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Prìblhma 1. (10 mon�dec) 'Estw sÔnolo E ⊆ R me m∗1(E) < ∞ kai ε > 0. DeÐxte ìti up�rqei anoiqtì
sÔnolo U ⊆ R pou perièqei to E kai tètoio ¸ste

m∗1(U) ≤ m∗1(E) + ε.

LÔsh Apì ton orismì tou exwterikoÔ mètrou up�rqei k�luyh tou E me diast mata In, n = 1, 2, . . ., tètoia
¸ste

∞∑
n=1

|In| ≤ m∗1(E) +
ε

2
,

ìpou |I| dhl¸nei to m koc tou diast matoc I. Gia k�je n paÐrnoume èna anoiqtì di�sthma Jn pou perièqei
to In kai èqei m koc

|Jn| ≤ |In|+
ε

2
2−n.

OrÐzoume U =
⋃∞

n=1 Jn ⊇ E to opoÐo eÐnai anoiqtì sÔnolo afoÔ ta Jn eÐnai anoiqt� sÔnola kai opoiad pote
ènwsh anoiqt¸n eÐnai anoiqtì sÔnolo.

Apì thn upoprosjetikìthta tou exwterikoÔ mètrou isqÔei

m∗1(U) ≤
∞∑

n=1

m∗1(Jn) ≤
∞∑

n=1

(|In|+
ε

2
2−n) ≤

∞∑
n=1

|In|+
∞∑

n=1

ε

2
2−n ≤ m∗1(E) +

ε

2
+
ε

2
≤ m∗1(E) + ε.
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