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Prìblhma 1. DeÐxte ìt den up�rqei �peirh kai arijm simh s-�lgebra.

Prìblhma 2. Sto q¸ro pijanot twn Ω = [0, 1] me to mètro Lebesgue kai me s-�lgebra ta sÔnola Borel
orÐzoume tic TM Xj(ω), j = 1, 2, . . ., na eÐnai to j-ostì yhfÐo met� thn upodiastol  sto duadikì an�ptugma
tou ω (me thn exaÐresh enìc arijm simou pl jouc apì ω to yhfÐo autì eÐnai monadik� kajorismèno kai �ra h
sunart seic Xj eÐnai orismènec sqedìn pantoÔ). DeÐxte ìti oi Xj eÐnai anex�rthtec.

Prìblhma 3. An An endeqìmena se èna q¸ro pijanìthtac me
∑

n P [An] <∞ deÐxte ìti P [lim supAn] =
0, ìpou to lim supAn apartÐzetai apì ekeÐna ta ω ∈ Ω pou an koun se �peira apì ta An.

Prìblhma 4. An An anex�rthta endeqìmena me
∑

n P [An] =∞ deÐxte ìti P [lim supAn] = 1.
Upìdeixh: QrhsimopoieÐste thn anisìthta 1 + x ≤ ex, (x ∈ R).

Prìblhma 5. ApodeÐxte thn anisìthta tou Chebyshev: An E
[
|X|2

]
< ∞ kai µ = E [X], σ2 =

E
[
|X − µ|2

]
tìte gia λ > 0 isqÔei

P [|X − µ| ≥ λσ] ≤ λ−2.

Diatup¸ste kai apodeÐxte mia antÐstoiqh anisìthta ìpou sth jèsh thc sun�rthshc t → t2 up�rqei mia
opoiad pote �llh aÔxousa sun�rthsh t→ φ(x).

Prìblhma 6. (Ekjetik� fr�gmata) Ac eÐnai X1, . . . , Xn anex�rthtec TM me timèc 0   1 me pj = E [Xj ]
kai X = X1 + · · ·+Xn. DeÐxte ìti gia δ > 0 isqÔei

P [X ≥ (1 + δ)µ] ≤
(
e−δ(1 + δ)1+δ

)−µ
.

ApodeÐxte mia antÐstoiqh anisìthta gia thn pijanìthta P [X ≤ (1− δ)µ].
Upìdeixh: BreÐte èna �nw fr�gma gia thn posìthta E

[
etX
]
kai efarmìste thn anisìthta tou Markov

(P [Y ≥ λE [Y ]] ≤ λ−1 gia opoiad pote Y ≥ 0) afoÔ epilèxete èna kat�llhlo t.

Prìblhma 7. ApodeÐxte thn anisìthta tou Jensen: φ(E [X]) ≤ E [φ(X)], ìpou X eÐnai mia TM pou
paÐrnei timèc sto di�sthma I = (a, b), φ : I → R eÐnai mia kurt  sun�rthsh (dhl. φ(αx + (1 − α)y) ≤
αφ(x) + (1 − α)φ(y), gia k�je 0 ≤ α ≤ 1 kai x, y ∈ I�mporeÐte na upojèsete gnwstì ìti mia tètoia φ eÐnai
suneq c). Upojètoume epÐshc ìti oi anaferìmenec mèsec timèc up�rqoun, dhl. ìti E [|X|] ,E [|φ(X)|] <∞.
Upìdeixh: K�nte to pr¸ta gia aplèc TM X.


