
Panepist mio Kr thc, Tm. Majhmatik¸n, Armonik  An�lush, Fjinìpwro 2010-11, Miq. Kolountz�khc

Di�rkeia diagwnÐsmatoc 3 ¸rec. Kleistèc ìlec oi shmei¸seic.

Pr¸to diag¸nisma, 10 DekembrÐou 2010

Prìblhma 1. An
∑∞

n=1 |an| < ∞ deÐxte ìti h seir�
∑∞

n=1 ane
inx sugklÐnei omoiìmorfa se mia suneq 

sun�rthsh.

Prìblhma 2. 'Estw f ∈ C1(T).
(a) Ekfr�ste touc suntelestèc Fourier thc f ′ mèsw twn suntelest¸n Fourier thc f .

(b) DeÐxte ìti
∣∣∣f̂(n)

∣∣∣ = o(|n|−1) gia |n| → ∞.

Prìblhma 3. Upojèste gnwstì to je¸rhma tou Fejér gia suneqeÐc sunart seic, ìti dhl. an f ∈ C(T)
tìte σN (f)(x)→ f(x) omoiìmorfa gia x ∈ [0, 2π], ìpwc epÐshc kai to ìti oi suneqeÐc sunart seic eÐnai puknèc
sto q¸ro L1(T). ApodeÐxte to je¸rhma tou Fejér gia to L1(T), ìti dhl. ‖σN (f)− f‖L1 → 0 gia N →∞.

Prìblhma 4. An εj ∈ {−1,+1}, j = 1, . . . , N , kai f(x) =
∑N

j=1 εje
ijx, deÐxte ìti

sup
x∈[0,2π]

|f(x)| ≥
√
N.

Prìblhma 5. An p(x) =
∑N

n=0 pnx
n eÐnai polu¸numo me migadikoÔc suntelestèc kai f ∈ L1(T) orÐzoume

p∗(f) =
N∑
n=0

pnf
∗n

ìpou
f∗n = f ∗ f ∗ · · · ∗ f, (sunèlixh thc f me ton eautì thc k forèc).

(a) BreÐte èna tÔpo gia thn posìthta p̂∗(f)(n) mèsw twn suntelest¸n pn kai twn suntelest¸n Fourier thc
f .
(b) BreÐte èna �nw fr�gma gia thn posìthta ‖p∗(f)‖L1 mèsw twn suntelest¸n pn kai thc posìthtac ‖f‖L1 .
(g) An

∑∞
n=1 |an| <∞ kai ‖f‖L1 ≤ 1 deÐxte ìti h seir�

∞∑
n=1

anf
∗n

sugklÐnei sto q¸ro L1(T).
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