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AsstracT. Let d > 2and 1 < k < d-1. We show
that if f : R? - R is nonnegative and measurable
and 0 < m £ M < oo then it is impossible that on al-
most all affine k-planes P in RY the integral of f on
P lies between m and M. Let G = Z* x {0}, Using
m = M = 1 and f being the indicator function of a
measurable set in R? this then implies that there is
no measurable Steinhaus set for the group G in R%.
In other words there is no measurable set S € R? such
that S tiles R? with T(G), for all T € O(d). We also gen-
eralize our impossibility results concerning the size
of line-integrals of functions to integrals on strips in
the plane.
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1. InTRODUCTION

A classical question of Steinhaus [Sie58,Mos81] asks if
there is a set S C IR? such that for all 0 € [0,2n) S tiles
R? when translated at the locations RyZ?, where R, de-
notes rotation by 6 around the origin. This means that
every x € R? should belong to exactly one translate S + n,
for n € RyZ?. In a major result Jackson and Mauldin
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[JMO2b, JM02a, Mau, JM03] proved the existence of lat-
tice Steinhaus sets in the plane (not necessarily measur-

able).

We are interested in the version of this problem where,
on the one hand, we demand that S is Lebesgue measur-
able and, on the other, we view the tiling S + RyZ? as an
almost everywhere property: for all 0, almost every x € IR?
belongs to exactly one translate S + n, where n € RyZ?2. It
is easy to see that if S is a measurable Steinhaus set then
its measure must be 1. Measurable Steinhaus sets are
not known to exist when tiling by Z? and its rotates.

Regarding the measurable version of the problem Sier-
pinski [Sie58] showed that a bounded set which is ei-
ther closed or open cannot have the Steinhaus property
while Croft [Cro82] and Beck [Bec89] showed that this
is also impossible for any bounded and measurable set
(see also [MR95]). Kolountzakis [Kol96b, Kol96a] and
Kolountzakis and Wolff [KW99] proved that any measur-
able set in the plane that has the measurable Steinhaus
property must necessarily have very slow decay at infin-
ity. In [KW99] it was also shown that there can be no
measurable Steinhaus sets in dimension d > 3 (here we
are seeking a measurable subset of R? which tiles with ev-
ery rotate T(Z?), where T € O(d)). This was reproved later
by Kolountzakis and Papadimitrakis [KP02] by a very
different method. See also [CMO07, MY03, Ciu96, ST05].
Kolountzakis [Kol97] looks at the case where the lin-
ear transformation p is only required to take on finitely
many values and the question is studied there for when
finitely many lattices of the same volume in R? can have
the same fundamental domain. Especially for the case
of two lattices there have been some major results re-
cently [GK26, Spy26].

The Steinhaus tiling problem makes sense for more
general subsets of R?> or R?. If ' € R? we say that the
measurable S C R? has the Steinhaus property with re-
spect to I'if S + T(I') is a tiling for all T € O(d). It was
shown in [KP17] that for any finite I' € R? there is no
measurable set in R? with the Steinhaus property.

In [KP17] it was also shown that if T = Zx {0} € R? then
there is also no measurable set in R? with the Steinhaus
property. It is this last result that concerns us in this
paper. It was shown in [KP17] that if such a set S existed
(in the plane) and f = 15 then [, f = 1 on almost all lines
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L in the plane. This was then proved to be impossible,
thus disproving the existence of sets S with the Steinhaus
property with respect to Z x {0} in the plane.

The essential part of the proof of this fact was to prove
that it is impossible for a set S in the plane with indicator
function f to satisfy

(1) m < j f <M, foralmost all lines L,
L

for some constants 0 < m < M < co. (For the application
to Steinhaus sets it was enough to have m = M = 1.) This
was proved using the theory of harmonic functions. The
proof in [KP17] introduces, for S ¢ R?, the function in R®

15(w)

(2) Fo)= | o2
]RZ

dw, z e R?,

shows that its boundary values on IR?> are constant,
proves that F is continuous and harmonic in the upper
half-space, and then uses the Poisson representation for
bounded harmonic functions to obtain a contradiction
with the decay of F in the vertical direction.

The main contribution of this paper is to give an alter-
native, elementary proof of the impossibility of (1), while
at the same time generalizing from indicator functions
to all nonnegative functions (a modification of the proof
in [KP17] can also be made to work for nonnegative func-
tions) and generalizing also from line integrals to inte-
grals over affine k-planes in R?.

There is some related literature in integral geometry
and tomography. For instance Ilmavirta and Paternain
[IP19] prove that a smooth bounded strictly convex Eu-
clidean domain admits an L' density integrating to one
over almost every line meeting the domain if and only
if the domain is a ball. Armitage [Arm94] and Zalcman
[Zal82] construct signed functions on the plane whose in-
tegrals along all lines are 0. What distinguishes our prob-
lem is the absence of integrability or support conditions
on the function.

Thus our main result, whose proof is presented in Sec-
tion 2, is:

Theorem 1. Let f > 0 be a nonnegative Lebesgue measur-
able functionon RY, d > 2, and let 1 <k < d—1. Then there
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are no constants 0 < m < M < oo for which

3) mc< jfd?{k <M, for almost all k-planes P.
P

In the following proposition we show that if S has the
Steinhaus property with repsect to Z* x {0} in R? then
its indicator function would have to satisfy (3).

Proposition 1. Let 1 < k <d and G = ZF x {0}%* C R?, let
S C R be measurable, and write f = 1s. Assume that for
almost every T € O(d), Y. er) f(x —n) =1 for almost every
x € R%. Then, for almost every x € R% one has H*(SNP) = 1
for almost every affine k-plane P through x.

Proof. Put E, = RF x {0}"*. Fix a rotation T for which
the hypothesis holds, and set E = T(Ey) and A = T(G).
Writing R = E*®E and applying Fubini, for almost every
y € Et wehave } ., f(y+u—n) =1 for almost every u € E.
Integrating this for u in a fundamental domain Q of A in
E gives H*(SN (y + E)) = 1. Hence, for almost every T, we
have H*(SN (x + T(Ey))) = 1 for almost every x € R?. Using
Fubini again we obtain that for a.e. x, this equality holds
for a.e. T € O(d), which is the desired conclusion.

O

Proposition 1 and Theorem 1 immediately imply

Corollary 1. If d > 2 and 1 < k < d — 1 then there are no
measurable sets with the Steinhaus property with respect
to ZF x {0},

If the nonnegative, measurable function f : R> —» R has
line integrals between m and M along almost all straight
lines of the plane then for almost all directions u and al-
most every strip S in the plane, parallel to u, of width R
the integral [, f lies in [mR, MR]. We know there are no
functions with line integrals in [m, M] but are there any
functions whose integrals over any strip S of width R sat-
isfy mR < [, f < MR? The following corollary shows this
is not the case.

Corollary 2. For any 0 < m < M < oo there is no nonneg-
ative, measurable function f on R* such that if S is any
strip and R is its width then mR < [, f < MR.
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Proof. Fix a unit vector u and, for t € R, let L; =
{x:x-u=t}. For almost every t put F,(t) = fo f. By Fu-
bini, for everya € R and R > 0,

a+R

(4) m < % ;1[ Fu(t)dt <M.

In particular F, € Llloc(lR). By the Lebesgue differentiation
theorem, letting R — 0 in (4) gives

(5) m<F,(t)<M

for a.e. t. Since this holds for every direction u, it follows
that (5) holds for almost every line in the plane, contra-
dicting Theorem 1.

O

Key in the proof of Corollary 2 was the fact that we
could use strips of arbitrarily small width. It turns out
that this is not necessary.

Corollary 3. For any 0 < m < M < oo there is no nonneg-
ative, measurable function f on R* such that if S is any
strip of width 1then m < [, f < M.

Proof. Let ¢(x) = Le™", x € R?, and g = f * ¢. The convo-
lution is well defined because of the decay of the gaussian

and the assumption on the integrals of f on strips of width
1.

Fix a unit vector u and define the measure p, on R that
arises by projecting of f onto Ru:

w= | fxdx ICR)
{x:x-uel}

For every interval I of length 1 we have then m < p,(I) <
M.

The one-dimensional marginal of ¢ is h(t) = - £,

ﬁe
Consequently the projection of g(x) onto Ru has density

(6) qu(t) = | Bt =) dp(s).
R

From (6) we easily obtain constants my, My > 0, depending
only on m and M, such that

(7) my < q,(t) <M, for every u, t.
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If S is now any strip of arbitrary width R > 0, corre-
sponding under x — x-u to an interval | of length R, then

Js8 = J;9.(t)dt and (7) gives
moR < Ig < MyR.
S

This contradicts Corollary 2.

2. Proor or THEOREM 1

Let f > 0 satisfy (3). We may assume, translating
f, that almost all k-planes P through the origin satisfy
m < [, fdH* < M.Then all rotates f(T-), with T € O(d),
satisfy (3), and so does their average fo( 0 f(T-)dT, so we
may assume that f(x) = f(r), r = |x], is radial. Integrating
f along any non-exceptional k-plane through the origin
shows that

(8) jf(r)rk‘1 dr < co.
0

Write F(t) for the integral of f along any k-plane at dis-
tance t from the origin (since f is radial this does not de-
pend on the chosen plane, only on t). We obtain

9 F() = op1 | fOING? = )7 dr

and for a.e. t we have m < F(t) < M. (Here o, denotes the
surface area of a the unit sphere in R*!.)

For k > 2 we have from (9)
F(t) < 051 J f(r)rk_1 dr,
t

hence lim;_,., F(t) = 0 from (8), which contradicts the as-
sumed lower bound m for F(t).

For k = 1 equation (9) becomes
(10) F(t) =2 j F(A)r(? — )72 dr.
t
We will show that

1 2R
lim = J F(t)dt =0,
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thus arriving again at contradiction with F(t) > m.
We have (Fubini)

) min {2R,r} dt
jF(t)dt = f(r)r[ j — | dr

min {2R,r}

f(r)\/_[ [ ft_t) dr.

(11)

We show that for r > R
(12)

min {2R,r}

S(r,R) := Vr

dt

= 2V (Vr — R—+/r —min (2R, r}) <

for some constant C.
If r > 2R then

S(r,R) =2r(Vr—=R - Vr—2R)
_ 2R Ar
© Vr—R+ Vr—2R

o 2R

\/_

CR.

I/\

If » < 2R then
S(r,R) =2+rVr—R <2V2RV2R-R < CR,

which completes the proof of (12).
If follows that

1 2R )
= jF(t) dt < cjf(r) dr
R R

which tends to 0 as R — oo from (8), a contradiction with
F(t) > m.

This completes the proof of Theorem 1.
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