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'Ena prìblhma megistopoÐhshc

Miq. Kolountz�khc, 4 DekembrÐou 2007

Prìblhma 1. An h sun�rthsh f : D → D eÐnai analutik  (D = D(0, 1) eÐnai o
monadiaÐoc dÐskoc) kai f(0) = a ∈ D \ {0}, tìte poia eÐnai h mègisth tim  pou mporeÐ
na p�rei to |f(w)| gia k�poio stajerì shmeÐo w ∈ D?

H lÔsh dÐnetai wc ex c.
'Estw Ba(z) = (z − a)(1 − az)−1, a ∈ D, o sunhjismènoc digrammikìc metasqh-

matismìc pou stèlnei D → D, a → 0 kai to monadiaÐo kÔklo ston eautì tou. H
sun�rthsh

g(z) = Ba(f(z))

eÐnai D → D kai stèlnei 0 → 0, �ra apì to l mma tou Schwarz èqoume |g(z)| ≤ |z|,
gia z ∈ D, �ra Ba(f(z)) ∈ D(0, |z|). PaÐrnontac proeikìnec èqoume

f(z) ∈ B−1
a (D(0, |z|)) = B−a(D(0, |z|))

afoÔ B−1
a = B−a.

'Ara gia na broÔme èna �nw fr�gma gia thn tim  |f(z)| qreiazìmaste na xèroume
k�ti gia thn eikìna enìc dÐskou D(0, r) upì èna digrammikì metaqshmatismì.

L mma 1. An b = ρeiθ tìte

max
|z|≤r

|Bb(z)| = ρ + r

1 + ρr
.

To mègisto autì pi�netai ìtan |z| = r kai Arg z = Arg b + π.

Apìdeixh. Apì thn Arq  MegÐstou mporoÔme na perioristoÔme se |z| = r.
An epilèxoume z = rei(π+θ) tìte èqoume met� apì aplèc pr�xeic |Bb(z)| = ρ+r

1+ρr
,

pr�gma pou deÐqnei ìti to anwtèrw mègisto eÐnai toul�qiston ρ+r
1+ρr

.
TetragwnÐzontac, arkeÐ sunep¸c na deÐxoume thn anisìthta∣∣∣∣ z − b

1− bz

∣∣∣∣2 ≤ (|z|+ |b|)2

(1 + |z||b|)2
. (1)

Qrhsimopoi¸ntac thn tautìthta |w|2 = ww kai k�nontac pr�xeic sto aristerì mèloc
paÐrnoume ìti autì isoÔtai me

A− 2<(zb)

B − 2<(zb)

en¸ k�nontac tic pr�xeic sto dexÐ mèloc paÐrnoume ìti autì isoÔtai me

A + 2|bz|
B + 2|bz|

,

ìpou
A = |z|2 + |b|2, B = 1 + |b|2|z|2.

EpÐshc B ≥ A afoÔ

B − A = 1 + |b|2|z|2 − |z|2 − |b|2 = (1− |z|2)(1− |b|2) ≥ 0
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epeid  b, z ∈ D.
EÐnai polÔ eÔkolo na dei kaneÐc ìti an x ≥ 0, β ≥ α ≥ 0 tìte

α

β
≤ α + x

β + x
.

Efarmìzoume autì me α = A− 2<(zb), β = B − 2<(zb) kai x = 2|bz| − 2<(zb) ≥ 0
kai paÐrnoume th zhtoÔmenh anisìthta.
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Epanerqìmenoi sto arqikì mac prìblhma, èqoume

f(z) ∈ B−a(D(0, |z|))

�ra, apì to L mma me b = −a, r = |z| èqoume

|f(w)| ≤ max
|ζ|≤|w|

|B−a(ζ)| = |w|+ |a|
1 + |w||a|

.

Apomènei na bebaiwjoÔme ìti up�rqei f : D → D me f(0) = a tètoia ¸ste

|f(w)| = |w|+ |a|
1 + |w||a|

.

Wc tètoia f dokim�zoume mia sun�rthsh thc morf c

f(z) = B−a(e
ixz), x ∈ R.

Tètoiec sunart seic plhroÔn fusik� ta D → D kai 0 → a. Epilègoume to x wc
x = Arg (a/w) oÔtwc ¸ste oi arijmoÐ a kai eixw na èqoun to Ðdio ìrisma. 'Eqoume
loipìn

|f(w)| =
∣∣∣∣ eixw + a

1 + eixaw

∣∣∣∣ =
|w|+ |a|
1 + |w||a|

,

wc eÐqame na deÐxoume.
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