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Prìblhma 1. 'Estw N ⊆ R, mh metr simo, kai f(x) = 1 an x ∈ N kai f(x) = −1 an x ∈ N c.
('Enac �lloc trìpoc na to gr�youme autì eÐnai f(x) = 1 (x ∈ N)− 1 (x ∈ N c).) DeÐxte ìti h f den
eÐnai metr simh en¸ h |f | eÐnai.

Prìblhma 2. BreÐte tic sunart seic lim supn→+∞ fn, lim infn→+∞ fn kai limn→+∞ fn kaj¸c
kai ta pedÐa orismoÔ touc gia tic parak�tw akoloujÐec sunart sewn.
(i) fn(x) = xn (0 ≤ x ≤ 1),

(ii) f2n(x) =
(
1 + x

2n

)2n
, f2n−1(x) =

(
1− x

2n−1

)2n−1
(0 ≤ x < +∞),

(iii) f2n(x) = x− x2n , f2n−1(x) = x2n−1 (0 ≤ x ≤ 1),

(iv) fn(x) =

{
0, an x ∈ {r1, . . . , rn},
1, an x ∈ [0, 1] \ {r1, . . . , rn},

ìpou Q∩[0, 1] = {r1, r2, . . .} eÐnai opoiad pote arÐjmhsh

tou Q ∩ [0, 1].

Prìblhma 3. An f : R→ R metr simh kai g : R→ R suneq c deÐxte ìti h sÔnjesh g(f(x)) eÐnai
metr simh.

Prìblhma 4. 'Estw opoiod pote E ⊆ R to opoÐo den eÐnai Lebesgue metr simo sto R. OrÐzoume

f : R → R me ton tÔpo f(x) =

{
−ex, an x /∈ E,

ex, an x ∈ E.
ApodeÐxte ìti gia k�je a ∈ R to sÔnolo

{x ∈ R : f(x) = a} eÐnai eÐte monosÔnolo eÐte kenì. Epomènwc to sÔnolo autì eÐnai Lebesgue
metr simo ston R gia k�je a. 'Omwc, apodeÐxte ìti h f den eÐnai Lebesgue metr simh.
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