md

∗(L) = 0.

(Upìdeixh: 'Estw L opoiod pote uperepÐpedo k�jeto ston xd-�xona (gia par�deigma) kai èstw xd = c h
exÐswsh tou L. Jewr ste ta diast mata In = [−n, n]d−1[c, c] ta opoÐa perièqontai sto L kai apodeÐxte
ìti L =

⋃+∞
n=1 In . Katìpin, qrhsimopoi ste th σ-upoprosjetikìthta tou md

∗ .)

'Estw L opoiod pote uperepÐpedo ston Rd . ApodeÐxte ìti md
∗(L) = 0.

(Upìdeixh: 'Estw L opoiod pote uperepÐpedo kai èstw µ1x1 + · · ·+ µdxd = c h exÐsws  tou, ìpou den
eÐnai ìloi oi µk Ðsoi me 0. 'Estw, gia par�deigma, µd 6= 0. Jewr ste opoiod pote kleistì di�sthma
I ′ = [a1, b1] × · · · × [ad−1, bd−1] tou Rd−1 kai to uposÔnolo L ∩ (I ′ ×R) tou L. P�rte opoiond pote
fusikì n kai qwrÐste k�je akm  tou I ′ se n isom kh kleist� diast mata. Tìte to I ′ ja qwristeÐ se
nd−1 kleist� diast mata sqedìn xèna an� dÔo kajèna apì ta opoÐa èqei (d − 1)-di�stato ìgko Ðso

me Vd−1(I′)
nd−1 . 'Estw J ′ èna opoiod pote apì aut� ta nd−1 diast mata. ApodeÐxte ìti to L ∩ (J ′ ×R)

perièqetai se èna kleistì di�sthma J ′ × J ′′ tou Rd , ìpou J ′′ eÐnai k�poio kleistì di�sthma tou R me
m koc M

n , ìpou M = µ1

µd
(b1 − a1) + · · · + µd−1

µd
(bd−1 − ad−1). 'Ara to L ∩ (I ′ × R) perièqetai sthn

ènwsh nd−1 kleist¸n diasthm�twn ston Rd me sunolikì d-di�stato ìgko Ðso me nd−1 Vd−1(I′)
nd−1

M
n . 'Ara

md
∗(L∩ (I ′×R)) ≤ MVd−1(I′)

n kai, epeid  o n eÐnai tuqìn fusikìc, sunep�getai md
∗(L∩ (I ′×R)) = 0.

Efarmìste autì to apotèlesma gia I ′n = [−n, n]d−1 kai, afoÔ parathr sete ìti L =
⋃+∞
n=1 (L∩(I ′n×R)),

qrhsimopoi ste th σ-prosjetikìthta tou md
∗ .)

7. 'Estw I ′ èna kleistì di�sthma ston Rd−1 kai f : I ′ → R suneq c sto I ′ . ApodeÐxte ìti to gr�fhma
thc f , dhlad  to Γf = {(x′, f(x′)) : x′ ∈ I ′} ⊆ Rd èqei md

∗(Γf ) = 0.

(Upìdeixh: GnwrÐzoume ìti h f eÐnai omoiìmorfa suneq c sto I ′ , dhlad  gia k�je ε > 0 up�rqei δ > 0
¸ste na eÐnai |f(x′1)−f(x′2)| < ε gia k�je x′1, x

′
2 ∈ I ′ pou h metaxÔ touc apìstash eÐnai < δ. MimhjeÐte

th lÔsh thc prohgoÔmenhc �skhshc.)

8. Poia eÐnai h tim  tou md
∗(Qd ∩ [0, 1]d)? tou md

∗([0, 1]d)?

Upojèste ìti all�zoume ton orismì tou md
∗(E) kai jewroÔme peperasmènec antÐ �peirec arijm simec

sullogèc anoikt¸n diasthm�twn pou kalÔptoun to E. Poia eÐnai t¸ra h tim  tou md
∗(Qd ∩ [0, 1]d)?

tou md
∗([0, 1]d)?

(Upìdeixh: DeÐte thn �skhsh 4 thc enìthtac 2.1.)

9. ApodeÐxte ìti, an ston orismì tou md
∗(A) epitrèyoume ta diast mata pou kalÔptoun to A na eÐnai

opoioud pote tÔpou, tìte h posìthta md
∗(A) de ja all�xei.

Ask seic Enìthtac 2.3.

LÔste kat' arq�c tic 1, 2, 3, 4, 5, 6, 7, 9, 11, 12, 15.

1. ApodeÐxte ìti to [0, 1]d \Qd eÐnai Lebesgue metr simo ston Rd kai ìti md([0, 1]d \Qd) = 1.

Parat rhsh: To [0, 1]d \ Qd eÐnai qarakthristikì par�deigma sunìlou me jetikì mètro Lebesgue, to
opoÐo den perièqei kanèna anoiktì di�sthma.

2. An E,F ∈ Ld , apodeÐxte ìti md(E ∪ F ) +md(E ∩ F ) = md(E) +md(F ).

3. An E,F ∈ Ld , E ⊆ F kai md(E) < +∞, apodeÐxte ìti md(F \ E) = md(F )−md(E).

Ti mporeÐte na peÐte an eÐnai md(E) = +∞?

4. 'Estw An (n ∈ N) uposÔnola enìc sunìlou X. To
⋂+∞
m=1 (

⋃+∞
n=mAn) onom�zetai an¸tato ìrio kai

to
⋃+∞
m=1 (

⋂+∞
n=mAn) onom�zetai kat¸tato ìrio thc akoloujÐac sunìlwn (An). SumbolÐzoume

lim sup
n→+∞

An =
+∞⋂
m=1

( +∞⋃
n=m

An

)
, lim inf

n→+∞
An =

+∞⋃
m=1

( +∞⋂
n=m

An

)
.
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ApodeÐxte ìti lim infn→+∞An ⊆ lim supn→+∞An .

ApodeÐxte ìti to lim infn→+∞An èqei stoiqeÐa tou akrib¸c ekeÐna ta x ∈ X ta opoÐa an koun se ìla
ta An apì ènan deÐkth kai pèra. EpÐshc, apodeÐxte ìti to lim supn→+∞An èqei stoiqeÐa tou akrib¸c
ekeÐna ta x ∈ X ta opoÐa an koun se �peira An .

'Estw En ∈ Ld gia k�je n ≥ 1.

(i) An
∑+∞

n=1md(En) < +∞, apodeÐxte ìti md(lim supn→+∞En) = 0.

(Upìdeixh: Gia k�je m ≥ 1 eÐnai lim supn→+∞En ⊆
⋃+∞
n=mEn .)

(ii) ApodeÐxte ìti md(lim infn→+∞En) ≤ lim infn→+∞md(En).

(Upìdeixh: Gr�yte Fm =
⋂+∞
n=mEn kai parathr ste ìti Fm ⊆ Em kai Fm ⊆ Fm+1 gia k�je m ≥ 1.)

(iii) An md(
⋃+∞
n=n0

En) < +∞ gia ènan n0 , tìte lim supn→+∞md(En) ≤ md(lim supn→+∞En).

(Upìdeixh: Gr�yte Fm =
⋃+∞
n=mEn kai parathr ste ìti Em ⊆ Fm kai Fm+1 ⊆ Fm gia k�je m ≥ 1.)

5. An A ⊆ Rd , E ∈ Ld , E ⊆ A kai md(E) < +∞, tìte apodeÐxte ìti md
∗(A \ E) = md

∗(A)−md(E).

(Upìdeixh: Efarmìste ton orismì tou ìti E ∈ Ld .)

6. 'Estw A ⊆ Rd kai E ∈ Ld . An md
∗(A4E) = 0, apodeÐxte ìti A ∈ Ld .

(Upìdeixh: ApodeÐxte pr¸ta ìti md
∗(A \ E) = 0, md

∗(E \A) = 0.)

7. Anadiatup¸ste ta apotelèsmata thc �skhshc 5 thc enìthtac 2.2 wc ex c.

'Estw A ⊆ Rd me md
∗(A) < +∞ . Tìte gia k�je ε > 0 up�rqei anoiktì U ⊆ Rd tètoio ¸ste na eÐnai

A ⊆ U kai md(U) < md
∗(A) + ε.

Gia k�je A ⊆ Rd eÐnai

md
∗(A) = inf{md(U) : A ⊆ U,U anoiktì ⊆ Rd}.

Gia k�je A ⊆ Rd up�rqei sÔnolo G ⊆ Rd to opoÐo eÐnai arijm simh tom  anoikt¸n ⊆ Rd kai, epomènwc,
G ∈ Ld ¸ste A ⊆ G kai md(G) = md

∗(A).

8. 'EstwAn ⊆ Rd (n ∈ N) meAn ⊆ An+1 gia k�je n ≥ 1. ApodeÐxte ìtimd
∗(
⋃+∞
n=1An) = limn→+∞md

∗(An).

(Upìdeixh: SÔmfwna me thn �skhsh 7, gia k�je n up�rqeiGn ∈ Ld meAn ⊆ Gn kaimd(Gn) = md
∗(An).

Katìpin, jewr ste ta Fn = G1 ∪ · · · ∪Gn kai apodeÐxte ìti A ⊆ Fn ⊆ Fn+1 kai md(Fn) = md
∗(An).)

9. 'Estw A,B ⊆ Rd . ApodeÐxte ìti md
∗(A ∪B) +md

∗(A ∩B) ≤ md
∗(A) +md

∗(B).

(Upìdeixh: B�sei thc �skhshc 7, up�rqoun G,H ∈ Ld me A ⊆ G, B ⊆ H kai md(G) = md
∗(A),

md(H) = md
∗(B). Qrhsimopoi ste thn �skhsh 2.)

10. 'Estw E ⊆ [0, 1] kai F = {x2 : x ∈ E}. An m1(E) = 0, apodeÐxte ìti m1(F ) = 0.

(Upìdeixh: P�rte ε > 0 kai jewr ste anoikt� diast mata I1, I2, . . . ¸ste na eÐnai E ⊆
⋃+∞
n=1 In kai∑+∞

n=1 V1(In) < ε. Jewr ste ta diast mata In′ = In∩ [0, 1], opìte E ⊆
⋃+∞
n=1 In

′ kai
∑+∞

n=1 V1(In′) < ε.
Gia k�je In′ jewr ste to antÐstoiqo di�sthma Jn me �kra ta tetr�gwna twn �krwn tou In′ . ApodeÐxte
ìti F ⊆

⋃+∞
n=1 Jn , opìte m1

∗(F ) ≤
∑+∞

n=1 V1(Jn) < 2ε.)

11. 'Estw E ∈ L1 . OrÐzoume sun�rthsh f : R→ R me tÔpo

f(x) = m1(E ∩ (−∞, x])

kai upojètoume ìti to E eÐnai tètoio ¸ste h f na mhn eÐnai tautotik� +∞. Gia par�deigma, to E ja
mporoÔse na eÐnai k�tw fragmèno. ApodeÐxte ìti

(i) h f eÐnai aÔxousa, limx→−∞ f(x) = 0, limx→+∞ f(x) = m1(E) kai f(x) < +∞ gia k�je x kai

(ii) h f eÐnai sun�rthsh Lipschitz me stajer� 1, dhlad  isqÔei

|f(x2)− f(x1)| ≤ |x2 − x1|

gia k�je x1, x2 . Epomènwc, h f eÐnai suneq c.
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12. 'Estw E ∈ L1 . ApodeÐxte ìti gia k�je y me 0 ≤ y ≤ m1(E) up�rqei F ∈ L1 me F ⊆ E kai m1(F ) = y.

(Upìdeixh: Efarmìste to je¸rhma endi�meshc tim c sth sun�rthsh f thc �skhshc 11.)

13. 'Estw A ⊆ Rd me md
∗(A) > 0 kai 0 < λ < 1. ApodeÐxte ìti up�rqei anoiktì di�sthma I ston Rd ¸ste

na eÐnai md
∗(A ∩ I) > λVd(I).

(Upìdeixh: Kat' arq�c, èstw 0 < md
∗(A) < +∞. Up�rqoun anoikt� diast mata In (n ∈ N) ètsi ¸ste

na eÐnai A ⊆
⋃+∞
n=1 In kai

∑+∞
n=1 Vd(In) < 1

λmd
∗(A). Parathr ste ìti md

∗(A) ≤
∑+∞

n=1md
∗(A ∩ In).

'Ara eÐnai md
∗(A ∩ In) > λVd(In) gia ènan toul�qiston n. Tèloc, èstw md

∗(A) = +∞. ApodeÐxte ìti
up�rqei di�sthma J ¸ste 0 < md

∗(A ∩ J) < +∞. Gr�yte B = A ∩ J kai efarmìste to apotèlesma
thc pr¸thc perÐptwshc sto B.)

14. 'Estw E ∈ Ld kai 0 < δ < 1 me thn idiìthta: md(E ∩ I) > δVd(I) gia k�je anoiktì di�sthma I ston
Rd . ApodeÐxte ìti md(Ec) = 0.

(Upìdeixh: EÐnaimd(Ec∩I) < (1−δ)Vd(I) gia k�je anoiktì di�sthma I ston Rd . Upojèstemd(Ec) >
0 kai katal xte se �topo qrhsimopoi¸ntac thn �skhsh 13.)

15. 'Estw A ⊆ Rd . 'Ena E ⊆ Rd qarakthrÐzetai Lebesgue metr simo k�lumma tou A an E ∈ Ld ,
A ⊆ E kai, den up�rqei F ⊆ E \A me F ∈ Ld kai md(F ) > 0. ApodeÐxte ìti

(i) an ta E1, E2 eÐnai Lebesgue metr sima kalÔmmata tou A, tìte eÐnai md(E14E2) = 0 kai md(E1) =
md(E2),

(Upìdeixh: DeÐte ìti E1 \ E2 ⊆ E1 \A kai E2 \ E1 ⊆ E2 \A.)
(ii) an to E1 eÐnai Lebesgue metr simo k�lumma tou A, E2 ∈ Ld , A ⊆ E2 kai md(E14E2) = 0, tìte
to E2 eÐnai Lebesgue metr simo k�lumma tou A.

(iii) gia k�je A ⊆ Rd up�rqei Lebesgue metr simo k�lumma G tou A me md(G) = md
∗(A).

(Upìdeixh: An md
∗(A) < +∞, apodeÐxte ìti to G pou emfanÐzetai sthn �skhsh 7 eÐnai Lebesgue

metr simo k�lumma tou A. 'Estw md
∗(A) = +∞. P�rte ta In = [−n, n]d kai ta An = A ∩ In , gia ta

opoÐa eÐnai md
∗(An) < +∞ kai A =

⋃+∞
n=1An . Jewr ste Lebesgue metr simo k�lumma Gn tou An kai

to G =
⋃+∞
n=1Gn . 'Estw F ∈ Ld kai F ⊆ G \A. Jewr ste ta Fn = F ∩Gn , opìte F =

⋃+∞
n=1 Fn kai

Fn ⊆ Gn \An .)

16. 'Estw A ⊆ Rd . OrÐzoume to eswterikì mètro Lebesgue tou A wc

md∗(A) = sup{md(F ) : F kleistì ⊆ A}.

ApodeÐxte ìti

(i) md∗(A) ≤ md
∗(A),

(ii) md∗(∅) = 0, md∗(Rd) = +∞ kai

(iii) up�rqei H to opoÐo eÐnai arijm simh ènwsh kleist¸n ⊆ Rd kai, epomènwc, H ∈ Ld ¸ste H ⊆ A
kai md(H) = md∗(A).

(Upìdeixh: P�rte kleist� Fn ⊆ A ¸ste limn→+∞md(Fn) = md∗(A).)

17. (Sunèqeia thc 16.) An A ∈ Ld , apodeÐxte ìti md∗(A) = md
∗(A) = md(A).

(Upìdeixh: To md
∗(A) = md(A) eÐnai profanèc. 'Estw A fragmèno kai p�rte èna opoiod pote kleistì

di�sthma I ⊇ A. B�sei thc �skhshc 7, gia k�je ε > 0 up�rqei anoiktì U ⊆ Rd ¸ste I \ A ⊆ U
kai md(U) < md(I \ A) + ε. Tìte to F = I \ U eÐnai kleistì ⊆ A kai md(F ) > md(A) − ε. 'Ara
md∗(A) = md(A). Tèloc, èstw mh fragmèno A. Jewr ste ta fragmèna An = A∩ [−n, n]d gia ta opoÐa
isqÔei An ⊆ An+1 kai A =

⋃+∞
n=1An kai, epomènwc, limn→+∞md(An) = md(A). B�sei tou pr¸tou

mèroc, up�rqoun kleist� Fn ⊆ An ¸ste md(Fn) > md(An)− 1
n . 'Ara limn→+∞md(Fn) = md(A) kai,

epomènwc, md∗(A) = md(A).)

An md∗(A) = md
∗(A) < +∞, apodeÐxte ìti A ∈ Ld .

67



(Upìdeixh: B�sei twn ask sewn 7 kai 16, up�rqounH,G ∈ Ld ¸steH ⊆ A ⊆ G kaimd(H) = md∗(A),
md(G) = md

∗(A), opìte md(H) = md(G) < +∞. 'Ara md(G \H) = 0 kai, epeid , A \H ⊆ G \H,
eÐnai (A \H) ∈ Ld .)

18. 'Ena E ⊆ Rd qarakthrÐzetai Lebesgue metr simoc pur nac tou A an E ∈ Ld , E ⊆ A kai den
up�rqei F ⊆ A \ E me F ∈ Ld kai md(F ) > 0. ApodeÐxte ìti

(i) to E eÐnai Lebesgue metr simoc pur nac tou A an kai mìno an to Ec eÐnai Lebesgue metr simo
k�lumma tou Ac (deÐte thn �skhsh 15),

(ii) an ta E1 kai E2 eÐnai Lebesgue metr simoi pur nec tou A, tìte eÐnai md(E14E2) = 0 kai md(E1) =
md(E2) kai

(iii) gia k�je A ⊆ Rd up�rqei Lebesgue metr simoc pur nac H tou A me md(H) = md∗(A).

(Upìdeixh: 'Estw md∗(A) < +∞. ApodeÐxte ìti to H pou emfanÐzetai sthn �skhsh 16 eÐnai Lebesgue
metr simoc pur nac tou A. Gi autì p�rte F ⊆ A \H me F ∈ Ld kai upojèste ìti md(F ) > 0. B�sei
thc �skhshc 17, up�rqei kleistì F ′ ⊆ F ¸ste md(F ′) > 0. Jewr ste ta kleist� Fn sthn upìdeixh
thc �skhshc 17 kai ta kleist� Fn ∪ F ′ ⊆ A kai parathr ste ìti eÐnai md(Fn ∪ F ′) > md∗(A) gia
arket� meg�lo n. Tèloc, èstw md∗(A) = +∞. Jewr ste ta An = A ∩ [−n, n]d gia ta opoÐa eÐnai
md∗(An) < +∞ kai A =

⋃+∞
n=1An . Gia k�je n p�rte Lebesgue metr simo pur na Hn tou An kai

apodeÐxte ìti to H =
⋃+∞
n=1Hn eÐnai Lebesgue metr simoc pur nac tou A me md(H) = +∞.)

19. 'Estw A ⊆ Rd , E ∈ Ld kai A ⊆ E. ApodeÐxte ìti md
∗(A) +md∗(E \A) = md(E).

20. 'Estw sÔnolo X. ApodeÐxte ìti opoiad pote tom  σ-algebr¸n uposunìlwn tou X eÐnai σ-�lgebra upo-
sunìlwn tou X.

21. 'Estw C mia opoiad pote oikogèneia uposunìlwn tou X. SumbolÐzoume σ(C) thn tom  ìlwn twn σ-
algebr¸n uposunìlwn touX oi opoÐec perièqoun thn C. ApodeÐxte ìti h σ(C) eÐnai h mikrìterh σ-�lgebra
uposunìlwn tou X h opoÐa perièqei thn C. Dhlad 

(i) C ⊆ σ(C),
(ii) h σ(C) eÐnai σ-�lgebra uposunìlwn tou X kai

(Upìdeixh: DeÐte thn �skhsh 20.)

(iii) gia k�je A h opoÐa eÐnai σ-�lgebra uposunìlwn tou X me C ⊆ A sunep�getai σ(C) ⊆ A.
An h C eÐnai σ-�lgebra uposunìlwn tou X, apodeÐxte ìti σ(C) = C.
'Estw C1 , C2 duo oikogèneiec uposunìlwn tou X. ApodeÐxte ìti σ(C1) = σ(C2) an kai mìno an C1 ⊆ σ(C2)
kai C2 ⊆ σ(C1).

22. SumbolÐzoume Bd = σ(Ud), ìpou Ud eÐnai h oikogèneia ìlwn twn anoikt¸n ⊆ Rd . Dhlad , h Bd eÐnai
h mikrìterh σ-�lgebra uposunìlwn tou Rd h opoÐa perièqei ìla ta anoikt� ⊆ Rd . H Bd onom�zetai
Borel σ-�lgebra ston Rd kai ta stoiqeÐa thc qarakthrÐzontai wc Borel sÔnola ston Rd .

ApodeÐxte ìti k�je anoiktì, k�je kleistì, k�je arijm simh tom  anoikt¸n kai k�je arijm simh ènwsh
kleist¸n uposunìlwn tou Rd eÐnai Borel sÔnolo ston Rd . EpÐshc, k�je di�sthma ston Rd eÐnai Borel
sÔnolo ston Rd .

ApodeÐxte ìti Bd ⊆ Ld , dhlad  k�je Borel sÔnolo ston Rd eÐnai Lebesgue metr simo ston Rd .

ApodeÐxte ìti Bd = σ(Fd) kai Bd = σ(Id), ìpou Fd eÐnai h oikogèneia ìlwn twn kleist¸n ⊆ Rd kai
Id eÐnai h oikogèneia ìlwn twn diasthm�twn   ìlwn twn anoikt¸n diasthm�twn   ìlwn twn kleist¸n
diasthm�twn ston Rd .

(Upìdeixh: DeÐte to teleutaÐo mèroc thc �skhshc 21.)

23. 'Estw A ⊆ Rd .

ApodeÐxte ìti A ∈ Ld an kai mìno an up�rqei Borel sÔnolo G ston Rd ¸ste na eÐnai A ⊆ G kai
md
∗(G \A) = 0.
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(Upìdeixh: To G pou perigr�fetai sthn �skhsh 15 eÐnai Borel sÔnolo ston Rd . Pio sugkekrimèna,
an md

∗(A) < +∞, tìte to G eÐnai arijm simh tom  anoikt¸n kai, an md
∗(A) = +∞, tìte to G eÐnai

arijm simh ènwsh arijm simwn tom¸n anoikt¸n. T¸ra, an A ∈ Ld , apì ton orismì tou Lebesgue
metr simou kalÔmmatoc sunep�getai md(G \A) = 0. Antistrìfwc, an md

∗(G \A) = 0, tìte (G \A) ∈
Ld .)
ApodeÐxte ìti A ∈ Ld an kai mìno an up�rqei Borel sÔnolo H ston Rd ¸ste na eÐnai H ⊆ A kai
md
∗(A \H) = 0.

(Upìdeixh: ProkÔptei apì to prohgoÔmeno, gr�fontac A \H = Hc \Ac .)
'Estw md

∗(A) < +∞. ApodeÐxte ìti A ∈ Ld an kai mìno an gia k�je ε > 0 up�rqei B to opoÐo eÐnai
peperasmènh ènwsh diasthm�twn ¸ste md

∗(A4B) < ε.

(Upìdeixh: Up�rqoun anoikt� diast mata I1, I2, . . . ¸ste A ⊆
⋃+∞
n=1 In kai

∑+∞
n=1 Vd(In) < md

∗(A)+ ε
2 .

EpÐshc, up�rqei N ¸ste
∑+∞

n=N+1 Vd(In) < ε
2 . An B =

⋃N
n=1 In , tìte A\B ⊆

⋃+∞
n=N+1 In kai B \A ⊆

(
⋃+∞
n=1 In) \ A. T¸ra, an A ∈ Ld , sunep�getai md(A \ B) ≤

∑+∞
n=N+1 Vd(In) < ε

2 kai md(B \ A) ≤
md(

⋃+∞
n=1 In)−md(A) < ε

2 kai, epomènwc, md(A4B) < ε. Antistrìfwc, èstw ìti gia k�je n up�rqei
Bn to opoÐo eÐnai peperasmènh ènwsh diasthm�twn kai, epomènwc, Bn ∈ Ld ¸ste md

∗(A4Bn) < 1
2n .

Gr�foume F =
⋂+∞
m=1 (

⋃+∞
n=mBn) kai tìte F ∈ Ld . EÐnai F \ A =

⋂+∞
m=1 (

⋃+∞
n=m(Bn \ A)). 'Ara

gia k�je m isqÔei F \ A ⊆
⋃+∞
n=m(Bn \ A), opìte md

∗(F \ A) ≤
∑+∞

n=m
1
2n = 1

2m−1 kai, epomènwc,

md
∗(F \A) = 0. EpÐshc, A\F =

⋃+∞
m=1 (

⋂+∞
n=m(A\Bn)) =

⋃+∞
m=M (

⋂+∞
n=m(A\Bn)) ⊆

⋃+∞
m=M (A\Bm)

gia k�jeM . 'Aramd
∗(A\F ) ≤

∑+∞
m=M

1
2m = 1

2M−1 gia k�jeM , opìtemd
∗(A\F ) = 0. SumperaÐnoume

ìti md
∗(A4F ) = 0 kai, b�sei thc �skhshc 6, ìti A ∈ Ld .)

Ask seic Enìthtac 2.4.

LÔste kai tic tèsseric.

1. ApodeÐxte ìti ta stoiqeÐa tou sunìlou tou Cantor eÐnai akrib¸c ìloi oi arijmoÐ sto [0, 1] oi opoÐoi èqoun
triadikì an�ptugma apì to opoÐo leÐpei teleÐwc to triadikì yhfÐo 1.

2. 'Estw A to sÔnolo twn x ∈ [0, 1] apì th dekadik  par�stash twn opoÐwn leÐpei teleÐwc èna sugkekrimèno
dekadikì yhfÐo � to 6 gia par�deigma. Akolouj ste thn epagwgik  diadikasÐa kataskeu c tou sunìlou
tou Cantor, qwrÐzontac k�je for� se dèka (antÐ trÐa) upodiast mata, gia na apeikonÐsete to sÔnolo
A sthn pragmatik  eujeÐa kai gia na gr�yete to A wc A =

⋂+∞
n=1 Fn , ìpou ta Fn eÐnai sugkekrimèna

kleist� sÔnola. Tèloc, apodeÐxte ìti

(i) to A eÐnai kleistì sÔnolo kai den perièqei anoikt� diast mata,

(ii) to A eÐnai uperarijm simo kai

(iii) m1(A) = 0.

3. Epanalamb�noume th diadikasÐa kataskeu c tou sunìlou tou Cantor me th diafor� ìti sto n-ostì b ma
afairoÔme kentrikì anoiktì di�sthma m kouc θ

3n apì k�je di�sthma pou èqei apomeÐnei sto (n−1)-ostì
b ma. O θ eÐnai ènac proepilegmènoc arijmìc me 0 < θ < 1. Katal goume se èna sÔnolo (tÔpou Cantor)
Cθ . (To sÔnolo tou Cantor antistoiqeÐ ston θ = 1.) ApodeÐxte ìti

(i) to Cθ eÐnai kleistì sÔnolo kai den perièqei anoikt� diast mata,

(ii) to Cθ eÐnai uperarijm simo kai

(iii) m1(Cθ) = 1− θ > 0.

4. Up�rqoun di�foroi trìpoi kataskeu c sunìlwn tÔpou Cantor. 'Enac sqetik� aplìc trìpoc eÐnai o ex c.

'Estw arijmìc λ me 0 < λ < 1. 'Ena kleistì di�sthma [a, b] (me a < b) {genn�} duo isom kh kleist�
upodiast mat� tou aporrÐptontac to anoiktì upodi�sthma tou pou eÐnai summetrikì wc proc to mèso
a+b
2 kai èqei m koc λ(b − a). Profan¸c, ta duo diast mata pou {gennioÔntai} èqoun sunolikì m koc

(1− λ)(b− a).
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JewroÔme arijmoÔc λ1 , λ2 , · · · me thn idiìthta 0 < λn < 1 gia k�je n. PaÐrnoume F0 = [0, 1]. To [0, 1]
{genn�} duo kleist� diast mata me th mèjodo thc prohgoÔmenhc paragr�fou me λ = λ1 . To F1 eÐnai
h ènwsh twn duo aut¸n kleist¸n diasthm�twn. Katìpin, kajèna apì ta duo kleist� diast mata pou
apoteloÔn to F1 {genn�} duo kleist� diast mata me thn Ðdia mèjodo me λ = λ2 . To F2 eÐnai h ènwsh
twn tess�rwn kleist¸n diasthm�twn pou mìlic {genn jhkan}. SuneqÐzoume th diadikasÐa ep' �peiron.
Kajèna apì ta 2n−1 kleist� diast mata pou apoteloÔn to Fn−1 {genn�} duo kleist� diast mata me thn
Ðdia mèjodo me λ = λn . To Fn eÐnai h ènwsh twn 2n kleist¸n diasthm�twn pou mìlic {genn jhkan}.
Tèloc, orÐzoume to A =

⋂+∞
n=1 Fn . (To sÔnolo tou Cantor antistoiqeÐ se λ1 = λ2 = · · · = 1

3 .)

H akoloujÐa me n-ostì ìro (1 − λ1) · · · (1 − λn) > 0 eÐnai, profan¸c, gnhsÐwc fjÐnousa kai k�tw
fragmènh, opìte sugklÐnei se arijmì ≥ 0. ApodeÐxte ìti

m1(A) = lim
n→+∞

(1− λ1) · · · (1− λn).

ApodeÐxte ìti eÐnai m1(A) > 0 an kai mìno an
∑+∞

n=1 λn < +∞.

(Upìdeixh: 'Estw m1(A) > 0. Apì th gnwst  anisìthta 1 + x ≤ ex sunep�getai ìti m1(A) ≤
(1 − λ1) · · · (1 − λn) ≤ e−(λ1+···+λn) kai, epomènwc, λ1 + · · · + λn ≤ log 1

m1(A) gia k�je n. 'Ara∑+∞
n=1 λn ≤ log 1

m1(A) < +∞. Antistrìfwc, èstw
∑+∞

n=1 λn < +∞. Tìte up�rqei n0 ¸ste na eÐnai∑+∞
n=n0

λn <
1
2 . 'Ara (1− λn0) · · · (1− λn) ≥ 1− (λn0 + · · ·+ λn) > 1− 1

2 = 1
2 gia k�je n ≥ n0 , opìte

m1(A) ≥ (1− λ1) · · · (1− λn0−1)1
2 > 0.)

Ask seic Enìthtac 2.5.

LÔste kat' arq�c tic 1, 2, 3.

1. 'Estw shmeÐa P, P1 , . . . , Pd tou Rd . JewroÔme ta x1 = P1 − P, . . . , xd = Pd − P . To kleistì
parallhlepÐpedo ston Rd pou orÐzetai apì ta P, P1 , . . . , Pd eÐnai to sÔnolo

QP ;P1,...,Pd
= {λ1x1 + · · ·+ λdxd + P : 0 ≤ λ1 ≤ 1, . . . , 0 ≤ λd ≤ 1}.

OmoÐwc orÐzetai to anoiktì parallhlepÐpedo: eÐnai, gia k�je k, 0 < λk < 1 antÐ 0 ≤ λk ≤ 1. Tèloc,
omoÐwc orÐzetai kai k�je �llo parallhlepÐpedo.

ApodeÐxte ìti k�je di�sthma ston Rd eÐnai parallhlepÐpedo ston Rd .

ApodeÐxte ìti k�je parallhlepÐpedo ston Rd eÐnai Lebesgue metr simo ston Rd kai ìti

md(QP ;P1,...,Pd
) = | det (xi,j)| =

√
det(< xi, xj >),

ìpou xj = (x1,j , . . . , xd,j) gia j = 1, . . . , d.

(Upìdeixh: Jewr ste ton grammikì metasqhmatismì S tou Rd me thn idiìthta: S(ej) = xj gia k�je j.
Poio sÔnolo eÐnai to S([0, 1]d) + P ?)

An, epiplèon, ta P1 − P, . . . , Pd − P eÐnai an� dÔo k�jeta, apodeÐxte ìti

md(QP ;P1,...,Pd
) = ‖P1 − P‖ · · · ‖Pd − P‖.

2. 'Estw L opoiod pote uperepÐpedo ston Rd .

An gnwrÐzoume mia exÐswsh tou L, èstw thn a1x1 + · · ·+adxd = c (ìpou den eÐnai ìloi oi a1, . . . , ad Ðsoi
me 0), breÐte shmeÐa P, P1 , . . . , Pd−1 tou L ¸ste ta stoiqeÐa P1 −P, . . . , Pd−1 −P na eÐnai grammik¸c
anex�rthta ston Rd .

(Upìdeixh: An ad 6= 0, p�rte P = (0, . . . , 0, cad
), P1 = (1, 0, . . . , 0, c−a1

ad
) klp.)

Antistrìfwc, an gnwrÐzoume shmeÐa P, P1 , . . . , Pd−1 tou L ¸ste ta stoiqeÐa P1−P, . . . , Pd−1−P na
eÐnai grammik¸c anex�rthta ston Rd , breÐte mia exÐswsh tou L.

Katìpin p�rte opoiod pote epiplèon shmeÐo Pd tou Rd kai jewr ste ton grammikì metasqhmatismì S
tou Rd gia ton opoÐo eÐnai S(ej) = Pj−P kai to uperepÐpedo L0 = {(x1, . . . , xd) : xd = 0} kai apodeÐxte
ìti L = S(L0).

Tèloc, apodeÐxte ìti md(L) = 0.
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3. BebaiwjeÐte ìti to sÔnolo N pou melet same sto Kef�laio 1 den eÐnai Lebesgue metr simo ston R.

4. 'Estw E ⊆ Rd . OrÐzoume to sÔnolo diafor¸n tou E wc ex c:

E − E = {x′ − x′′ : x′, x′′ ∈ E}.

ApodeÐxte ìti, an E ∈ Ld kai md(E) > 0, tìte to E − E perièqei k�poio anoiktì di�sthma to opoÐo
perièqei to 0.

(Upìdeixh: 'Estw 0 < δ < 2
1
d − 1 kai λ = (1+δ)d

2 , opìte eÐnai 0 < λ < 1. Efarmìzoume thn �skhsh 13,
opìte up�rqei anoiktì di�sthma I ¸ste na eÐnaimd(E∩I) > λVd(I). Jewr ste èna anoiktì di�sthma I0
kèntrou 0 to opoÐo eÐnai ìmoio me to I me suntelest  omoiìthtac δ, opìte Vd(I0) = δdVd(I). ApodeÐxte
ìti I0 ⊆ (E ∩ I)− (E ∩ I) ⊆ E − E. An autì den isqÔei, up�rqei x ∈ I0 ¸ste x /∈ (E ∩ I)− (E ∩ I),
opìte ((E ∩ I) + x) ∩ (E ∩ I) = ∅. Ta (E ∩ I) + x, E ∩ I perièqontai se di�sthma J Ðdiou kèntrou
me to I to opoÐo eÐnai ìmoio me to I me suntelest  omoiìthtac 1 + δ. 'Ara (1 + δ)dVd(I) = Vd(J) ≥
md((E ∩ I) + x) +md(E ∩ I) = 2md(E ∩ I) > 2λVd(I).)

Ask seic Enìthtac 3.1.

LÔste kat' arq�c tic 1, 2, 3, 4, 5, 6, 7, 8, 9.

1. Efarmìzontac ton orismì, apodeÐxte ìti oi parak�tw sunart seic eÐnai Lebesgue metr simec.

f(x) =
1
x

(0 < x < 1), f(x) =
{

1
x2 , an 0 < x ≤ 1,
0, an x = 0,

f(x) =
{

1, an x ∈ [0, 1] \Q,
0, an x ∈ [0, 1] ∩Q,

f(x) =

{−1, an −1 < x ≤ 0,
−4, an 0 < x ≤ 2,
3, an 2 < x ≤ 3,

f(x) =


tanx, an −π

2 < x < π
2 ,

+∞, an x = π
2 ,

−∞, an x = −π
2 ,

f(x) =

x2 , an x < 1,
2, an x = 1,
2− x, an x > 1.

(Upìdeixh: BreÐte ta pedÐa orismoÔ twn sunart sewn kai apodeÐxte ìti eÐnai Lebesgue metr sima ⊆ R.
EpÐshc, gia k�je f kai k�je a ∈ R breÐte to sÔnolo {x : f(x) > a}.)

2. 'Estw A ∈ Ld , N ⊆ A kai N /∈ Ld . Jewr ste th sun�rthsh me tÔpo

f(x) =
{

1, an x ∈ N ,
−1, an x ∈ A \N .

ApodeÐxte ìti h f den eÐnai Lebesgue metr simh sto A en¸ h |f | eÐnai Lebesgue metr simh sto A.

(Upìdeixh: BreÐte k�poio a ∈ R ètsi ¸ste {x ∈ A : f(x) > a} /∈ Ld .)

3. 'Estw f : A→ R . ApodeÐxte ìti f+f− = 0 kai fn = (f+)n + (f−)n sto A gia k�je n ∈ N.

EpÐshc, an f = g − h kai g, h ≥ 0 sto A, apodeÐxte ìti f+ ≤ g kai f− ≤ h sto A.

4. 'Estw 0 < p < +∞, A ∈ Ld kai f : A→ [0,+∞]. An h f eÐnai Lebesgue metr simh, apodeÐxte ìti kai
h fp : A→ [0,+∞] eÐnai Lebesgue metr simh.

(Upìdeixh: Efarmìste ton orismì.)

5. 'Estw A ∈ Ld kai Lebesgue metr simh f : A → R . An B = {x ∈ A : f(x) 6= 0}, apodeÐxte ìti h
1
g : B → R eÐnai Lebesgue metr simh.

(Upìdeixh: ApodeÐxte pr¸ta ìti B ∈ Ld kai efarmìste ton orismì.)

6. An h f : R→ R eÐnai monìtonh, apodeÐxte ìti eÐnai Lebesgue metr simh.

(Upìdeixh: P�rte opoiod pote a ∈ R. TÐ eÐnai to {x ∈ R : f(x) > a}?)
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7. BreÐte tic sunart seic lim supn→+∞ fn , lim infn→+∞ fn kai limn→+∞ fn kaj¸c kai ta pedÐa orismoÔ
touc gia tic parak�tw akoloujÐec sunart sewn.
(i) fn(x) = xn (0 ≤ x ≤ 1),

(ii) f2n(x) =
(

1 + x
2n

)2n
, f2n−1(x) =

(
1− x

2n−1

)2n−1
(0 ≤ x < +∞),

(iii) f2n(x) = x− x2n , f2n−1(x) = x2n−1 (0 ≤ x ≤ 1),

(iv) fn(x) =
{

0, an x ∈ {r1, . . . , rn},
1, an x ∈ [0, 1] \ {r1, . . . , rn},

ìpou Q∩[0, 1] = {r1, r2, . . .} eÐnai opoiad pote arÐjmhsh

tou Q ∩ [0, 1].

8. 'Estw A ∈ Ld kai f : A → R . EpÐshc, èstw antistrèyimoc grammikìc metasqhmatismìc S : Rd → Rd

kai B = S−1(A). ApodeÐxte ìti, an h f eÐnai Lebesgue metr simh, tìte kai h f ◦ S : B → R eÐnai
Lebesgue metr simh.

(Upìdeixh: Parathr ste ìti {x ∈ B : (f ◦ S)(x) > a} = S−1({y ∈ A : f(y) > a}).)

9. 'Estw A ∈ Ld kai Lebesgue metr simh f : A→ R. EpÐshc, èstw g : R→ R suneq c sto R. ApodeÐxte
ìti h g ◦ f : A→ R eÐnai Lebesgue metr simh.

(Upìdeixh: Parathr ste ìti {x ∈ A : (g ◦ f)(x) > a} = f−1({y ∈ R : g(y) > a}). Katìpin,
parathr ste ìti to {y ∈ R : g(y) > a} eÐnai anoiktì ⊆ R. Qrhsimopoi ste ìti k�je anoiktì ⊆ R eÐnai
arijm simh ènwsh anoikt¸n diasthm�twn.)

10. 'Estw A ∈ Ld kai f : A → R . ApodeÐxte ìti h f eÐnai Lebesgue metr simh an kai mìno an gia k�je
a ∈ R isqÔei {x ∈ A : f(x) ≥ a} ∈ Ld .
(Upìdeixh: Parathr ste ìti {x ∈ A : f(x) ≥ a} =

⋂+∞
n=1{x ∈ A : f(x) > a − 1

n}. EpÐshc, {x ∈ A :
f(x) > a} =

⋃+∞
n=1{x ∈ A : f(x) ≥ a+ 1

n}.)
K�nte to Ðdio, antikajist¸ntac to ≥ sto {x ∈ A : f(x) ≥ a} me to < kaj¸c kai me to ≤ .

11. 'Estw A ∈ Ld kai f : A → R . 'Estw, epÐshc, kai èna D ⊆ R to opoÐo eÐnai puknì sto R (gia
par�deigma, to D = Q). ApodeÐxte ìti h f eÐnai Lebesgue metr simh an kai mìno an gia k�je r ∈ D
isqÔei {x ∈ A : f(x) > r} ∈ Ld .
(Upìdeixh: Gia k�je a ∈ R up�rqei (giatÐ?) akoloujÐa (rn) ètsi ¸ste rn ∈ D kai rn > a gia k�je n
kai limn→+∞ rn = a. Parathr ste ìti {x ∈ A : f(x) > a} =

⋃+∞
n=1{x ∈ A : f(x) > rn}.)

12. 'Estw opoiod pote E ⊆ R to opoÐo den eÐnai Lebesgue metr simo ston R. OrÐzoume f : R → R me

ton tÔpo f(x) =
{
−ex , an x /∈ E,
ex , an x ∈ E. ApodeÐxte ìti gia k�je a ∈ R to sÔnolo {x ∈ R : f(x) = a}

eÐnai eÐte monosÔnolo eÐte kenì. Epomènwc to sÔnolo autì eÐnai Lebesgue metr simo ston R gia k�je
a. 'Omwc, apodeÐxte ìti h f den eÐnai Lebesgue metr simh.

13. 'Estw A ∈ Ld kai f : A→ R . OrÐzoume

µf (a) = md({x ∈ A : f(x) < a})

gia k�je a ∈ R. ApodeÐxte ìti:
(i) h µf eÐnai aÔxousa sto R kai µf ≥ 0 sto R,
(ii) h µf eÐnai suneq c apì arister� se k�je shmeÐo tou R, dhlad  ìti lima′→a− µf (a′) = µf (a) gia
k�je a ∈ R,
(iii) lima′→+∞ µf (a′) +md({x ∈ A : f(x) = +∞}) = md(A).

JewroÔme kai to M = {a ∈ R : µf (a) = +∞}. DiakrÐnoume treic peript¸seic.

Pr¸th perÐptwsh: M = R. Tìte apodeÐxte ìti µf = +∞ sto R.

DeÔterh perÐptwsh: M = ∅. Tìte apodeÐxte ìti 0 ≤ µf < +∞ sto R. ApodeÐxte, epÐshc, ìti
lima′→a+ µf (a′) = µf (a) +md({x ∈ A : f(x) = a}). Autì shmaÐnei ìti h µf eÐnai suneq c sto a an kai
mìno an md({x ∈ A : f(x) = a}) = 0. EpÐshc, autì shmaÐnei ìti to p dhma thc µf sto a, dhlad  to
lima′→a+ µf (a′)− lima′→a− µf (a′), eÐnai Ðso me md({x ∈ A : f(x) = a}).
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TrÐth perÐptwsh: M 6= ∅ kai M 6= R. Tìte to M eÐnai k�tw fragmèno kai, epomènwc, èqei infimum.
'Estw a0 = inf M . ApodeÐxte ìti 0 ≤ µf (a) < +∞ gia k�je a < a0 kai µf (a) = +∞ gia k�je a > a0 .
ApodeÐxte, epÐshc, ìti ìla ta sumper�smata thc deÔterhc perÐptwshc isqÔoun gia a < a0 .

Ask seic Enìthtac 3.2.

LÔste kat' arq�c tic 1, 2, 3, 4.

1. 'Estw A ∈ Ld kaiMA to sÔnolo ìlwn twn Lebesgue metr simwn sunart sewn f : A→ R . Gia k�je
f, g ∈ MA orÐzoume f ∼ g an f = g L-sqedìn pantoÔ sto A. ApodeÐxte ìti h sqèsh ∼ eÐnai sqèsh
isodunamÐac stoMA .

(Upìdeixh: Parathr ste ìti {x ∈ A : f(x) 6= h(x)} ⊆ {x ∈ A : f(x) 6= g(x)}∪{x ∈ A : g(x) 6= h(x)}.)

2. 'Estw A ∈ Ld kai f1, f2, g1, g2 : A → R . Upojèste ìti f1 = g1 L-sqedìn pantoÔ sto A kai f2 = g2
L-sqedìn pantoÔ sto A.

ApodeÐxte ìti kajèna apì ta parak�tw isqÔei L-sqedìn pantoÔ sto A:

f1 + f2 = g1 + g2 , f1f2 = g1g2 , λf1 = λf2 ,

max{f1, f2} = max{g1, g2}, min{f1, f2} = min{g1, g2}.

EpÐshc, apodeÐxte ìti an f1 ≤ f2 L-sqedìn pantoÔ sto A, tìte g1 ≤ g2 L-sqedìn pantoÔ sto A.

3. 'Estw A ∈ Ld kai fn, gn : A → R (n ∈ N). Upojèste ìti gia k�je n eÐnai fn = gn L-sqedìn pantoÔ
sto A.

ApodeÐxte ìti kajèna apì ta parak�tw isqÔei L-sqedìn pantoÔ sto A:

sup
n≥1

fn = sup
n≥1

gn , inf
n≥1

fn = inf
n≥1

gn ,

lim sup
n→+∞

fn = lim sup
n→+∞

gn , lim inf
n→+∞

fn = lim inf
n→+∞

gn .

(Upìdeixh: Parathr ste ìti {x ∈ A : supn≥1 fn(x) 6= supn≥1 gn(x)} ⊆
⋃+∞
n=1{x ∈ A : fn(x) 6= gn(x)}.)

EpÐshc, an B ⊆ A eÐnai to pedÐo orismoÔ thc limn→+∞ fn kai C ⊆ A eÐnai to pedÐo orismoÔ thc
limn→+∞ gn , apodeÐxte ìti md(B4C) = 0 kai ìti

lim
n→+∞

fn = lim
n→+∞

gn

L-sqedìn pantoÔ sto B ∩ C.

4. 'Estw anoiktì U ⊆ Rd kai f, g : U → R suneqeÐc sto U . An eÐnai f = g L-sqedìn pantoÔ sto U ,
apodeÐxte ìti f = g sto U .

(Upìdeixh: 'Estw f(x0) 6= g(x0) gia k�poio x0 ∈ U . Parathr ste ìti up�rqei anoikt  mp�la B(x0; δ) ⊆
U ¸ste δ > 0 kai f(x) 6= g(x) gia k�je x ∈ B(x0; δ). 'Omwc, md(B(x0; δ)) > 0.)

5. Je¸rhma tou Egoroff. 'Estw f, fn : A→ R (n ∈ N), ìpou A ∈ Ld , md(A) < +∞, k�je fn eÐnai
Lebesgue metr simh kai fn → f L-sqedìn pantoÔ sto A. ApodeÐxte ìti gia k�je δ > 0 up�rqei sÔnolo
E ⊆ A, ¸ste E ∈ Ld , md(A \ E) < δ kai fn → f omoiìmorfa sto E.

(Upìdeixh: 'Estw B = {x ∈ A : limn→+∞ fn(x) = f(x)}. Tìte md(A \ B) = 0. Gia k�je n,m ∈ N
orÐzoume Bn,m = {x ∈ B : |fk(x) − f(x)| < 1

n gia k�je k ≥ m}. Tìte
⋃+∞
m=1Bn,m = B kai Bn,m ⊆

Bn,m+1 gia k�je n,m. 'Ara limm→+∞md(Bn,m) = md(B). Sunep�getai limm→+∞md(B \Bn,m) = 0.
'Ara gia k�je n up�rqei mn ∈ N ¸ste md(B \ Bn,mn) < δ

2n . OrÐzoume E =
⋂+∞
n=1Bn,mn . Tìte

md(A \ E) = md(B \ E) < δ. EpÐshc, gia k�je n eÐnai E ⊆ Bn,mn , opìte |fk(x) − f(x)| < 1
n gia

k�je x ∈ E kai k�je k ≥ mn . 'Ara sup{x ∈ E : |fk(x) − f(x)|} ≤ 1
n gia k�je k ≥ mn . 'Ara

limk→+∞ sup{x ∈ E : |fk(x)− f(x)|} = 0.)
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6. 'Estw ìti h f : R→ R eÐnai paragwgÐsimh L-sqedìn pantoÔ sto R.

ApodeÐxte ìti h f eÐnai Lebesgue metr simh.

ApodeÐxte ìti h f ′ eÐnai Lebesgue metr simh.

Ask seic Enìthtac 3.3.

LÔste kai tic treic.

1. ApodeÐxte ìti
χA∩B = χAχB , χA∪B = χA + χB − χAχB , χAc = 1− χA .

2. Poiec apì tic parak�tw sunart seic eÐnai aplèc kai poiec eÐnai oi kanonikèc touc anaparast�seic?

φ(x) =
{

1, an x ∈ { 1
n , n ∈ N},

0, an x /∈ { 1
n , n ∈ N}, , φ(x) =

{
1, an x ∈ R \Q,
0, an x ∈ Q,

φ(x) = [x] (x ∈ R), φ(x) = [x] (−3 ≤ x ≤ 4).

3. 'Estw A = lim supn→+∞An . ApodeÐxte ìti χA = lim supn→+∞ χAn . (DeÐte thn �skhsh 4 thc
enìthtac 2.3.)

'Estw A = lim infn→+∞An . ApodeÐxte ìti χA = lim infn→+∞ χAn .

Ask seic KefalaÐou 4.

LÔste kat' arq�c tic 1, 2, 3, 4, 6(i), 8, 9(1), 12(1), 13, 14, 15, 16, 17, 18, 19, 24, 25, 26, 27, 28, 29, 30, 31,
33.

1. UpologÐste ta oloklhr¸mata Lebesgue twn parak�tw apl¸n sunart sewn, afoÔ breÐte tic kanonikèc
anaparast�seic touc.

χ[0,5] + 2χ[−1,0) , 3χ[1,7] + 2χ[2,8] + χ[−1,4] , χQ , 2χQ + 3χ[0,1] ,

2χ[0,1]×[−1,2] , χ[0,1)×[1,+∞) + 5χ[−1,3]×[2,7] , χQ×Q ,

2χ{1}×[1,+∞) + χ[1,3)×[−2,1) , χ[0,1]×[1,2]×[−1,4) + 3χ[−1,2]×[1,2)×[0,2) .

Katìpin, upologÐste ta Ðdia oloklhr¸mata (polÔ pio eÔkola) qwrÐc na breÐte tic kanonikèc anapara-
st�seic.

2. Qrhsimopoi ste ton orismì tou oloklhr¸matoc Lebesgue mh arnhtik¸n sunart sewn gia na upologÐsete
to
∫
[0,+∞) f twn

f =
+∞∑
k=1

1
2k
χ[k−1,k) , f =

+∞∑
k=1

1
k
χ[k−1,k) , f =

+∞∑
k=1

kχ( 1
k+1

, 1
k
] .

(Upìdeixh: Gia thn pr¸th f dokim�ste tic φn =
∑n

k=1
1
2kχ[k−1,k) kai apodeÐxte ìti eÐnai mh arnhtikèc

Lebesgue metr simec sto [0,+∞), ìti φn ≤ φn+1 kai limn→+∞ φn = f sto [0,+∞).)

3. UpologÐste to olokl rwma Lebesgue
∫
A f (an up�rqei) stic parak�tw peript¸seic.

f(x) = x2 A = [0, 1], f(x) =
1
x

A = (0, 1],

f(x) =
1√
x

A = (0, 1], f(x) =
1
x

A = [1,+∞),

f(x) =
1
x2

A = [1,+∞), f(x) =
1
x3

A = R \ {0}.
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4. EÐnai oi parak�tw sunart seic oloklhr¸simec sto [π,+∞)?

f(x) =
sinx
x2

, f(x) =
sinx
x

.

(Upìdeixh: Gia thn pr¸th, | sinx
x2 | ≤ 1

x2 . Gia th deÔterh,
∫ (n+1)π
nπ | sinxx | dx ≥

1
(n+1)π

∫ (n+1)π
nπ | sinx| dx =

2
(n+1)π gia k�je n ∈ N.)

OrÐzontai ta antÐstoiqa
∫
[π,+∞) f ?

5. 'Estw A ∈ Ld kai Lebesgue metr simh f : A → [0,+∞]. GnwrÐzoume ìti isqÔei
∫
A f ≥ 0. ApodeÐxte

ìti, an
∫
A f = 0, tìte f = 0 L-sqedìn pantoÔ sto A.

(Upìdeixh: 'Estw, gia k�je n ∈ N, to En = {x ∈ A : f(x) ≥ 1
n}. Parathr ste ìti En ∈ Ld kai

1
nχEn ≤ f sto A. ApodeÐxte ìti 1

nmd(En) ≤
∫
A f kai, epomènwc, ìti md(En) = 0. Parathr ste ìti

{x ∈ A : f(x) > 0} =
⋃+∞
n=1En .)

6. 'Estw A ∈ Ld me md(A) < +∞. 'Estw, epÐshc, arijmoÐ l, u kai Lebesgue metr simh f sto A ¸ste na
isqÔei l ≤ f ≤ u L-sqedìn pantoÔ sto A.
(i) ApodeÐxte ìti lmd(A) ≤

∫
A f ≤ umd(A).

(ii) ApodeÐxte ìti h arister  anisìthta isqÔei wc isìthta an kai mìno an eÐnai f = l L-sqedìn pantoÔ
sto A. OmoÐwc, gia thn dexi� anisìthta.

(Upìdeixh: Qrhsimopoi ste thn prohgoÔmenh �skhsh.)

7. 'Estw A ∈ Ld , antistrèyimoc grammikìc metasqhmatismìc S : Rd → Rd kai B = S−1(A).
(1) An h φ : A→ [0,+∞) eÐnai Lebesgue metr simh apl  sun�rthsh sto A me kanonik  anapar�stash
φ =

∑n
k=1 akχAk

, apodeÐxte ìti h φ◦S : B → [0,+∞) eÐnai ki aut  Lebesgue metr simh apl  sun�rthsh
sto B me kanonik  anapar�stash φ ◦ S =

∑n
k=1 akχS−1(Ak) . Katìpin, apodeÐxte ìti

∫
B(φ ◦ S) =

1
| detS|

∫
A φ.

(2) An h f : A→ [0,+∞] eÐnai Lebesgue metr simh, apodeÐxte ìti∫
B

(f ◦ S) =
1

| detS|

∫
A
f.

(Upìdeixh: DeÐte thn �skhsh 8 thc enìthtac 3.1. Qrhsimopoi ste to apotèlesma tou (1) kai ton orismì
tou

∫
A f .)

(2) 'Estw Lebesgue oloklhr¸simh f : A → R . ApodeÐxte ìti h f ◦ S eÐnai ki aut  Lebesgue oloklh-
r¸simh sto B kai ìti

∫
B(f ◦ S) = 1

|detS|
∫
A f .

(Upìdeixh: Qrhsimopoi ste to apotèlesma tou (2).)

8. 'Estw A ∈ Ld me md(A) < +∞. An h f2 eÐnai Lebesgue oloklhr¸simh sto A, apodeÐxte ìti kai h f
eÐnai Lebesgue oloklhr¸simh sto A.

(Upìdeixh: |f | ≤ 1
2f

2 + 1
2 .)

9. 'Estw A ∈ Ld kai Lebesgue metr simh f : A→ [0,+∞].
(1) Anisìthta tou Chebyshev. ApodeÐxte ìti gia k�je λ > 0 isqÔei

md({x ∈ A : f(x) ≥ λ}) ≤ 1
λ

∫
A
f.

(Upìdeixh: An B = {x ∈ A : f(x) ≥ λ}, tìte λχB ≤ f sto A.)
(2) An

∫
A f < +∞, apodeÐxte ìti limλ→+∞ λmd({x ∈ A : f(x) ≥ λ}) = 0.

10. BreÐte sun�rthsh f : R→ R h opoÐa den eÐnai Lebesgue oloklhr¸simh sto R all� ¸ste h |f | na eÐnai
Lebesgue oloklhr¸simh sto R.
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11. 'Estw A ∈ Ld kai Lebesgue metr simec f, g sto A ¸ste f ≤ g sto A. ApodeÐxte ìti, an up�rqei to∫
A f kai eÐnai 6= −∞, tìte up�rqei kai to

∫
A g kai

∫
A f ≤

∫
A g.

(Upìdeixh: Parathr ste ìti 0 ≤ g− ≤ f− sto A.)

12. (1) Gia poiec timèc tou α eÐnai Lebesgue oloklhr¸simh h sun�rthsh x−α sto (0, 1]? sto [1,+∞)? sto
(0,+∞)?
(2) ApodeÐxte ìti h f(x) = d

dx(x2 sin 1
x2 ) den eÐnai Lebesgue oloklhr¸simh sto (0, 1).

(3) An x > 0, apodeÐxte ìti h f(t) = tx−1e−t eÐnai Lebesgue oloklhr¸simh sto (0,+∞).

13. Je¸rhma Fragmènhc SÔgklishc. 'Estw A ∈ Ld me md(A) < +∞, arijmìc M ≥ 0 kai
Lebesgue metr simec f, fn (n ∈ N) sto A ¸ste na isqÔei |fn| ≤M L-sqedìn pantoÔ sto A gia k�je
n kai limn→+∞ fn = f L-sqedìn pantoÔ sto A. ApodeÐxte ìti

∫
A f = limn→+∞

∫
A fn .

(Qrhsimopoi ste to Je¸rhma Kuriarqhmènhc SÔgklishc me kat�llhlh g.)

14. 'Estw A ∈ Ld kai Lebesgue metr simec f, fn (n ∈ N) sto A ¸ste na isqÔei 0 ≤ fn ≤ f L-
sqedìn pantoÔ sto A gia k�je n kai limn→+∞ fn = f L-sqedìn pantoÔ sto A. ApodeÐxte ìti∫
A f = limn→+∞

∫
A fn .

(Upìdeixh: Apì thn fn ≤ f sunep�getai lim supn→+∞
∫
A fn ≤

∫
A f kai qrhsimopoi ste kai to l mma

tou Fatou. )

15. 'Estw A ∈ Ld , Lebesgue metr simec fn (n ∈ N) sto A kai Lebesgue oloklhr¸simh h sto A ¸-
ste na isqÔei h ≤ fn L-sqedìn pantoÔ sto A gia k�je n. ApodeÐxte ìti

∫
A(lim infn→+∞ fn) ≤

lim infn→+∞
∫
A fn .

(Upìdeixh: Jewr ste tic fn − h.)

16. 'Estw A ∈ Ld , Lebesgue metr simec fn (n ∈ N) sto A kai Lebesgue oloklhr¸simh g sto A ¸-
ste na isqÔei |fn| ≤ g L-sqedìn pantoÔ sto A gia k�je n. ApodeÐxte ìti

∫
A(lim infn→+∞ fn) ≤

lim infn→+∞
∫
A fn kai lim supn→+∞

∫
A fn ≤

∫
A(lim supn→+∞ fn).

(Upìdeixh: DeÐte thn apìdeixh tou Jewr matoc Kuriarqhmènhc SÔgklishc.)

17. 'Estw A ∈ Ld me md(A) < +∞ kai Lebesgue metr simec f, fn (n ∈ N) sto A ¸ste na isqÔei
limn→+∞ fn = f omoiìmorfa sto A. ApodeÐxte ìti limn→+∞

∫
A |fn − f | = 0.

(Upìdeixh: An Mn = sup{|fn(x)− f(x)| : x ∈ A}, tìte limn→+∞Mn = 0.)

18. 'Estw A ∈ Ld kai Lebesgue metr simh f sto A ¸ste f ≥ 0 L-sqedìn pantoÔ sto A. Jewr ste tic
sunart seic fn = min{f, n} (n ∈ N) kai apodeÐxte ìti limn→+∞

∫
A fn =

∫
A f .

(Upìdeixh: Je¸rhma Monìtonhc SÔgklishc.)

19. 'EstwA ∈ Ld kai Lebesgue oloklhr¸simh f stoA. Jewr ste tic sunart seic fn = max {min{f, n},−n}
(n ∈ N) kai apodeÐxte ìti limn→+∞

∫
A fn =

∫
A f .

(Upìdeixh: Je¸rhma Kuriarqhmènhc SÔgklishc.)

20. 'Estw A ∈ Ld kai Lebesgue metr simec f, fn (n ∈ N) sto A ¸ste fn ≥ 0 L-sqedìn pantoÔ sto A gia
k�je n, limn→+∞ fn = f L-sqedìn pantoÔ sto A, limn→+∞

∫
A fn =

∫
A f kai

∫
A f < +∞. ApodeÐxte

ìti gia k�je B ⊆ A, B ∈ Ld , isqÔei limn→+∞
∫
B fn =

∫
B f .

(Upìdeixh: Qrhsimopoi ste to L mma tou Fatou sta B, A \B kai apodeÐxte ìti lim supn→+∞
∫
B fn ≤∫

B f ≤ lim infn→+∞
∫
B fn .)

21. 'Estw A ∈ Ld , Lebesgue metr simec f, fn (n ∈ N) sto A kai Lebesgue oloklhr¸simec g, gn (n ∈ N)
sto A ¸ste |fn| ≤ gn L-sqedìn pantoÔ sto A gia k�je n, limn→+∞ fn = f L-sqedìn pantoÔ sto A,
limn→+∞ gn = g L-sqedìn pantoÔ sto A kai limn→+∞

∫
A gn =

∫
A g. ApodeÐxte ìti limn→+∞

∫
A fn =∫

A f .

(Upìdeixh: Efarmìste to L mma tou Fatou stic gn + fn kai gn − fn .)
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22. 'Estw A ∈ Ld kai Lebesgue oloklhr¸simec f, fn (n ∈ N). ApodeÐxte ìti, an limn→+∞
∫
A |fn−f | = 0,

tìte limn→+∞
∫
A |fn| =

∫
A |f |.

(Upìdeixh: Parathr ste ìti |
∫
A |fn| −

∫
A |f || ≤

∫
A |fn − f |.)

23. 'Estw A ∈ Ld kai Lebesgue oloklhr¸simec f, fn (n ∈ N) sto A ¸ste limn→+∞ fn = f L-sqedìn
pantoÔ sto A. An limn→+∞

∫
A |fn| =

∫
A |f |, tìte apodeÐxte ìti limn→+∞

∫
A |fn − f | = 0.

(Upìdeixh: Efarmìste thn proprohgoÔmenh �skhsh stic Fn = |fn − f |, Gn = |fn| + |f |, F = 0 kai
G = 2|f |.)

24. 'Estw A ∈ Ld kai En ⊆ A, En ∈ Ld (n ∈ N) ¸ste ta En na eÐnai xèna an� dÔo. EpÐshc, èstw
E =

⋃+∞
n=1En . An h f eÐnai Lebesgue metr simh sto A kai ≥ 0 L-sqedìn pantoÔ sto A   an h f eÐnai

Lebesgue oloklhr¸simh sto A, apodeÐxte ìti

+∞∑
n=1

∫
En

f =
∫
E
f.

(Upìdeixh: Efarmìste to Je¸rhma 4.4 sta Fn = E1 ∪ · · · ∪ En .)

25. Je¸rhma tou B. Levi. 'Estw A ∈ Ld kai Lebesgue metr simec fn (n ∈ N) sto A ¸ste fn ≥ 0
L-sqedìn pantoÔ sto A gia k�je n. ApodeÐxte ìti∫

A

( +∞∑
n=1

fn

)
=

+∞∑
n=1

∫
A
fn .

(Upìdeixh: Je¸rhma Monìtonhc SÔgklishc.)

26. 'Estw A ∈ Ld kai Lebesgue metr simec fn (n ∈ N) sto A tètoiec ¸ste na eÐnai
∑+∞

n=1

∫
A |fn| < +∞.

ApodeÐxte ìti h
∑+∞

n=1 fn sugklÐnei L-sqedìn pantoÔ sto A. An h s eÐnai Lebesgue metr simh sto A
kai isqÔei s =

∑+∞
n=1 fn L-sqedìn pantoÔ sto A, apodeÐxte ìti∫

A
s =

+∞∑
n=1

∫
A
fn .

(Upìdeixh: Apì thn prohgoÔmenh �skhsh sunep�getai ìti h S =
∑+∞

n=1 |fn| eÐnai Lebesgue oloklhr¸-
simh sto A kai, epomènwc, S =

∑+∞
n=1 |fn| < +∞ L-sqedìn pantoÔ sto A. Katìpin, efarmìste to

Je¸rhma Kuriarqhmènhc SÔgklishc stic sn = f1 + · · ·+ fn , sthn s kai sthn S.)

27. 'Estw fn(x) = e−nx − 2e−2nx . Tìte
∑+∞

n=1

∫
[0,+∞) fn 6=

∫
[0,+∞)(

∑+∞
n=1 fn).

28. ApodeÐxte ìti ∫
(0,1)

log
1

1− x
dx =

∫
(0,1)

( +∞∑
n=1

xn

n

)
dx =

+∞∑
n=1

∫
(0,1)

xn dx = 1.

29. An p > 0, apodeÐxte ìti ∫
(0,1)

xp−1

1− x
log

1
x
dx =

+∞∑
n=0

1
(n+ p)2

.

(Upìdeixh: 1
1−x =

∑+∞
n=0 x

n .)

30. An p > −1, apodeÐxte ìti

lim
n→+∞

∫
(0,n)

(
1− x

n

)n
xp dx =

∫
(0,+∞)

e−xxp dx.
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31. An h f eÐnai Lebesgue oloklhr¸simh sto (0, 1), apodeÐxte ìti

lim
n→+∞

∫
(0,1)

xnf(x) dx = 0.

(Upìdeixh: Je¸rhma Kuriarqhmènhc SÔgklishc.)

32. 'Estw {rn : n ∈ N} = Q ∩ [0, 1] kai arijmoÐ an (n ∈ N) ¸ste
∑+∞

n=1 |an| < +∞. ApodeÐxte ìti h∑+∞
n=1

an√
|x−rn|

sugklÐnei L-sqedìn pantoÔ sto R.

33. 'Estw f2k = χ[0,1] kai f2k−1 = χ[2,3] sto R (k ∈ N). ApodeÐxte ìti gia thn (fn) isqÔoun ìlec oi
upojèseic tou L mmatoc tou Fatou kai ìti

∫
R(lim infn→+∞ fn) < lim infn→+∞

∫
R f .

34. 'Estw En ∈ Ld gia k�je n ∈ N. Gia opoiond pote k ∈ N orÐzoume

G = {x : x ∈ En gia toul�qiston k diaforetikèc timèc tou n}.

ApodeÐxte ìti G ∈ Ld kai ìti

md(G) ≤ 1
k

+∞∑
n=1

md(En).

(Upìdeixh: Jewr ste thn
∑+∞

n=1 χEn .)

35. 'Estw A ∈ Ld me md(A) < +∞ kai Lebesgue metr simh f sto A. ApodeÐxte ìti h f eÐnai Lebesgue
oloklhr¸simh sto A an kai mìno an

+∞∑
n=1

md({x ∈ A : |f(x)| ≥ n}) < +∞.

36. 'Estw A ∈ Ld kai Lebesgue metr simh f sto A ¸ste na eÐnai f ≥ 0 L-sqedìn pantoÔ sto A. Gia k�je
n ∈ N orÐzoume

sn =
+∞∑
k=0

k

2n
md

({
x ∈ A :

k

2n
≤ f(x) <

k + 1
2n

})
.

(1) An h f eÐnai Lebesgue oloklhr¸simh sto A, apodeÐxte ìti 0 ≤ sn < +∞ gia k�je n kai

lim
n→+∞

sn =
∫
A
f.

(Upìdeixh: 'Estw Bn = {x ∈ A : k
2n ≤ f(x) < k+1

2n }. Jewr ste tic fn =
∑+∞

k=0
k
2nχBn kai apodeÐxte

ìti fn ≤ fn+1 kai limn→+∞ fn = f L-sqedìn pantoÔ sto A.)
(2) 'Estw, epiplèon, ìti md(A) < +∞ kai f < +∞ L-sqedìn pantoÔ sto A. Tìte, antistrìfwc, an
0 ≤ sn < +∞ gia ènan toul�qiston n, apodeÐxte ìti autì isqÔei gia k�je n kai ìti h f eÐnai Lebesgue
oloklhr¸simh sto A.
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