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Preface

These are notes for a topics course offered at Bowling Green State University on a variety of
occasions. The course is typically offered during a somewhat abbreviated six week summer
session and, consequently, there is a bit less material here than might be associated with a
full semester course offered during the academic year. On the other hand, I have tried to
make the notes self-contained by adding a number of short appendices and these might well
be used to augment the course.

The course title, approximation theory, covers a great deal of mathematical territory. In
the present context, the focus is primarily on the approximation of real-valued continuous
functions by some simpler class of functions, such as algebraic or trigonometric polynomials.
Such issues have attracted the attention of thousands of mathematicians for at least two
centuries now. We will have occasion to discuss both venerable and contemporary results,
whose origins range anywhere from the dawn of time to the day before yesterday. This
easily explains my interest in the subject. For me, reading these notes is like leafing through
the family photo album: There are old friends, fondly remembered, fresh new faces, not yet
familiar, and enough easily recognizable faces to make me feel right at home.

The problems we will encounter are easy to state and easy to understand, and yet
their solutions should prove intriguing to virtually anyone interested in mathematics. The
techniques involved in these solutions entail nearly every topic covered in the standard
undergraduate curriculum. From that point of view alone, the course should have something
to offer both the beginner and the veteran. Think of it as an opportunity to take a grand tour
of undergraduate mathematics (with the occasional side trip into graduate mathematics)
with the likes of Weierstrass, Gauss, and Lebesgue as our guides.

Approximation theory, as you might guess from its name, has both a pragmatic side,
which is concerned largely with computational practicalities, precise estimations of error,
and so on, and also a theoretical side, which is more often concerned with existence and
uniqueness questions, and “applications” to other theoretical issues. The working profes-
sional in the field moves easily between these two seemingly disparate camps; indeed, most
modern books on approximation theory will devote a fair number of pages to both aspects
of the subject. Being a well-informed amateur rather than a trained expert on the subject,
however, my personal preferences have been the driving force behind my selection of topics.
Thus, although we will have a few things to say about computational considerations, the
primary focus here is on the theory of approximation.

By way of prerequisites, I will freely assume that the reader is familiar with basic notions
from linear algebra and advanced calculus. For example, I will assume that the reader is
familiar with the notions of a basis for a vector space, linear transformations (maps) defined
on a vector space, determinants, and so on; I will also assume that the reader is familiar
with the notions of pointwise and uniform convergence for sequence of real-valued functions,
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iv PREFACE

“e-§” and “e-N” proofs (for continuity of a function, say, and convergence of a sequence),
closed and compact subsets of the real line, normed vector spaces, and so on. If one or two
of these phrases is unfamiliar, don’t worry: Many of these topics are reviewed in the text;
but if several topics are unfamiliar, please speak with me as soon as possible.

For my part, I have tried to carefully point out thorny passages and to offer at least
a few hints or reminders whenever details beyond the ordinary are needed. Nevertheless,
in order to fully appreciate the material, it will be necessary for the reader to actually
work through certain details. For this reason, I have peppered the notes with a variety of
exercises, both big and small, at least a few of which really must be completed in order to
follow the discussion.

In the final chapter, where a rudimentary knowledge of topological spaces is required, I
am forced to make a few assumptions that may be unfamiliar to some readers. Still, T feel
certain that the main results can be appreciated without necessarily following every detail
of the proofs.

Finally, I would like to stress that these notes borrow from a number of sources. Indeed,
the presentation draws heavily from several classic textbooks, most notably the wonderful
books by Natanson [41], de La Vallée Poussin [37], and Cheney [12] (numbers refer to the
References at the end of these notes), and from several courses on related topics that I
took while a graduate student at The Ohio State University offered by Professor Bogdan
Baishanski, whose prowess at the blackboard continues to serve as an inspiration to me. I
should also mention that these notes began, some 20 years ago as I write this, as a supplement
to Rivlin’s classic introduction to the subject [45], which I used as the primary text at the
time. This will explain my frequent references to certain formulas or theorems in Rivlin’s
book. While the notes are no longer dependent on Rivlin, per se, it would still be fair to
say that they only supplement his more thorough presentation. In fact, wherever possible,
I would encourage the interested reader to consult the original sources cited throughout the
text.
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Chapter 1

Preliminaries

Introduction

In 1853, the great Russian mathematician, P. L. Chebyshev (Cebyéev), while working on a
problem of linkages, devices which translate the linear motion of a steam engine into the
circular motion of a wheel, considered the following problem:

Given a continuous function f defined on a closed interval [a,b] and a posi-
tive integer n, can we “represent” f by a polynomial p(z) = >°)_,axz”, of
degree at most m, in such a way that the maximum error at any point x in
[a,b] is controlled? In particular, is it possible to construct p so that the error
max ,<q<p | f(2) — p(z)| is minimized?

This problem raises several questions, the first of which Chebyshev himself ignored:

— Why should such a polynomial even exist?

— If it does, can we hope to construct it?

— If it exists, is it also unique?

— What happens if we change the measure of error to, say, f(f |f(x) — p(x)|? da?

Exercise 1.1. How do we know that C[a,b] contains non-polynomial functions? Name
one (and explain why it isn’t a polynomial)!

Best Approximations in Normed Spaces

Chebyshev’s problem is perhaps best understood by rephrasing it in modern terms. What
we have here is a problem of best approximation in a normed linear space. Recall that a
norm on a (real) vector space X is a nonnegative function on X satisfying

lz]| > 0, and ||z|| = 0 if and only if x = 0,

lox|| = |af||z|| for any € X and a € R,

[z +yll < [lzll + [ly|| for any z, y € X.
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Any norm on X induces a metric or distance function by setting dist(x,y) = ||z — y||. The
abstract version of our problem(s) can now be restated:

Given a subset (or even a subspace) Y of X and a point z € X, is there an
element y € Y that is nearest to 27 That is, can we find a vector y € Y such
that ||z — y|| = min ey ||x — 2||?7 If there is such a best approzimation to x from
elements of Y, is it unique?

It’s not hard to see that a satisfactory answer to this question will require that we take
Y to be a closed set in X, for otherwise points in Y\ Y (sometimes called the boundary of
the set Y') will not have nearest points. Indeed, which point in the interval [0,1) is nearest
to 17 Less obvious is that we typically need to impose additional requirements on Y in
order to insure the existence (and certainly the uniqueness) of nearest points. For the time
being, we will consider the case where Y is a closed subspace of a normed linear space X.

Examples 1.2.

1. As we'll soon see, in X = R™ with its usual norm ||(z)7_, |2 = (Xr_, |xk|2)1/2, the
problem has a complete solution for any subspace (or, indeed, any closed convex set)
Y. This problem is often considered in calculus or linear algebra where it is called
“least-squares” approximation. A large part of the current course will be taken up
with least-squares approximations, too. For now let’s simply note that the problem
changes character dramatically if we consider a different norm on R™, as evidenced by
the following example.

2. Consider X = R? under the norm ||(z,%)|| = max{|z|, |y|}, and consider the subspace
Y ={(0,y) : y € R} (i.e., the y-axis). It’s not hard to see that the point z = (1,0) € R?
has infinitely many nearest points in Y; indeed, every point (0,y), —1 < y < 1, is
nearest to .

‘F - |
|
|
| |
(AN | 0,1)
| 1 I 1
| S
| N
| l
| ., Y S
-1 0 1 0 Y
sphere of radius 1, max norm sphere of radius 1, usual norm

3. There are many norms we might consider on R". Of particular interest are the /-
norms; that is, the scale of norms:

1/p

n
@il = (Z W) , 1<p<oo,
k=1

and
I o = i
It’s easy to see that || - ||; and || - |so define norms. The other cases take a bit more

work; for full details see Appendix A.



4. The ¢5-norm is an example of a norm induced by an inner product (or “dot” product).
You will recall that the expression

n
<xay> = Zmiy’h
i=1

where x = (z;)?_, and y = (y;)!_;, defines an inner product on R™ and that the norm
in R™ satisfies

[zllz =/ (@, 2) .

In this sense, the usual norm on R” is actually induced by the inner product. More
generally, any inner product will give rise to a norm in this same way. (But not vice
versa. As we’ll see, inner product norms satisfy a number of special properties that
aren’t enjoyed by all norms.)

The presence of an inner product in an abstract space opens the door to geometric
arguments that are remarkably similar to those used in R™. (See Appendix D for
more details.) Luckily, inner products are easy to come by in practice. By way of
one example, consider this: Given a positive Riemann integrable weight function w(x)
defined on some interval [a,b], it’s not hard to check that the expression

b
(19)= [ 1090 wlt)ds

defines an inner product on C[a,b], the space of all continuous, real-valued functions
f:la,b] — R, with associated norm

b 1/2
||f||2:</ |f(t)|2w(t)dt> .

We will take full advantage of this fact in later chapters (in particular, Chapters 8-9).

5. Our original problem concerns the space X = C[a,b] under the uniform norm | f| =
max ,<g<p | f(2)]. The adjective “uniform” is used here because convergence in this
norm is the same as uniform convergence on [a,b]:

lfn — fll = 0 < f, — f uniformly on [a,b]

(which we will frequently abbreviate by writing f, = f on [a,b]). This, by the way,
is the norm of choice on C[a,b] (largely because continuity is preserved by uniform
limits). In this particular case we’re interested in approximations by elements of
Y =P, the subspace of all polynomials of degree at most n in C[a,b]. It’s not hard
to see that P, is a finite-dimensional subspace of C|a,b] of dimension exactly n + 1.
(Why?)

6. If we consider the subspace Y = P consisting of all polynomials in X = C[a,b], we
readily see that the existence of best approximations can be problematic. It follows
from the Weierstrass theorem, for example, that each f € C[a,b] has distance 0
from P but, because not every f € C|a,b] is a polynomial (why?), we can’t hope for
a best approximating polynomial to exist in every case. For example, the function
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f(z) = zsin(1/x) is continuous on [0, 1] but can’t possibly agree with any polynomial
on [0,1]. (Why?) As you may have already surmised, the problem here is that every
element of C[a,b] is the (uniform) limit of a sequence from P; in other words, the
closure of Y equals X; in symbols, ¥ = X.

Finite-Dimensional Vector Spaces

The key to the problem of polynomial approximation is the fact that each of the spaces
Pn, described in Examples 1.2 (5), is finite-dimensional. To see how finite-dimensionality
comes into play, it will be most efficient to consider the abstract setting of finite-dimensional
subspaces of arbitrary normed spaces.

Lemma 1.3. Let V be a finite-dimensional vector space. Then, all norms on V are equiv-
alent. That is, if || - || and |||-]|| are norms on V', then there exist constants 0 < A, B < 00
such that

Allz]| <|llll] < B ll=|

for all vectors x € V.

Proof. Suppose that V' is n-dimensional and that || - || is a norm on V. Fix a basis ey, ..., e,
for V' and consider the norm

n
E ;€4
i=1

for x = "1 | aje; € V. Because eq,..., e, is a basis for V, it’s not hard to see that || - |1
is, indeed, a norm on V. [Notice that we’ve actually set-up a correspondence between R”
and V; specifically, the map (a;)?_; — >\, a;e; is obviously both one-to-one and onto. In
fact, this correspondence is an isometry between (R™, || - ||1) and (V|| - |l1).]

It now suffices to show that || - || and || - ||y are equivalent. (Why?)

One inequality is easy to show; indeed, notice that

n n n
D aiei|| <D lail el < (1@?@% Iei> > lai|=B
i=1 i=1 - i=1

The real work comes in establishing the other inequality.
Now the inequality we’ve just established shows that the function « — ||z|| is continuous
on the space (V,| - |1); indeed,

n
= lai| = (@)= h
i=1

1

n
E ;€4
i=1

1

[l =1yl | < e =yl < Bllz =yl
for any x, y € V. Thus, || - || assumes a minimum value on the compact set
S={zeV:|z| =1}

(Why is S compact?) In particular, there is some A > 0 such that ||z|| > A whenever
[lz]|1 = 1. (Why can we assume that A > 07) The inequality we need now follows from the
homogeneity of the norm:

> A= o] = Al O

I
B4R



Corollary 1.4. Every finite-dimensional normed space is complete (that is, every Cauchy
seqeuence converges). In particular, if Y is a finite-dimensional subspace of a normed linear
space X, then'Y is a closed subset of X.

Corollary 1.5. Let Y be a finite-dimensional normed space, let x € Y, and let M > 0.
Then, any closed ball {y €Y : |z —y|| < M } is compact.

Proof. Because translation is an isometry, it clearly suffices to show that the set {y € Y :
lyll < M} (i-e., the ball about 0) is compact.

Suppose now that Y is m-dimensional and that e;j,...,e, is a basis for Y. From
Lemma 1.3 we know that there is some constant A > 0 such that

n n
'S SR bl
i=1 i=1

for all z = Z?Zl a;e; €Y. In particular,

n
E 212

i=1

Ala;| < <M = |a;] <MJ/A for i=1,...,n.

Thus, {y €Y : |ly|| < M } is a closed subset (why?) of the compact set
{szaiei:ai|§M/A,i:l,...,n}:[—M/A,M/A}". O
i=1

Theorem 1.6. Let Y be a finite-dimensional subspace of a normed linear space X, and let
x € X. Then, there exists a (not necessarily unique) vector y* € Y such that

z—y*|| = min||lz —
lz =yl erH yll

for ally € Y. That is, there is a best approrimation to x by elements from Y.

Proof. First notice that because 0 € Y, we know that any nearest point y* will satisfy
|z —y*|| < |lz|l = ||l — 0]|. Thus, it suffices to look for y* in the compact set

K={yeY:|z—yll <z}

To finish the proof, we need only note that the function f(y) = ||« — y|| is continuous:
[f(y) = fF) = | llz = yll = lle = 2l | < lly — =],
and hence attains a minimum value at some point y* € K. O

Corollary 1.7. For each f € Cla,b] and each positive integer n, there is a (not necessarily
unique) polynomial pf € P, such that

If—ppll = Jmin If = pll.
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Example 1.8. Nothing in Corollary 1.7 says that p} will be a polynomial of degree ezactly
n—rather, it’s a polynomial of degree at most n. For example, the best approximation to
f(x) = = by a polynomial of degree at most 3 is, of course, p(z) = x. Even examples of
nonpolynomial functions are easy to come by; for instance, the best linear approximation
to f(x) =|z| on [—1,1] is actually the constant function p(xz) = 1/2, and this makes for an
entertaining exercise.

Before we leave these “soft” arguments behind, let’s discuss the problem of uniqueness of
best approximations. First, let’s see why we might like to have unique best approximations:

Lemma 1.9. Let Y be a finite-dimensional subspace of a normed linear space X, and
suppose that each x € X has a unique nearest point y, € Y. Then the nearest point map
T = Yy 1S continuous.

Proof. Let’s write P(x) = y, for the nearest point map, and let’s suppose that =, — x in
X. We want to show that P(x,) — P(z), and for this it’s enough to show that there is a
subsequence of (P(x,)) that converges to P(z). (Why?)

Because the sequence (z,,) is bounded in X, say ||z,|| < M for all n, we have

[1P(zn)ll < [[P(2n) = 2l + 2]l < 2zl < 2M.

Thus, (P(z,)) is a bounded sequence in Y, a finite-dimensional space. As such, by passing
to a subsequence, we may suppose that (P(z,)) converges to some element Py € Y. (How?)
Now we need to show that Py = P(z). But

[P(zn) — xnl < [[P(x) — 2l
for any n. (Why?) Hence, letting n — oo, we get
1Py —z| < [|P(z) — ]|
Because nearest points in Y are unique, we must have Py = P(x). O

Exercise 1.10. Let X be a metric (or normed) space and let f : X — X. Show that f is
continuous at x € X if and only if, whenever x,, — 2 in X, some subsequence of (f(x,))
converges to f(z). [Hint: The forward direction is easy; for the backward implication,
suppose that (f(z,)) fails to converge to f(z) and work toward a contradiction.]

It should be pointed out that the nearest point map is, in general, nonlinear and, as
such, can be very difficult to work with. Later we’ll see at least one case in which nearest
point maps always turn out to be linear.

In spite of any potential difficulties with the nearest point map, we next observe that
the set of best approximations has a well-behaved, almost-linear structure.

Theorem 1.11. Let Y be a subspace of a normed linear space X, and let x € X. The set
Y., consisting of all best approximations to x out of Y, is a bounded convex set.

Proof. As we’ve seen, the set Y, is a subset of the ball {y € X : ||z —y]|| < |z|| } and, as such,
is bounded. (More generally, the set Y, is a subset of the sphere {y € X : ||t —y|| = d},
where d = dist(z,Y) = inf yeyv ||z — y||.)

Next recall that a subset K of a vector space V is said to be convex if K contains the
line segment joining any pair of its points. Specifically, K is convex if

zy€K, 0<A<1 = Xx+(1-Ay€eK.



Thus, given y1, y2 € ¥, and 0 < A < 1, we want to show that the vector y* = Ay1+(1—-N)ys2 €
Y:. But y1, y2 € Y, means that

lz = 1ll = llo = yo|| = min o - yl.
Hence,
le =yl = lle=Qu+ 0= Nya)||
= @ —=y1) + (1 =Nz - )|
< Alz =l + A=Az — e
= min o —yl|.
Consequently, || — y*|| = min ey ||z — y||; that is, y* € Y. O

Exercise 1.12. If, in Theorem 1.11, we also assume that Y is finite-dimensional, show that
Y, is closed (hence a compact convex set).

If Y, contains more than one point, then, in fact, it contains an entire line segment.
Thus, Y, is either empty, contains exactly one point, or contains infinitely many points.
This observation gives us a sufficient condition for uniqueness of nearest points: If the

normed space X contains no line segments on any sphere {x € X : ||z|| = r}, then best
approximations (out of any convex subset Y') will necessarily be unique.
A norm || - || on a vector space X is said to be strictly convez if, for any pair of points

x #y € X with ||z]| = r = |ly||, we always have ||Az+ (1 —N)y|| < r for all 0 < A < 1. That
is, the open line segment between any pair of points on the sphere of radius r lies entirely
within the open ball of radius r; in other words, only the endpoints of the line segment can
hit the sphere. For simplicity, we often say that the space X is strictly convex, with the
understanding that we’re actually referring to a property of the norm in X. In any such
space, we get an immediate corollary to our last result:

Corollary 1.13. If X has a strictly convex norm, then, for any subspace Y of X and any
point © € X, there can be at most one best approximation to x out of Y. That is, Y, is
either empty or consists of a single point.

In order to arrive at a condition that’s somewhat easier to check, let’s translate our
original definition into a statement about the triangle inequality in X.

Lemma 1.14. A normed space X has a strictly convexr norm if and only if the triangle
inequality is strict on nonparallel vectors; that is, if and only if

r#ay, y#£az, dla e R = |z +y| <|z|+|yl-

Proof. First suppose that X is strictly convex, and let z and y be nonparallel vectors in X.
Then, in particular, the vectors x/||z|| and y/||y|| must be different. (Why?) Hence,

H( ] >w+< lyl )yH<1
=+l /i el + gl / Nyl

That is, ||z +yl| < [|z]| + [|y]|-
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Next suppose that the triangle inequality is strict on nonparallel vectors, and let = #
y € X with ||z|| = r = |ly||. If  and y are parallel, then we must have y = —z. (Why?) In
this case,
Az + (1= Ayl = [2A = 1] [[=]] <7

because —1 < 2XA — 1 < 1 whenever 0 < A < 1. Otherwise, z and y are nonparallel. Thus,
for any 0 < A < 1, the vectors Az and (1 — ) y are likewise nonparallel and we have

Az + (1 =Xyl < Azl + 1@ =Nyl =7 O
Examples 1.15.

1. The usual norm on Ca,b] is not strictly convex (and so the problem of uniqueness
of best approximations is all the more interesting to tackle). For example, if f(z) =«
and g(z) = 2 in C[0,1], then f # g and ||f|| =1 = ||g||, while || f + ]| = 2. (Why?)

2. The usual norm on R™ is strictly convex, as is any one of the norms ||-||, for 1 < p < oo.
(See Problem 10.) The norms || - ||; and || - ||oo, on the other hand, are not strictly
convex. (Why?)



Problems

[Problems marked () are essential to a full understanding of the course. Problems marked
() are of general interest and are offered as a contribution to your personal growth. Un-
marked problems are just for fun.]

The most important collection of functions for our purposes is the space C[a,b], con-
sisting of all continuous functions f : [a,b] — R. It’s easy to see that C[a,b] is a vector
space under the usual pointwise operations on functions: (f + g)(z) = f(z) + g(x) and
(af)(z) = af(z) for « € R. Actually, we will be most interested in the finite-dimensional
subspaces P,, of C[a,b], consisting of all algebraic polynomials of degree at most n.

> 1. The subspace P,, has dimension exactly n + 1. Why?

Another useful subset of C[a,b] is the collection lip v, consisting of those f which satisfy
a Lipschitz condition of order a > 0 with constant 0 < K < oo; i.e., those f for which
|f(z) — f(y)] < K|z —y|® for all z, y in [a,b]. [Some authors would say that f is Hélder
continuous with exponent «.]

x 2. (a) Show that lipy« is, indeed, a subset of C[a,b].
(
Show that v/z is in lip;(1/2) and that sinz is in lip;1 on [0,1].

Show that the collection lip c, consisting of all those f which are in lipga for
some K, is a subspace of C[a,b].

)

b) If @ > 1, show that lipxa contains only the constant functions.
)
)

(e) Show that lip 1 contains all the polynomials.
(f) If f € lip« for some o > 0, show that f € lip 3 for all 0 < 8 < a.
(g) Given 0 < « < 1, show that z® is in lip;a on [0, 1] but not in lip 8 for any 8 > a.

The vector space Ca,b] is most commonly endowed with the uniform or sup norm, defined
by ||fl| = maxe<z<p |f(z)]. Some authors use ||f||, or ||f|le here, and some authors refer
to this as the Chebyshev norm. Whatever the notation used, it is the norm of choice on
Cla,b].

* 3. Show that P,, and lip,« are closed subsets of C[a,b] (under the sup norm). Is lip «
closed? A bit harder: Show that lip 1 is both first category and dense in C|a,b].

4. Fix n and consider the norm |[|p||y = >_}_, |ax| for p(z) = ap+ a1z + -+ a,z"™ € Py,
considered as a subset of C[a,b]. Show that there are constants 0 < A,, B, < oo
such that A,|plli < |lpl] < Bullpll1, where ||p|| = max _ |p(x)]. Do A,, and B,

really depend on n? Do they depend on the underlying interval [a,b]?

5. Fill-in any missing details from Example 1.8.

We will occasionally consider spaces of real-valued functions defined on finite sets; that is,
we will consider R™ under various norms. (Why is this the same?) We define a scale of
norms on R™ by setting ||z|, = (>, |zi|p)1/p, where z = (z1,...,2,) and 1 < p < 0.
(We need p > 1 in order for this expression to be a legitimate norm, but the expression
makes perfect sense for any p > 0, and even for p < 0 provided no z; is 0.) Notice, please,

that the usual norm on R” is given by ||z]|o.
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6. Show that lim ,_, |||, = maxi1<i<n |2;|. For this reason we define
] = i [a].
Thus R™ under the norm || - ||oo is the same as C'({1,2,...,n}) under its usual norm.
7. Assuming x; # 0 for i = 1,...,n, compute lim ,_,o+ |||, and lim,_,_ [|z][,.

8. Consider R? under the norm ||z||,. Draw the graph of the unit sphere {z : ||z||, = 1}

for various values of p (especially p =1, 2, 00).

In a normed space normed space (X, || - ||), prove that the following are equivalent:

(a) |lz+yll = ||l=]| + |ly|| always implies that x and y lie in the same direction; that
is, either £ = ay or y = ax for some nonnegative scalar «.

]l + vl
s

r+y
—| < 1.
ey

(d) X is strictly convex (as defined on page 7).

Tty

(b) If z, y € X are nonparallel, then

(¢) f x #£y € X with ||z =1 = ||y, then

We write £} to denote the vector space of sequences of length n endowed with the p-norm;
that is, R™ supplied with the norm | - ||,. And we write ¢, to denote the vector space
of infinite length sequences x = ()52, for which ||z||, < co. In each space, the usual
algebraic operations are defined pointwise (or coordinatewise) and the norm is understood
to be | - -

10.

12.

13.

14.

Show that £, (and hence £}) is strictly convex for 1 < p < oo. Show also that this
fails in cases p = 1 and p = oo. [Hint: Show that the function f(¢) = |¢|? satisfies
f((s+1)/2) < (f(s)+ f(t))/2 whenever s # t and 1 < p < 0.

. Let X be a normed space and let B = {z € X : |z|| < 1}. Show that B is a closed

convex set.

Consider R? under the norm || - |[oo. Let B = {y € R?: [|y|lo < 1} and let z = (2,0).

Show that there are infinitely many points in B nearest to x.

Let K be a compact convex set in a strictly convex space X and let x € X. Show that
x has a unique nearest point yo € K.

Let K be a closed subset of a complete normed space X. Prove that K is convex if
and only if K is midpoint conver; that is, if and only if (x + y)/2 € K whenever z,
y € K. Is this result true in more general settings? For example, can you prove it
without assuming completeness? Or, for that matter, is it true for arbitrary sets in
any vector space (i.e., without even assuming the presence of a norm)?



Chapter 2

Approximation by Algebraic
Polynomials

The Weierstrass Theorem

Let’s begin with some notation. Throughout this chapter, we’ll be concerned with the
problem of best (uniform) approximation of a given function f € C[a,b] by elements from
P, the subspace of algebraic polynomials of degree at most n in C[a,b]. We know that the
problem has a solution (possibly more than one), which we’ve chosen to write as p. We set

En(f) = 52%% 1f =pll =Ilf —prll-

Because P,, C P,,41 for each n, it’s clear that E, (f) > E,+1(f) for each n. Our goal in this
chapter is to prove that E, (f) — 0. We’ll accomplish this by proving:

Theorem 2.1. (The Weierstrass Approximation Theorem, 1885) Let f € C[a,b]. Then,
for every € > 0, there is a polynomial p such that ||f — p|| < e.

Tt follows from the Weierstrass theorem that, for some sequence of polynomials (g ), we
have ||f — qx|| — 0. We may suppose that g, € P,, where (ng) is increasing. (Why?)
Whence it follows that E,(f) — 0; that is, p}, = f. (Why?) This is an important first step
in determining the exact nature of F,(f) as a function of f and n. We’ll look for much
more precise information in later sections.

Now there are many proofs of the Weierstrass theorem (a mere three are outlined in
the exercises, but there are hundreds!), and all of them start with one simplification: The
underlying interval [a, b] is of no consequence.

Lemma 2.2. If the Weierstrass theorem holds for C[0,1], then it also holds for C[a,b],
and conversely. In fact, C[0,1] and C[a,b] are, for all practical purposes, identical: They
are linearly isometric as normed spaces, order isomorphic as lattices, and isomorphic as
algebras (rings).

Proof. We'll settle for proving only the first assertion; the second is outlined in the exercises
(and uses a similar argument). See Problem 1.
First, notice that the function

o@)=a+(b—-a)z, 0<x<]1,

11
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defines a continuous, one-to-one map from [0,1] onto [a,b]. Given f € C[a,b], it follows
that g(z) = f(o(x)) defines an element of C[0,1]. Moreover,

= t)|.
jpax |g(x)| = max |f(1)
Now, given & > 0, suppose that we can find a polynomial p such that ||g — p|| < &; in other
words, suppose that
ma§1|f(a +(b—a)z) —p(z)| <e.
7‘%7

2
f0-»(1=2) <.

t—a

(Why?) But if p(z) is a polynomial in x, then ¢(t) = p (—) is a polynomial in ¢ satisfying

b—a
If—dqll <e.
The proof of the converse is entirely similar: If g(x) is an element of C[0,1], then

Then,

max
a<t<b

f)y=g (éi—i), a <t <b, defines an element of C[a,b]. Moreover, if ¢(t) is a polynomial

in t approximating f(t), then p(z) = ¢(a + (b — a)z) is a polynomial in x approximating
g(z). The remaining details are left as an exercise. O

The point to our first result is that it suffices to prove the Weierstrass theorem for any
interval we like; [0,1] and [—1,1] are popular choices, but it hardly matters which interval
we use.

Bernstein’s Proof

The proof of the Weierstrass theorem we present here is due to the great Russian math-
ematician S. N. Bernstein in 1912. Bernstein’s proof is of interest to us for a variety of
reasons; perhaps most important is that Bernstein actually displays a sequence of polyno-
mials that approximate a given f € C[0,1]. Moreover, as we’ll see later, Bernstein’s proof
generalizes to yield a powerful, unifying theorem, called the Bohman-Korovkin theorem (see
Theorem 2.9).

If f is any bounded function on [0,1], we define the sequence of Bernstein polynomials
for f by

(Bu(H) (@) = f(k/n)- (Z)wk(l—w)”"“, 0<xz<l.
k=0

Please note that B, (f) is a polynomial of degree at most n. Also, it’s easy to see that

(Bn(£))(0) = f(0), and (B,(f))(1) = f(1). In general, (B,(f))(z) is an average of the
numbers f(k/n), k = 0,...,n. Bernstein’s theorem states that B,(f) = f for each f €
C[0,1]. Surprisingly, the proof actually only requires that we check three easy cases:

folx)=1, fi(z) =2z, and fo(z)=2>
This, and more, is the content of the following lemma.

Lemma 2.3. (i) B,(fo) = fo and B,(f1) = f1.

(i) Bn(f2) = (1 - %)fz + L1, and hence B, (f2) = fo.
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(ii) g(i —:c)z(Z)w’“(l — )" = @ < ﬁ, if 0<z<1.

(iv) Given § > 0 and 0 < = < 1, let F denote the set of k in {0,...,n} for which
k ny k n—k 1
’E—x‘zd Thenz<k>x (1—ux) §4n52'

keF

Proof. That B, (fo) = fo follows from the binomial formula:

i (Z) Fl-a)"F=lp+(1-2)" =1L

k=0

To see that B, (f1) = f1, first notice that for k > 1 we have

i(Z) T (& —(?)!_(Tll)i DI (Z: i)
Consequently,

3 X (Z) NI . o (Z B 1) (L — )k

k
n

Il
—=

= z (n__l)xj(l—x)("_l)_j = 2.

i J

I
=

Next, to compute B, (f2), we rewrite twice:
k\? (n\  k(n-1 n—1 k—1(n-1\ 1/n—1
(n) (k> n<k—1> n n—l(k;—l)+n(k—1>’l -
1 n—2 1/n—-1
_ _ 2 - if k> 2.
(1 n)(k—2>+n<k—1)’lfk_2

Thus,
n 2
k
(&) ()a=er
k=0
1\ o« (n—2 1 n—1
— (1= k 1— n—~k - k 1— n—k
(D) E(my)ro e e I ()0
k=2 k=1
1 1
= (1—>x2+m,
n n
which establishes (i) because || By (f2) — f2| = 2| f1 — f2| = 0 as n — oc.

To prove (iii) we combine the results in (i) and (ii) and simplify. Because ((k/n) —x)? =
(k/n)? — 2z(k/n) + 2%, we get

B (e

k

1 1
(1—>x2+x—2x2+x2
n n

1 (1 ) < 1
2ol — -
n = 4n’
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for0 <z <1.
Finally, to prove (iv), note that 1 < ((k/n) — x)?/62 for k € F', and hence

ny k n—k 1 k 2(n\ & n—k
E (k>x (1—x) < 5 (ﬁfx) (k>x (1—x)
keF keF
1 ~/k 2/n\ 4 n—k
< _ _ _ 3
- 6 (n x) (k)x (1 - =)
k=0
1
< ).
S gt from (iii) O

Now we’re ready for the proof of Bernstein’s theorem:

Proof. Let f € C[0,1] and let € > 0. Then, because f is uniformly continuous, there is
a 0 > 0 such that |f(z) — f(y)| < €/2 whenever |z — y| < 6. Now we use the previous
lemma to estimate || f — B, (f)||. First notice that because the numbers (})z*(1—z)"~* are
nonnegative and sum to 1, we have

(@) = Bu(H)@)| = |f<x>_i<z> f@ 251 — )

- [S ) G-
< Z s -1 (5)] (F)eHa—art,

k=0

Now fix n (to be specified in a moment) and let F' denote the set of k in {0, ...,n} for which
|(k/n) — x| > 6. Then [f(x) = f(k/n)| < e/2 for k ¢ F, while |f(z) — f(k/n)| < 2|f] for
k € F. Thus,

1)~ (Bu( ) @)
X (F)ara—ar 21 (et -t

k¢ F keF
1
< % -1+ 2| f] - T2’ from (iv) of the Lemma,
< ¢, provided that n > ||f||/e6%. O

Landau’s Proof

Just because it’s good for us, let’s give a second proof of Weierstrass’s theorem. This one
is due to Landau in 1908. First, given f € C[0,1], notice that it suffices to approximate
f — p, where p is any polynomial. (Why?) In particular, by subtracting the linear function
£(0)4+=z(f(1) — f(0)), we may suppose that f(0) = f(1) = 0 and, hence, that f = 0 outside
[0,1]. That is, we may suppose that f is defined and uniformly continuous on all of R.

Again we will display a sequence of polynomials that converge uniformly to f; this time
we define

Lo)=e [ ) (=)
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where ¢,, is chosen so that
1
cn/ (1—tH"dt = 1.
-1

Note that by our assumptions on f, we may rewrite L,(x) as

1—x 1
L,(z) = cn/ flx+t)(1—t>)"dt = C"/o f) (1= (t—x)>)™dt.

—x

Written this way, it’s clear that L,, is a polynomial in z of degree at most n.
We first need to estimate ¢,. An easy induction argument will convince you that (1 —
t2)" > 1 —nt?, and so we get

1 1/Vn
/ (1—t2)”dt22/ (1 —nt?)dt =
0

-1

41
3vn = n’

from which it follows that ¢, < y/n. In particular, for any 0 < d < 1,

cn/l(l—tz)"dt<\/ﬁ(1—§2)"—>0 (n — ),
5

which is the inequality we’ll need.
Next, let € > 0 be given, and choose 0 < ¢ < 1 such that
|f(z) — f(y)] < e/2 whenever |z —y| < 0.

Then, because ¢, (1 —t?)™ > 0 and integrates to 1, we get

1
Lale) = 5@ = en [ [fla 40 )]0 t?)”dt\
1
< cn/_lIf(x+t)—f(w)l(1—t2)"dt
4 1
< %Cnlé(l7t2)ndt+4||f||cn/6 (1—t*)"dt
< SH4AlfIVRA -0 <o,
provided that n is sufficiently large. O

A third proof of the Weierstrass theorem, due to Lebesgue in 1898, is outlined in the
problems at the end of the chapter (see Problem 7). Lebesgue’s proof is of historical in-
terest because it inspired Stone’s version of the Weierstrass theorem, which we’ll discuss in
Chapter 11.

Before we go on, let’s stop and make an observation or two: While the Bernstein poly-
nomials B, (f) offer a convenient and explicit polynomial approximation to f, they are by
no means the best approximations. Indeed, recall that if fi(x) = x and fa(z) = 2?2, then
B,(f2)=(1- %)fg + %fl # fa. Clearly, the best approximation to fo out of P, should be
f2 itself whenever n > 2. On the other hand, because we always have

En(f) <If = Bu(HI (why?),

a detailed understanding of Bernstein’s proof will lend insight into the general problem of
polynomial approximation. Our next project, then, is to improve upon our estimate of the

error || f — Bn(f)]]-
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Improved Estimates

To begin, we will need a bit more notation. The modulus of continuity of a bounded function
f on the interval [a,b] is defined by

Wf((S) wa([a,b];(S) :SUP{ If(z) = f(y)] 2,y € [a"b]v ‘x_y‘ < 5}

for any 6 > 0. Note that wy(d) is a measure of the “c” that goes along with ¢ (in the
definition of uniform continuity); literally, we have written ¢ = wy(d) as a function of .
Here are a few easy facts about the modulus of continuity:

Exercise 2.4.
1. We always have |f(z) — f(y)| < ws(|z —y|) for any x #y € [a,b].
2. If 0 < ¢’ <6, then wy(d") <wy(9).

3. f is uniformly continuous if and only if ws(d) — 0 as § — 0". [Hint: The statement
that |f(z) — f(y)] < e whenever |z — y| < J is equivalent to the statement that
wy(0) <e.]

4. If f' exists and is bounded on [a,b], then wy(d) < K6 for some constant K.

5. We say that f satisfies a Lipschitz condition of order o with constant K, where 0 <
a<land0< K <oo,if |[f(z) — f(y)] < K|z —y|* for all z, y. We abbreviate this
statement by writing: f € lipga. Check that if f € lipga, then wy(d) < K§* for all
6> 0.

For the time being, we actually need only one simple fact about wy(9):

Lemma 2.5. Let f be a bounded function on [a,b] and let 6 > 0. Then, wg(nd) < nws(d)
forn=1,2,.... Consequently, ws(A6) < (1+ A)wys(d) for any A > 0.

Proof. Given z < y with |z —y| < nd, split the interval [z, y] into n pieces, each of length
at most §. Specifically, if we set 2z, = z+k(y—x)/n, for k=0,1,...,n, then |z, —z5_1| <6
for any £ > 1, and so

1f(@) = f)l = D f(e) = Fze)
k=1
< Y 1f(k) = flzrm)]
k=1
< nws(d).

Thus, wy(nd) < nwys(9).
The second assertion follows from the first (and one of our exercises). Given A > 0,
choose an integer n so that n — 1 < A < n. Then,

wi(A) Sws(nd) <nwyp(d) < (14 X)wy(9). O

We next repeat the proof of Bernstein’s theorem, making a few minor adjustments here
and there.
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Theorem 2.6. For any bounded function f on [0,1] we have

If = Balf)l < ‘;’wf(;ﬁ>

In particular, if f € C[0,1], then E,(f) < %wf(ﬁ) — 0 as n — 0.

Proof. We first do some term juggling:

; (1@ =7 (2)) (})at -t
1@ -1 (5)] ()t -y
)G
(B[l 5]

o) e (o]

k=0
where the third inequality follows from Lemma 2.5 (by taking A = /n |x — %| and § =

ﬁ ). All that remains is to estimate the sum, and for this we’ll use Cauchy-Schwarz

[f(z) = Bu(f)(z)| =

M=

IN
[
&

TN

IN
S
<

(and our earlier observations about Bernstein polynomials). Because each of the terms
(})@*(1 — z)"~* is nonnegative, we have

S Qo
Bt G-  Ger]”
[Eb A @] (£ G0ar]”
<[a]" -5
~ |4n 2\/77'
Finally,
R IR O

Examples 2.7.

1. If f € lipga, it follows that ||f — Bn(f)|| < 3Kn~®/? and hence that E,(f) <
%Kn’o‘ﬂ.
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2. As a particular case of the first example, consider f(z) = ’ac — %| on [0,1]. Then
f €lip;1, and so || f — Bn(f)|| < 2 n~'/2. But, as Rivlin points out (see Remark 3 on
p. 16 of [45]), ||f — Bn(f)| > 4 n=!/2. Thus, we can’t hope to improve on the power of
n in this estimate. Nevertheless, we will see an improvement in our estimate of E,,(f).

The Bohman-Korovkin Theorem

The real value to us in Bernstein’s approach is that the map f — B, (f), while providing a
simple formula for an approximating polynomial, is also linear and positive. In other words,

B (f +g) = Bn(f) + Bn(9),
B, (af) = aB,(f), a € R,
and

B, (f) > 0 whenever f > 0.

(See Problem 15 for more on this.) As it happens, any positive, linear map T : C[0,1] —
C[0,1] is automatically continuous!

Lemma 2.8. IfT: Cla,b] — C|a,b] is both positive and linear, then T is continuous.

Proof. First note that a positive, linear map is also monotone. That is, T satisfies T'(f) <
T(g) whenever f <g. (Why?) Thus, for any f € C[a,b], we have

—f F<|fl = =T(f), T(f) <T(f]);

that is, |[T'(f)] < T(|f]). But now |f| < ||f|| - 1, where 1 denotes the constant 1 function,
and so we get

THI<T(f) < IAIT).
Thus,
IO < AT @)
for any f € Cla,b]. Finally, because T is linear, it follows that T is Lipschitz with constant
[T ()]]:
1T(f) =TI =IT(f =l < IT@If - gll-

Consequently, T is continuous. O
Now positive, linear maps abound in analysis, so this is a fortunate turn of events.
What’s more, Bernstein’s theorem generalizes very nicely when placed in this new setting.

The following elegant theorem was proved (independently) by Bohman and Korovkin in,
roughly, 1952.

Theorem 2.9. Let T,, : C[0,1] — C[0,1] be a sequence of positive, linear maps, and
suppose that T,,(f) — f uniformly in each of the three cases

folx)=1, fi(x)==x, and folz)=2>
Then, T,,(f) — f uniformly for every f € C[0,1].

The proof of the Bohman-Korovkin theorem is essentially identical to the proof of Bern-
stein’s theorem except, of course, we write T,,(f) in place of B, (f). For full details, see [12].
Rather than proving the theorem, let’s settle for a quick application.
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Example 2.10. Let f € C[0,1] and, for each n, let L, (f) be the polygonal approximation
to f with nodes at k/n, k = 0,1,...,n. That is, L,(f) is linear on each subinterval
[(k—1)/n, k/n] and agrees with f at each of the endpoints: L, (f)(k/n) = f(k/n). Then
L, (f) — f uniformly for each f € C[0,1]. This is actually an easy calculation all by itself,
but let’s see why the Bohman-Korovkin theorem makes short work of it.

That L, (f) is positive and linear is (nearly) obvious; that L, (fo) = fo and L, (f1) = f1
are really easy because, in fact, L,(f) = f for any linear function f. We just need to show
that L, (f2) = f2. But a picture will convince you that the maximum distance between
L, (f2) and f5 on the interval [ (k — 1)/n, k/n] is at most

k> [(k-1\" 2k-1 2
- _ — < Z
n n n? T n
That is, || fo — Ln(f2)]| <2/n — 0 as n — co.
[Note that L, is a linear projection from C[0, 1] onto the subspace of polygonal functions
based on the nodes k/n, k =0,...,n. An easy calculation, similar in spirit to the example

above, will show that ||f — L, (f)|| < 2ws(1/n) — 0 as n — oo for any f € C[0,1]. See
Problem 8.]
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Problems

>x 1. Define o : [0,1] — [a,b] by o(t) = a+t(b— a) for 0 < ¢t < 1, and define a transfor-
mation Ty : Cla,b] — C[0,1] by (T,(f))(t) = f(o(¢)). Prove that T, satisfies:

(a) To(f +9) =To(f) + To(g) and Ty(cf) = cTo(f) for c € R.

(b) Tu(fg9) =T,(f) T»(g). In particular, T, maps polynomials to polynomials.
(¢) T,(f) < T,(g) if and only if f < g.

(@) T (O = NIl

(e) T, is both one-to-one and onto. Moreover, (T,)~! =T, 1.

>+ 2. Bernstein’s Theorem shows that the polynomials are dense in C[0,1]. Using the
results in Problem 1, conclude that the polynomials are also dense in Ca,b].

>+ 3. How do we know that there are non-polynomial elements in C[0,1]? In other words,
is it possible that every element of C[0,1] agrees with some polynomial on [0,1]?

4. Let (Q,) be a sequence of polynomials of degree m,,, and suppose that (Q,,) converges
uniformly to f on [a,b], where f is not a polynomial. Show that m,, — cc.

5. Use induction to show that (1 + x)™ > 1+ nz, for all n = 1,2, ..., whenever x > —1.
Conclude that (1 —2)" > 1 — nt? whenever —1 <t < 1.

A polygonal function is a piecewise linear, continuous function; that is, a continuous function
f :[a,b] — R is a polygonal function if there are finitely many distinct points a = xg <
x1 < -+ < x, = b, called nodes, such that f is linear on each of the intervals [x_1, x|,
k=1,....n

Fix distinct points a = g < 21 < -+ < 2, = b in [a,b], and let S,, denote the set
of all polygonal functions having nodes at the xj. It’s not hard to see that .S,, is a vector
space. In fact, it’s relatively clear that S,, must have dimension exactly n + 1 as there are
n + 1 “degrees of freedom” (each element of S, is completely determined by its values at
the zj). More convincing, perhaps, is the fact that we can easily display a basis for S,,. (see
Natanson [41]).

* 6. (a) Show that S, is an (n + 1)-dimensional subspace of C[a,b] spanned by the
constant function ¢g(z) = 1 and the “angles” ¢y1(x) = | — x| + (x — ) for
k=0,...,n— 1. Specifically, show that each h € S,, can be uniquely written
as h(z) = co+ > cipi(x). [Hint: Because each side of the equation is an
element of S, it’s enough to show that the system of equations h(xzg) = ¢o and
h(zk) = co + 22?21 ¢i(xy — xi—1) for k = 1,...,n can be solved (uniquely) for
the Ci-]

(b) Each element of S,, can be written as Z?;ll a;lx — z;| + bx + d for some choice
of scalars aq,...,an_1, b, d.

* 7. Given f € C[0,1], show that f can be uniformly approximated by a polygonal func-
tion. Specifically, given a positive integer n, let L, (z) denote the unique polygonal
function with nodes at (k/n)j_, that agrees with f at each of these nodes. Show that
IIf — Ly| is small provided that n is sufficiently large.
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(a) Let f be in lipo1; that is, suppose that f satisfies |f(x) — f(y)| < Clz — y| for
some constant C and all z, y in [0,1]. In the notation of Problem 7, show that
|f—Lyn|| <2C/n. [Hint: Given z in [k/n, (k+1)/n), check that | f(z) — L, (z)| =
[f (@) = f(k/n) + La(k/n) = Ln(2)] < [f(x) = f(k/n)| + [f((k+1)/n) — f(k/n)|]

(b) More generally, prove that ||f — L,(f)|| < 2w¢(1/n) — 0 as n — oo for any
fecCio].

In light of the results in Problems 6 and 7, Lebesgue noted that he could fashion a proof
of Weierstrass’s Theorem provided he could prove that |z — ¢| can be uniformly approx-
imated by polynomials on any interval [a,b]. (Why is this enough?) But thanks to the
result in Problem 1, for this we need only show that |z| can be uniformly approximated by
polynomials on the interval [—1,1].

* 9.

10.

11.

12.

13.

14.

> 15.

16.

17.

* 18.

Here’s an elementary proof that there is a sequence of polynomials (P,) converging
uniformly to |z| on [—1,1].

(a) Define (P,) recursively by P,.1(z) = P,(z) + [x — P,(2)?]/2, where Py(z) = 0.
Clearly, each P, is a polynomial.

(b) Check that 0 < P,(x) < Ppy1(z) < /x for 0 < z < 1. Use Dini’s theorem to
conclude that P,(z) = /z on [0,1].

(c) P,(2?) is also a polynomial, and P,(2?) = |z| on [—1,1].

If f € C[-1,1] is an even function, show that f may be uniformly approximated by

even polynomials (that is, polynomials of the form ZZ:O apx?k).

If f € C[0,1] and if f(0) = f(1) = 0, show that the sequence of polynomials
veo [(2) f(k/n)] 2¥(1 — 2)"~* having integer coefficients converges uniformly to f

(where [x] denotes the greatest integer in ). The same trick works for any f € Cla,b]

provided that 0 < a < b < 1.

If p is a polynomial and € > 0, prove that there is a polynomial ¢ with rational
coefficients such that ||p —¢|| < € on [0,1]. Conclude that C[0,1] is separable (that
is, C[0,1] has a countable dense subset).

Let (z;) be a sequence of numbers in (0,1) such that lim 13"  a¥ exists for every
n—oo
k=0,1,2,.... Show that nh_}n;@ LS f(;) exists for every f € C[0,1].

If f € C[0,1] and if fol 2" f(x)dx = 0 for each n = 0,1,2,..., show that f = 0. [Hint:
Using the Weierstrass theorem, show that fol =0

Show that |B,(f)| < Bn(|f|), and that B,(f) > 0 whenever f > 0. Conclude that
[Bu (NI < IIf1]-

If f is a bounded function on [0,1], show that B,(f)(z) — f(z) at each point of
continuity of f.

Find B, (f) for f(z) = 23. [Hint: k? = (k—1)(k—2)+3(k—1)+1.] The same method
of calculation can be used to show that B, (f) € P, whenever f € P,, and n > m.

Let f be continuously differentiable on [a,b], and let € > 0. Show that there is a
polynomial p such that ||f —p| <e and ||f' —P'| <e.
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19.

20.

21.

22.
23.

> 24.

25.

CHAPTER 2. APPROXIMATION BY ALGEBRAIC POLYNOMIALS

Suppose that f € C[a,b] is twice continuously differentiable and has f” > 0. Prove
that the best linear approximation to f on [a,b] is a9 + a1z where ag = f'(c),
a1 = [f(a) + f(c) + f'(c)(a + ¢)]/2, and where ¢ is the unique solution to f'(c) =

(f(b) = f(a))/(b = a).

Let f:[a,b] — R be a bounded function. Prove that
wy([a,b];8) = sup{ diam(f(I)) : I C [a,b], diam() <&}
where I denotes a closed subinterval of [a,b] and where diam(A) denotes the diameter

of the set A.

If the graph of f : [a,b] — R has a jump of magnitude o > 0 at some point g in
[a,b], then wy(d) > a for all 6 > 0.

Calculate wy for g(z) = /.

If f € Cla,b], show that ws(dy + d2) < ws(61) + wys(d2) and that wy(d) | 0 as 6 | 0.
Use this to show that wy is continuous for 6 > 0. Finally, show that the modulus of
continuity of wy is again wy.
(a) Let f:[-1,1] = R. If x = cos 8, where —1 <z < 1, and if g(f) = f(cos®), show
that wy([—m,m],0) = we([0,7],0) < ws([-1,1];6).

(b) If h(z) = f(ax+D) for ¢ < x < d, show that wy([c,d]; ) = ws([ac+b, ad+b]; ad).
(a) Let f be continuously differentiable on [0,1]. Show that (B,(f)’) converges
uniformly to f’ by showing that || B, (f’) — (Bn+1(f)) || < ws/(1/(n+1)).

(b) In order to see why this is of interest, find a uniformly convergent sequence of

polynomials whose derivatives fail to converge uniformly.

[Compare this result with Problem 18.]



Chapter 3

Trigonometric Polynomials

Introduction

A (real) trigonometric polynomial, or trig polynomial for short, is a function of the form

a0+Z(akcoskx+bksinkx), (3.1)
k=1
where ag,...,a, and by,...,b, are real numbers. The degree of a trig polynomial is the

highest frequency occurring in any representation of the form (3.1); thus, (3.1) has degree
n provided that one of a,, or b, is nonzero. We will use 7, to denote the collection of trig
polynomials of degree at most n, and 7 to denote the collection of all trig polynomials (i.e.,
the union of the 7,, over all n).

It is convenient to take the space of all continuous 27-periodic functions on R as the
containing space for 7,,; a space we denote by C?". The space C?™ has several equivalent
descriptions. For one, it’s obvious that C?™ is a subspace of C(R), the space of all continuous
functions on R. But we might also consider C?™ as a subspace of C[0,2n] in the following
way: The 27-periodic continuous functions on R may be identified with the set of functions
f € C[0,2r] satisfying f(0) = f(2m). Each such f extends to a 2w-periodic element of
C(R) in an obvious way, and it’s not hard to see that the condition f(0) = f(27) defines a
(closed) subspace of C[0,2m]. As a third description, it is often convenient to identify C*™
with the collection C(T), consisting of all continuous real-valued functions on T, where T
denotes the unit circle in the complex plane C. That is, we simply make the identifications

0 s e and f(0) — f(e).

In any case, each f € C?™ is uniformly continuous and uniformly bounded on all of R, and
is completely determined by its values on any interval of length 27. In particular, we may
(and will) endow C?™ with the sup norm:

[l = max [f(x)] = max|[f(z)].

0<z<27 z€R

Our goal in this chapter is to prove what is sometimes called Weierstrass’s second theorem
(also from 1885).

23
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Theorem 3.1. (Weierstrass’s Second Theorem, 1885) Let f € C?™. Then, for every
e > 0, there exists a trig polynomial T such that ||f — T < €.

Ultimately, we will give several different proofs of this theorem. Weierstrass gave a
separate proof of this result in the same paper containing his theorem on approximation by
algebraic polynomials, but it was later pointed out by Lebesgue [38] that the two theorems
are, in fact, equivalent. Lebesgue’s proof is based on several elementary observations. We
will outline these elementary facts, supplying a few proofs here and there, but leaving full
details to the reader.

We first justify the use of the word “polynomial” in the phrase “trig polynomial.”

Lemma 3.2. cosnz and sin(n + 1)z/sinx can be written as polynomials of degree exactly
n in cosx for any integer n > 0.

Proof. Using the recurrence formula
coskx + cos(k — 2)x = 2cos(k — 1)z cosz

it’s not hard to see that cos2x = 2cos?x — 1, cos3z = 4cos®z — 3cosz, and cosdx =
8cos?z — 8cos? x4+ 1. More generally, by induction, cos nz is a polynomial of degree n in
cos z with leading coefficient 2"~1. Using this fact and the identity

sin(k + 1)z —sin(k — 1)x = 2coskx sinx

(along with another easy induction argument), it follows that sin(n + 1)z can be written as
sin z times a polynomial of degree n in cosx with leading coefficient 2.
Alternatively, notice that by writing (isinz)?* = (cos? z — 1)* we have

kzno (Z) (isinz)* cos™* x]

2,
Z <2k:) (cos? z — 1)F cos™2* 2.

k=0

cosnz = Re[(cosz+isinx)"”] =Re

The coeflicient of cos™ z in this expansion is then

[n/2] n
1 o
> () =52 (1) -2

k=0

(The sum of all the binomial coefficients is (1 4+ 1)™ = 2™, but the even or odd terms, taken
separately, sum to exactly half this amount because (1 + (—1))" = 0.)
Similarly,

sin(n+1)z = Im[(cosz +isinz)" ]

X/ +1
Im lz ( P ) (isinz)® cos" 1=k x]
k=0
n/2]
1
= (27;€+ 1) (cos® z — 1)* cos" 2k zsin
k=0 +
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)2k+1 = j(cos? x — 1)* sinz. The coefficient of cos™ zsinz is

[%%] n+1 _l’f nt 1\ . .
2k+1) 2 k) T

k=0 k=0

where we’ve written (isinz

Corollary 3.3. Any real trig polynomial (3.1) may be written as P(cosx) + Q(cos x) sinx,
where P and Q) are algebraic polynomials of degree at most n and n — 1, respectively. If the
sum (3.1) represents an even function, then it can be written using only cosines.

Corollary 3.4. The collection T, consisting of all trig polynomials, is both a subspace and
a subring of C*™ (that is, 7 is closed under both linear combinations and products). In
other words, T is a subalgebra of C?™.

It’s not hard to see that the procedure we’ve described above can be reversed; that is,
each algebraic polynomial in cosz and sinz can be written in the form (3.1). For example,
4cos® x = 3cosz + cos3z. But, rather than duplicate our efforts, let’s use a bit of linear
algebra. First, the 2n + 1 functions

A=1{1, cosz, cos2x, ..., cosnz, sinz, sin2z, ..., sinnz},

are linearly independent; the easiest way to see this is to notice that we may define an inner
product on C?™ under which these functions are orthogonal. Specifically,

2m 2m
(Loy= | [fl@)gl@)yde=0, (f,.f)=[ flx)?de#0
0 0
for any pair of functions f # g € A. (We’'ll pursue this direction in greater detail later in
the course.) Second, we’ve shown that each element of A lies in the space spanned by the
2n + 1 functions

B={1, cosz, cos’x, ..., cos"x, sinx, coswsinz, ..., cos" txsinz}.

That is,
7, = span A C spanB.

By comparing dimensions, we have
2n+1=dim7, = dim(span.A) < dim(spanB) < 2n + 1,

and hence we must have span A = span 5. The point here is that 7,, is a finite-dimensional
subspace of C?™ of dimension 2n + 1, and we may use either one of these sets of functions
as a basis for 7,,.

Before we leave these issues behind, let’s summarize the situation for complex trig poly-
nomials; i.e., the case where we allow complex coefficients in equation (3.1). To begin, it’s
clear that every sum of the form (3.1), whether real or complex coefficients are used, can be

written as
n

> e, (3.2)

k=—n

where the ¢ are complex; that is, a trig polynomial is actually a polynomial (over C) in
z=¢€" and z = e *":

n n n n
E cpetr = E Rzt = g cpzt + E c_pz".
k=0 k=1

k=—n k=—n
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Conversely, every sum of the form (3.2) can be written in the form (3.1), using complez
ar, and bg. Thus, the complex trig polynomials of degree at most n form a vector space of
dimension 2n + 1 over C (hence of dimension 2(2n + 1) when considered as a vector space
over R).

But, not every polynomial in z and z represents a real trig polynomial. Rather, the real
trig polynomials are the real parts of the complex trig polynomials. To see this, notice that
(3.2) represents a real-valued function if and only if

n

n n
§ ckezkx: § : Ckeikx: § Eikezkx;

k=—n k=—n k=—n

that is, we must have ¢, = ¢_ for each k. In particular, ¢y must be real, and hence

n n
§ Ckezka: — CO+§ (Ckelk$+07k671kw)

k=—n k=1

n
_ CO"FE :(ckezkx+éke—zkx)
k=1

= ¢+ Z[(ck + &) cos kx +i(cp — Cx) sin k|
k=1

= ¢+ Z [2Re(cy) cos kz — 2Im(cx) sinkz |,
k=1
which is of the form (3.1) with a; and by real.
Conversely, given any real trig polynomial (3.1), we have

n n . .
. ar — tby, . ay, + iby, _:
ag + Z(akcoskx—i—bksmkx) =ag + Z [ (2) ethr 4 (2) e ”“3] ,
k=1 k=1

which of of the form (3.2) with ¢;, = ¢_, for each k.

It’s time we returned to approximation theory! Because we’ve been able to identify C2?*
with a subspace of C[0,27], and because 7,, is a finite-dimensional subspace of C?7, we
have

Corollary 3.5. Each f € C?™ has a best approzimation (on all of R) out of T,,. If f is an
even function, then it has a best approrimation which is also even.

Proof. We only need to prove the second claim, so suppose that f € O™ is even and that
T* € 7, satisfies
If = 7% = min ||f = T].
TeT,

Then, because f is even, T(x) = T*(—z) is also a best approximation to f out of 7,,; indeed,

If =Tl = max|f(z)—T"(—2)]
z€eR

= max|f(—z) - T"(z)|
zeR

= max|f(z) =T (=) = [[f = T7|.
r€R
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But now, the even trig polynomial

Py - T J; T*(x) _ T*(—x);— T*(x)

is also a best approximation out of 7,, because

(f=T)+(f-T%
2

-T T
< If=TI+If I _ i If =1l 0
2 TeT,

If =Tl = H

Weierstrass’s Second Theorem

We next give (de La Vallée Poussin’s version of) Lebesgue’s proof of Weierstrass’s second
theorem; specifically, we will deduce the second theorem from the first.

Theorem 3.6. Let f € C?™ and let ¢ > 0. Then, there is a trig polynomial T such that
If =T = maxpep | f(x) = T(x)| <e.

Proof. We will prove that Weierstrass’s first theorem for C[—1, 1] implies his second theorem
for C? .

Step 1. If f € C? is even, then f may be uniformly approximated by even trig polynomials.

If f is even, then it’s enough to approximate f on the interval [0,7]. In this case, we
may consider the function g(y) = f(arccosy), —1 <y < 1, in C[—1,1]. By Weierstrass’s
first theorem, there is an algebraic polynomial p(y) such that

max |f(arccosy) — p(y)| = max |f(z) — p(cosz)| <e.
—1<y<1 0<z<m

But T'(z) = p(cos ) is an even trig polynomial! Hence,

If =T = max|f(z) - T(z)| <e.
z€R
Let’s agree to abbreviate ||f —T|| <eas f~T +e¢.
Step 2. Given f € C?", there is a trig polynomial 7" such that 2f(x)sin® z ~ T(x) + 2e.

Each of the functions f(z) + f(—x) and [f(x) — f(—z)]sinz is even. Thus, we may
choose even trig polynomials 7} and 75 such that

f@)+ f(-r)=Ti(z) and  [f(z) - f(—2z)]sinz = Tp(x).
Multiplying the first expression by sin® z, the second by sin z, and adding, we get
2f(z)sin x ~ Ty (z) sin? z + Ty(z) sinz = Ty(x),

where T3(x) is still a trig polynomial, and where f ~ T3 + 2¢ because |sinz | < 1.

Step 3. Given f € C?™, there is a trig polynomial 7" such that 2f(x) cos? z ~ T(x) + 2¢.
Repeat Step 2 for f(x —m/2) and translate: We first choose a trig polynomial T (z) such

that

2f (x — g) sin? z ~ Ty(z).
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That is,
2f(z) cos® x ~ Ts(x),

where T5(x) is a trig polynomial.
Finally, by combining the conclusions of Steps 2 and 3, we find that there is a trig
polynomial Tg(z) such that f = Tg(x) + 2e. O

Just for fun, let’s complete the circle and show that Weierstrass’s second theorem for
C?™ implies his first theorem for C[—1,1]. Because it’s possible to give an independent
proof of the second theorem, as we’ll see later, this is a meaningful endeavor.

Theorem 3.7. Given f € C[—1,1] and € > 0, there exists an algebraic polynomial p such
that || f —p| < e.

Proof. Given f € C[—1,1], the function f(cosz) is an even function in C?*. By our proof
of Weierstrass’s second theorem (Step 1 of the proof), we may approximate f(cosz) by an
even trig polynomial:

f(cosx) /A ag + aj cosT + as cos2x + - - - + a, cosnx.

But, as we’ve seen, cos kx can be written as an algebraic polynomial in cosz. Hence, there
is some algebraic polynomial p such that f(cosx) & p(cosx). That is,

max |f(cosz) —p(cosz)| = max |f(t) —p(t)| <e. O
0<z<n —1<t<1

The algebraic polynomials T}, (x) satisfying
T, (cosx) = cosnx, forn=0,1,2,...,

are called the Chebyshev polynomials of the first kind. Please note that this formula uniquely

defines T, as a polynomial of degree exactly n (with leading coefficient 2"~1), and hence

uniquely determines the values of T, (x) for |z| > 1, too. The algebraic polynomials U, (z)

satisfying

sin(n 4+ 1)x
sin x

U,(cosz) = , forn=0,1,2,...,

are called the Chebyshev polynomials of the second kind. Likewise, note that this formula
uniquely defines U,, as a polynomial of degree exactly n (with leading coefficient 2").

We will discover many intriguing properties of the Chebyshev polynomials in the next
chapter. For now, let’s settle for just one: The recurrence formula we gave earlier

cosnz = 2cosx cos(n — 1)z — cos(n — 2)x

now becomes
To(z) =2xTh—1(x) = Tha(x), m>2

where Ty(z) = 1 and T (x) = . This recurrence relation (along with the initial cases T and
T1) may be taken as a definition for the Chebyshev polynomials of the first kind. At any rate,
it’s now easy to list any number of the Chebyshev polynomials T},; for example, the next few
are To(z) = 222 — 1, T3(x) = 42 — 3z, Ty(x) = 8x* — 822 +1, and T5(z) = 162° — 202> + 5z.
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Problems

> 1.

> 3.

(a) Use induction to show that |sinnz/sinz| < n for all 0 < z < 7. [Hint: sin(n +
1)z = sinnx cos x + sinx cos ne.|

(b) By examining the proof of (a), show that |sinnz/sinz| = n can only occur when
r=0o0rz=m.

Let f € C?™ be continuously differentiable and let € > 0. Show that there is a trig
polynomial 7" such that ||f —T'|| < e and | f' = T"'| <e.

Establish the following properties of T),(x).

(i) Show that the zeros of T,,(x) are real, simple, and lie in the open interval (-1, 1).
(ii) We know that |T,(z)| < 1 for —1 < 2 < 1, but when does equality occur; that
is, when is |T,,(z)] =1 on [-1,1]?
(iii) Evaluate /1 T (x) Ty () dix
1 V1—a2

(iv) Show that T (x) = nU,_1(x).

(v) Show that T, is a solution to (1 — z?)y” — zy’ + n?y = 0.
Find analogues of properties (i)—(vi) in Problem 3 (if possible) for U, (z), the Cheby-
shev polynomials of the second kind.

Show that the Chebyshev polynomials (T},) are linearly independent over any interval
[a,b] in R. Is the same true of the sequence (U,,)?



30

CHAPTER 3. TRIGONOMETRIC POLYNOMIALS



Chapter 4

Characterization of Best
Approximation

Introduction

We next discuss Chebyshev’s solution to the problem of best polynomial approximation
from 1854. Given that there was no reason to believe that the problem even had a solution,
let alone a unique solution, Chebyshev’s accomplishment should not be underestimated.
Chebyshev might very well have been able to prove Weierstrass’s result—30 years early—
had the thought simply occurred to him! Chebyshev’s original papers are apparently rather
sketchy. It wasn’t until 1903 that full details were given by Kirchberger [34]. Curiously,
Kirchberger’s proofs foreshadow very modern techniques such as convexity and separation
arguments. The presentation we’ll give owes much to Haar and to de La Vallée Poussin
(both from around 1918).
We begin with an easy observation:

Lemma 4.1. Let f € C[a,b] and let p = p}, be a best approximation to f out of Pn. Then
there are at least two distinct points x1, T2 € [a,b] such that

f(x1) = p(x1) = =(f(z2) — p(a2)) = [If —pll.
That is, f — p attains each of the values x| f — p||.

Proof. Let’s write E = E,(f) = ||f —p|| = maxq<z<sp | f(z) — p(z)|. If the conclusion of the
Lemma is false, then we might as well suppose that f(z1) — p(z1) = E, for some z;, but
that
e= min (f(z) —p(x)) > —FE.
a<lz<b

In particular, E 4 e # 0 and so ¢ = p+ (E 4+ €)/2 is an element of P,, with ¢ # p. We claim
that ¢ is a better approximation to f than p. Here’s why:

E—(E2+6> > f(x)—p(w)—(E;e) > e—(Ege),

(F5°) = f0-a) = - (F5°).

31
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That is,
E—e
5 -al < (555) < £ = 1=l

a contradiction. O

Corollary 4.2. The best approzimating constant to f € C[a,b] is

1 .
Py = 5 | max f(z)+ min f(z)|,
a<x<b a<x<b

and

Eo(f) = 5 | max f(z) ~ min f(z)

a<lz<b a<lx<b

Proof. Exercise.

Now all of this is meant as motivation for the general case, which essentially repeats
the observation of our first Lemma inductively. A little experimentation will convince you
that a best linear approximation, for example, would imply the existence of three (or more)
points at which f — pf alternates between x| f — p7||.

A bit of notation will help us set up the argument for the general case: Given g in
Cla,b], we'll say that © € [a,b] is a (+) point for g (respectively, a (=) point for g) if
g(z) = |lg|| (vespectively, g(z) = —||g||). A set of distinct point a < zg <21 < -+ <z, <D
will be called an alternating set for g if the x; are alternately (+) points and (—) points;
that is, if

lg(zi)l = llgll,  i=0,1,....n,
and
g(x;) = —g(xi—1), 1=1,2,...,n.

Using this notation, we will be able to characterize the polynomial of best approximation.
Our first result is where all the fighting takes place:

Theorem 4.3. Let f € Cla,b], and suppose that p = p is a best approzimation to [ out
of Pn. Then, there is an alternating set for f — p consisting of at least n 4+ 2 points.

Proof. If f € P, there’s nothing to show. (Why?) Thus, we may suppose that f ¢ P,, and,
hence, that E = E,,(f) = |f — p|| > 0.

Now consider the (uniformly) continuous function ¢ = f — p. We may partition [a,b]
by way of a =ty < t; < --- <t = b into sufficiently small intervals so that

lp(z) —o(y)| < E/2 whenever x,y € [ti,tiy1]-

Here’s why we’d want to do such a thing: If [#;,¢;41] contains a (+) point for ¢ = f — p,
then ¢ is positive on all of [¢;,t;11]. Indeed,

x,y € [ti,tig1] and p(x) = E = ¢(y) > E/2>0. (4.1)

Similarly, if [¢;,t;+1] contains a (—) point for ¢, then ¢ is negative on all of [#;,t;4+1].
Consequently, no interval [t;,1;+1] can contain both (4) points and (—) points.
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Call [t;,ti+1] a (4+) interval (respectively, a (—) interval) if it contains a (+) point
(respectively, a (—) point) for ¢ = f — p. Notice that no (4) interval can even touch a
(=) interval. In other words, a (+) interval and a (—) interval must be strictly separated
(by some interval containing a zero for ¢).

We now relabel the (4) and (—) intervals from left to right, ignoring the “neither”
intervals. There’s no harm in supposing that the first signed interval is a (4) interval.
Thus, we suppose that our relabeled intervals are written

L, I, ... Iy, (4) intervals,
Iiiv1 Iy 12y o Iy (—) intervals,
Ik77171+1, Ik, 42, .., Ikm (—l)m_l intervals,

where I, is the last (4) interval before we reach the first (—) interval, It, +1. And so on.

For later reference, we let S denote the union of all the signed intervals; that is, S =
Uf;”l I;, and we let N denote the union of all the “neither” intervals. Thus, S and N are
compact sets with SU N = [a,b] (note that while S and N aren’t quite disjoint, they are
at least nonoverlapping—their interiors are disjoint).

Our goal here is to show that m > n + 2. (So far we only know that m > 2!) Let’s
suppose that m < n + 2 and see what goes wrong.

Because any (+) interval is strictly separated from any (—) interval, we can find points
Z1y. ., 2m—1 € N such that

max [, < 21 < minly, 4
max [, < 22 < min Iy,

And now we construct the offending polynomial:
q(z) = (21 —2)(22 — @) -+ (21 — T).

Notice that g € P,, because m — 1 < n. (Here is the only use we’ll make of the assumption
m < n+ 2!) We're going to show that p + Aqg € P, is a better approximation to f than p,
for some suitable scalar .

We first claim that ¢ and f — p have the same sign. Indeed, ¢ has no zeros in any of
the (£) intervals, hence is of constant sign on any such interval. Thus, ¢ > 0 on Iy,..., I,
because each (z;—x) > 0 on these intervals; ¢ < 0 on I, 11, . .., I, because here (z; —z) < 0,
while (z; — ) > 0 for j > 1; and so on.

We next find A\. Let e = max zen | f(2)—p(x)|, where N is the union of all the subintervals
[ti,tit1] which are neither (+) intervals nor (—) intervals. Then, e < E. (Why?) Now
choose A > 0 so that A||¢|| < min{E—e, E/2}. We claim that p+\q is a better approximation
to f than p. One case is easy: If x € N, then

|f(x) = (p(x) + Aq(x))] < [f(z) —p(x)|+ Mg(z)] < e+Algll < E.

On the other hand, if v ¢ N, then z is in either a (4) interval or a (—) interval. In particular,
from equation (4.1), we know that |f(z) —p(z)| > E/2 > A||q|| and, hence, that f(x)— p(x)
and Ag(z) have the same sign. Thus,

/(@) = (p(2) + Ag(2))]

/(@) = p(x)] = Alg(2)]
< E-JXminlg(z)| < E,
zes
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because ¢ is nonzero on S. This contradiction finishes the proof. (Phew!) O

Remarks 4.4.
1. It should be pointed out that the number n + 2 here is actually 1 4+ dim P,,.

2. Notice, too, that if f — p alternates in sign n + 2 times, then f — p} must have at
least n+1 zeros. Thus, p} actually agrees with f (or “interpolates” f) at n+ 1 points.

We're now ready to establish the uniqueness of the polynomial of best approximation.
Because the norm in Cla,b] is not strictly convex, this is a somewhat unexpected (but
welcome!) result.

Theorem 4.5. Let f € Cla,b]. Then, the polynomial of best approzimation to f out of Py,
1S UNIqUE.

Proof. Suppose that p, ¢ € P, both satisfy ||f — p|| = ||f — ¢q|| = En(f) = E. Then, as
we've seen, their average r = (p + ¢)/2 € P, is also best: ||f —r|| = E because f —r =

(f=p)2+(f—a)/2
By Theorem 4.3, f — r has an alternating set xg, 1, ..., Z,+1, containing n + 2 points.
Thus, for each 1,

(f =p)(@i) + (f —q)(z;) = £2E  (alternating),

while
—E < (f —p)(x:), (f —q)(w;) < E.
But this means that

(f =p)(@:) = (f —q)(z;) = +E  (alternating)

for each i. (Why?) That is, g, 21,...,Zn+1 is an alternating set for both f —p and f —gq.
In particular, the polynomial ¢ —p = (f —p) — (f — ¢) has n+ 2 zeros! Because ¢ —p € Py,
we must have p = q. O

Finally, we come full circle:

Theorem 4.6. Let f € C[a,b], and let p € P,,. If f —p has an alternating set containing
n+2 (or more) points, then p is the best approximation to f out of Pp.

Proof. Let xg,x1,...,2,41 be an alternating set for f — p, and suppose that some ¢ € P,
is a better approximation to f than p; that is, || f — ¢|| < ||/ — p||. In particular, then, we
must have

[f (@) = p(za)| = [If = pll > If —all = [f(2:) — qla)]

for each i = 0,1,...,n + 1. Now the inequality |a| > |b| implies that a and a — b have the
same sign (why?), hence ¢ — p = (f — p) — (f — q) alternates in sign n + 2 times (because
f — p does). But then, ¢ — p would have at least n + 1 zeros. Because ¢ — p € P,,, we must
have ¢ = p, which is a contradiction. Thus, p is the best approximation to f out of P,. O
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Example 4.7. (Rivlin [45]) While an alternating set for f — p is supposed to have at
least n + 2 points, it may well have more than n + 2 points; thus, alternating sets need not
be unique. For example, consider the function f(z) = sin4z on [—7,7|. Because there are
8 points where f alternates between +1, it follows that p§ = 0 and that there are 4 x 4 = 16
different alternating sets consisting of exactly 2 points (not to mention all those with more
than 2 points). In addition, notice that we actually have p; = - -+ = p§ = 0, but that p¥ # 0.
(Why?)

Exercise 4.8. Show that y = x — 1/8 is the best linear approximation to y = 22 on [0,1].
Essentially repeating the proof given for Theorem 4.6 yields a lower bound for E,, (f).
Theorem 4.9. (de La Vallée Poussin) Let f € C[a,b], and suppose that g € P, is such
that f(x;) — q(x;) alternates in sign at n+ 2 points a < xg < x1 < ... <xpy1 <b. Then
Fa(f) 2 _min_|f(z) — gl
Proof. If the inequality fails, then the best approximation p = p}; would satisfy

max |f(zi) —p(zi)| < En(f) < min [f(zi) —q(z:)].

0<i<n+1 0<i<n+1

Now we could repeat (essentially) the same argument used in the proof of Theorem 4.6 to
arrive at a contradiction. The details are left as an exercise. O

Even for relatively simple functions, the problem of actually finding the polynomial of
best approximation is genuinely difficult (even computationally). We next discuss one such
problem, and an important one, that Chebyshev was able to solve.

Problem 1. Find the polynomial p}_; € P;_; of degree at most n — 1 that best approxi-
mates f(x) = z™ on the interval [—1,1]. (This particular choice of interval makes for a tidy
solution; we’ll discuss the general situation later.)

Because pj,_; is to minimize max ;<1 |[2" — p;,_; ()|, our first problem is equivalent to:

Problem 2. Find the monic polynomial of degree n which deviates least from 0 on [-1,1].
In other words, find the monic polynomial of degree n of smallest norm in C[—1,1].

We'll give two solutions to this problem (which we know has a unique solution, of course).
First, let’s simplify our notation. We write

p(x) =™ —p)_1(x) (the solution),

and
M = |lp|| = Ep—1(z";[-1,1]).

All we know about p is that it has an alternating set —1 < 29 < 21 < - < z, < 1
containing (n — 1) + 2 = n + 1 points; that is, |p(z;)| = M and p(x;4+1) = —p(x;) for all .
Using this tiny bit of information, Chebyshev was led to compare the polynomials p? and
p’. Watch closely!

Step 1. At any z; in (—1,1), we must have p’(x;) = 0 (because p(z;) is a relative extreme
value for p). But, p’ is a polynomial of degree n — 1 and so can have at most n — 1 zeros.
Thus, we must have

r; € (=1,1) and p'(z;) =0, for i=1,...,n—1,
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(in fact, 21,...,2,—1 are all the zeros of p’) and
xo = —1, p/(l‘o) 7é 07 Tp-1=1, pl(xn—l) 7é 0.

Step 2. Now consider the polynomial M2 — p? € Py,,. We know that M2 — (p(z;))? = 0 for
i=0,1,...,n, and that M? — p? >0 on [~1,1]. Thus, x1,...,2,_1 must be double roots
(at least) of M? — p2. But this makes for 2(n — 1) + 2 = 2n roots already, so we must have
them all. Hence, x1,...,x,_1 are double roots, oy and z,, are simple roots, and these are
all the roots of M? — p2.

Step 3. Next consider (p’)? € Pa(n-1)- We know that (p")? has a double root at each
of z1,...,7,_1 (and no other roots), hence (1 — 22)(p’(x))? has a double root at each of
T1,...,Zn_1, and simple roots at x¢ and z,,. Because (1 — 22)(p’(x))? € Pa,, we've found
all of its roots.

Here’s the point to all this “rooting”:

Step 4. Because M? — (p(z))? and (1 — 22)(p’(x))? are polynomials of the same degree
with the same roots, they are, up to a constant multiple, the same polynomial! It’s easy to
see what constant, too: The leading coefficient of p is 1 while the leading coefficient of p’ is

n; thus,
1—2%)(p'(x))?

22— (pla)y? = LZEIPLO)

After tidying up,
p@)
M? — (p(z))? Vi1—z?

We really should have an extra 4 here, but we know that p’ is positive on some interval;
we’ll simply assume that it’s positive on [—1, 21 |. Now, upon integrating,

p(z)
— | = C;
arccos < ) n arccosx +

that is,
p(x) = M cos(narccosz + C).
But p(—1) = —M (because p’(—1) > 0), so
cos(nr+C)=—-1 = C=mnr (withn+m odd)
= p(z) = £M cos(n arccos z).

Look familiar? Because we know that cos(n arccos z) is a polynomial of degree n with leading
coefficient 2”71 (i.e., the n-th Chebyshev polynomial T},), the solution to our problem is

pla) = 27" T, (2).
And because |T,,(z)| < 1 for |z| < 1 (why?), the minimum norm is M = 27"+, O

Next we give a “fancy” solution, based on our characterization of best approximations
(Theorem 4.6) and a few simple properties of the Chebyshev polynomials.

Theorem 4.10. For any n > 1, the formula p(z) = 2" — 27" T}, (z) defines a polynomial
p € Pn_1 satisfying

27 = max 2" —p(z)| < max |o" —g()]

for any other q € Pp_1.
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Proof. We know that 277! T, (x) has leading coefficient 1, and so p € P,,_1. Now set
xk = cos((n — k)w/n) for k=0,1,...,n. Then, -1 =29 <21 <--- <z, =1and

Ty (zr) = Tp(cos((n — k)m/n)) = cos((n — k)w) = (—1)"*.

Because |T;,(z)| = |Tn(cos8)| = |cosnf| < 1, for —1 < & < 1, we've found an alternating
set for T,, containing n + 1 points.
In other words, ™ — p(x) = 27"t T, () satisfies |#" — p(x)| < 27! and, for each

k=0,1,...,n, has 2} — p(zy) = 27" T, (1) = (—1)""*27"*+1. By our characterization
of best approximations (Theorem 4.6), p must be the best approximation to z™ out of
Pr_1- O

Corollary 4.11. The monic polynomial of degree exactly n having smallest norm in Cla,b]
18
(b—a)" 2r—b—a
- .
2nn—1 b—a

Proof. Exercise. [Hint: If p(z) is a polynomial of degree n with leading coefficient 1, then
p(z) = p((2x—b—a)/(b—a)) is a polynomial of degree n with leading coefficient 2" /(b—a)™.
Moreover, max ,<z<p |P(x)| = max _1<z<1 |p(z)].]

Properties of the Chebyshev Polynomials

As we've seen, the Chebyshev polynomial T),(x) is the (unique, real) polynomial of degree
n (having leading coefficient 1 if n = 0, and 2"~ if n > 1) such that T}, (cos ) = cosné for
all #. The Chebyshev polynomials have dozens of interesting properties and satisfy all sorts
of curious equations. We’ll catalogue just a few.

Cl. T, (z) =22T,—1(z) — Tr—2(z) for n > 2.

Proof. Tt follows from the trig identity cosnf = 2cos@ cos(n — 1) — cos(n — 2)60 that
T,(cosf) = 2cosOT,,_1(cosf) — T,,_o(cosf) for all §; that is, the equation T}, (z) =
2x Ty —1(x)—T,—2(x) holds for all =1 < z < 1. But because both sides are polynomials,
equality must hold for all x. O

The next two properties are proved in essentially the same way:
C2. Ty () + T(x) = 2 [ Tongn(@) + Tnn(2) ] for m > n.

C3. T,,(Ty(z)) = Trn ().

C4. To(w) = 3 (2 +Va?=1)" + (¢ = Va2 =1)"].

Proof. First notice that the expression on the right-hand side is actually a polynomial
because, on combining the binomial expansions of (z++v/z? —1)™ and (z—+vx2 — 1)",
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the odd powers of v/x2 — 1 cancel. Next, for x = cos#,

1. _
T,(x) = Ty(cosf) = cosnf = 5(6”‘9 + 7m0

1
5[(cos€+isin9)" + (cos@—isin&)"}

eri/ima) @ —ivi—a2 )"

2

_ ﬂ@+¢ﬁiTw+@f 2-1)"].

We’ve shown that these two polynomials agree for || < 1, hence they must agree for
all x (real or complex, for that matter). O

For real = with |z| > 1, the expression %[ (z + Va2 —1)" + (z — Va2 —1)"] equals
cosh(n cosh™ ). In other words, we have

C5. T, (coshx) = coshna for all real x.
The next property also follows from property C4.
C6. T, (z) < (Jz|+ Va2 -1 )n for |z| > 1.

An approach similar to the proof of property C4 allows us to write ™ in terms of the
Chebyshev polynomials Tg, 11, ..., T,.

[n/2]
C7. For n odd, 2"z" = Z (Z)QTn—zk($)§ for n even, 2T, should be replaced by Tj.
k=0

Proof. For —1 <z <1,

L — 271(0050)71 — (eiG +6—i0)n

= einf 4 (?)ei(n2)9+ <Z)ei(n4)e+m
— n e,i(n,4)g + n efi(n72)6 + 671'77,9
n—2 n—1

2 cosnb + (711) 2cos(n — 2) (Z)Q cos(n —4)0 + - -

I
5
_|_

2T, (z) + (?>2Tn2(x) + (Z>2T”4(x) .

where, if n is even, the last term in this last sum is ([n72])T0 (because the central term
in the binomial expansion, namely ([n72]) = ([n%])To, isn’t doubled in this case). [

C8. The zeros of T,, are z,(cn) = cos((2k — 1)w/2n), k = 1,...,n. They’re real, simple, and
lie in the open interval (—1,1).
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Proof. Just check! But notice, please, that the zeros are listed here in decreasing order
(because cosine decreases). O

C9. Between two consecutive zeros of T, there is precisely one root of T,,_.

Proof. Tt’s not hard to check that

2k —1 - 2k —1 - 2k +1
2n 2(n—1) 2n '
_ _ ; (n) (n—1) (n)
for k=1,...,n — 1, which means that z,’ > x, > T/ O

C10. T,, and T,,_; have no common zeros.

Proof. Although this is immediate from property C9, there’s another way to see it:
Tn(xg) = 0 = Tp—1(x0) implies that T,,_2(xz¢) = 0 by property C1. Repeating this
observation, we would have Ty (xg) = 0 for every k < n, including ¥ = 0. No good!
To(z) = 1 has no zeros. O

C11. The set {x,in) :1<k<n,n=1,2,...} is dense in [-1,1].

Proof. Because cosx is (strictly) monotone on [0, ], it’s enough to know that the
set {(2k — 1)7/2n}y,,, is dense in [0, 7], and for this it’s enough to know that {(2k —
1)/2n}y » is dense in [0,1]. (Why?) But

~
~

2k—-1 k 1 E
on  n  2n n

for n large; that is, the set {(2k —1)/2n}y » is dense among the rationals in [0,1]. O

It’s interesting to note here that the distribution of the roots {x,in)}k,n can be estimated
(see Natanson [41, Vol. I, pp. 48-51]). For large n, the number of roots of T;, that lie in an
interval [z, + Az ] C [-1,1] is approximately

nAx
m/1—a2

In particular, for n large, the roots of T;, are “thickest” near the endpoints +1.

In probabilistic terms, this means that if we assign equal probability to each of the
roots x(()n), e ,x%") (that is, if we think of each root as the position of a point with mass
1/(n+1)), then the density of this probability distribution (or the density of the system of
point masses) at a point x is approximately 1/mv/1 — z2 for large n. In still other words,

this tells us that the probability that a root of T;, lies in the interval [a,b] is approximately

1 /b 1
= da.
T Jo V1 —22
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C12. The Chebyshev polynomials are mutually orthogonal relative to the weight w(z) =
(1—ax2)"2 on [-1,1].

Proof. For m # n the substitution z = cos 6 yields

1 ™
dx
To(x) T (x) — = cosmb cosnf df = 0,
[1 (z) Tin(z) T3 /0

while for m = n we get

1 x .
dz 0 if n=0
2 _ 2 —
/_1Tn(x) T —/0 cos n@d&—{ﬂ_/Q >0 O
C13. |T)(z)] < n? for —1 <z <1, and [T}, (£1)| = n%
Proof. For —1 < x < 1 we have

d d% T, (cos ) nsinnf

—T, = =
dx (x) die cos 6 sin 0

Thus, |T.(z)| < n? because |sinnd| < n|sinf| (which can be easily checked by in-
duction, for example). At x = +1, we interpret this derivative formula as a limit (as
6 — 0 and @ — 7) and find that |T),(+1)| = n. O

As we'll see later, each p € P, satisfies [p/(z)| < ||p||n? = ||p|| T, (1) for —1 < x < 1, and
this is, of course, best possible. As it happens, T;,(z) has the largest possible rate of growth
outside of [—1,1] among all polynomials of degree n. Specifically:

Theorem 4.12. Let p € P, and let ||p]| = max_1<z<1 |[p(z)|. Then, for any xo with
|xo] > 1 and any k =0,1,...,n we have

™ (o) < [lpll | TS (20) |,
where p*) is the k-th derivative of p.
We'll prove only the case k = 0. In other words, we’ll check that |[p(xo)| < ||p|| |Tn(x0)]-

The more general case is given in Rivlin [45, Theorem 1.10, p. 31] and uses a similar proof.

Proof. Because all the zeros of T, lie in (—1,1), we know that T),(z¢) # 0. Thus, we may
consider the polynomial

p(l‘o)
r) = T.(x) — p(x) € P,
q() T (o) (z) — p(=)
If the claim were false, then
p(xo) ‘
<
ol < | 22

Now at each of the points 3 = cos(kw/n), k = 0,1,...,n, we have T}, (yx) = (—1)¥ and,
hence,

q) = ()R REL
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Because [p(yx)| < ||p|l, it follows that g alternates in sign at these n+1 points. In particular,
g must have at least n zeros in (—1,1). But ¢(zg) = 0, by design, and |z¢| > 1. That is,
we’ve found n + 1 zeros for a polynomial of degree n. So, ¢ = 0; that is,

ple) = 2O 7 (o).

NC)
But then,
p(zo) ‘
1)| = > ,
(1) = | 2E > o
because T,,(1) = T),(cos 0) = 1, which is a contradiction. O

Corollary 4.13. Let p € P,, and let ||p|| = max_1<z<1 |p(x)|. Then, for any zo with

|xo| > 1, we have
ip(ao)| < 1] (|930| Tty ) |

Rivlin’s proof of Theorem 4.12 in the general case uses the following observation:

Cl14. Forx > 1and k=0,1,...,n, we have TT(Lk)(x) > 0.

Proof. Exercise. [Hint: It follows from Rolle’s theorem that 7, ,(Lk) is never zero for z > 1.
(Why?) Now just compute Ték)(l).]

Chebyshev Polynomials in Practice

The following discussion is cribbed from the book Chebyshev Polynomials in Numerical
Analysis by L. Fox and I. B. Parker [18].

Example 4.14. As we’ve seen, the Chebyshev polynomals can be generated by a recurrence

relation. By reversing the procedure, we could solve for ™ in terms of Ty, T7,...,T,. Here
are the first few terms in each of these relations:

Ti(z) = = r = (a:)

To(z) = 22%2-1 2?2 = (To(z) + Ta(x))/2

Ty(x) = 423 -3z a® = (3Ti(z)+ Ts(x))/4

Ty(z) = 8x*—8x%2+1 = (3To(z) +4Tu(z) + Tu(z))/8

Ts(z) = 1625 — 2023 + 5z 2> = (10Ty(z) +5T3(x) + T5(2))/16

Note the separation of even and odd terms in each case. Writing ordinary garden variety
polynomials in their equivalent Chebyshev form has some distinct advantages for numerical
computations. Here’s why:
15 7 1 1
1—z+2® -2 +a4 :ETO( x) — ZTl(x)+T2(x)fZTg(x)+§T4(x)

(after some simplification). Now we see at once that we can get a cubic approximation to
1—2+22—23+ 2% on [-1,1] with error at most 1/8 by simply dropping the Ty term on
the right-hand side (because |Ty(z)| < 1), whereas simply using 1 —z + 2% — 2 as our cubic
approximation could cause an error as big as 1. Pretty slick! This gimmick of truncating
the equivalent Chebyshev form is called economization.
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Example 4.15. We next note that a polynomial with small norm on [—1,1] may have
annoyingly large coefficients:

(1—-2H = 1-102”+ 452" — 1202° + 2102® — 2522'°
+ 2102 — 1202 4 452'° — 102'® + 2%

but in Chebyshev form (look out!):

1
(1—2*)1 = 31958 {92,378 To(x) — 167,960 Ty(z) + 125,970 Ty(z)

— 77,520 Tg () 4 38,760 Ty (z) — 15,504 Tyo ()
+ 4,845 T12(SC) - 1,140 T14(I’) + 190 Tlﬁ(SC)
—20 Tls(x) + Tog (ﬁ)}

The largest coefficient is now only about 0.3, and the omission of the last three terms
produces a maximum error of about 0.0004. Not bad.

Example 4.16. As a last example, consider the Taylor polynomial e* = ZZ:O zF k! 4+
2" /(n +1)! (with remainder), where —1 < x, ¢ < 1. Taking n = 6, the truncated series
has error no greater than e/7! = 0.0005. But if we “economize” the first six terms, then:

> ak/k = 1.26606Th(z) + 1.13021 Ty (2) + 0.27148 Ty () + 0.04427 Ty (x)

+0.00547 Ty(z) + 0.00052 T5 () + 0.00004 T (z).

The initial approximation already has an error of about 0.0005, so we can certainly drop
the Ty term without any additional error. Even dropping the T term causes an error of no
more than 0.001 (or thereabouts). The resulting approximation has a far smaller error than
the corresponding truncated Taylor series of degree 4 which is e/5! ~ 0.023.

The approach used in our last example has the decided disadvantage that we must first
decide where to truncate the Taylor series—which might converge very slowly. A better
approach would be to write e” as a series involving Chebyshev polynomials directly. That
is, if possible, we first want to write e® = >~ ) axT}(z). If the aj, are absolutely summable,
it will be very easy to estimate any truncation error. We'll get some idea on how to go
about this when we talk about “least-squares” approximation. As it happens, such a series
is easy to find (it’s rather like a Fourier series), and its partial sums are remarkably good
uniform approximations.

In fact, for continuous f and any n < 400, we can never hope for more than one extra
decimal place of accuracy by using the best polynomial of degree n in place the the n-th
partial sum of this Chebyshev series!

Uniform Approximation by Trig Polynomials

We end this chapter by summarizing (without proofs) the analogues of Theorems 4.3—4.6
for uniform approximation by trig polynomials. Throughout, f € C?™ and 7,, denotes the
collection of trig polynomials of degree at most n. We will also write

T _ : _
E,(f) = Join If =T
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(to distinguish this distance from E,,(f)).

T1. f has a best approximation T € 7,,.

T2. f—T* has an alternating set containing 2n+ 2 (or more) points in [0, 27). (Note here
that 2n +2 =14 dim7,.)

T3. T* is unique.

T4. If T € 7, is such that f — T has an alternating set containing 2n + 2 or more points
in [0,27), then T = T*.

The proofs of T1-T4 are very similar to the corresponding results for algebraic polyno-
mials. As you might imagine, T2 is where all the fighting takes place, and there are a few
technical difficulties to cope with. Nevertheless, we’ll swallow these facts whole and apply
them with a clear conscience to a few examples.

Example 4.17. For m > n, the best approximation to f(x) = Acosma + Bsinma out of
7, is 0!

Proof. We may write f(z) = Rcosm(z — x¢) for some R and zo. (How?) Now we need
only display a sufficiently large alternating set for f (in some interval of length 27).

Setting xx = wo + km/m, k = 1,2,...,2m, we get f(zx) = Rcoskm = R(—1)* and
xk € (zg, o + 27]. Because m > n, it follows that 2m > 2n + 2. O
Example 4.18. The best approximation to

n+1
f(z)=ap+ Z(ak cos kx + by, sin kx)
k=1

out of 7, is

T(x) = ag + Z (ax, cos kz + by, sinkx),
k=1

and Eg(f) =|f-T|= \/ a%—&-l + b%+1 .

Proof. By our last example, the best approximation to f — T out of 7, is 0, hence T must
be the best approximation to f. (Why?) The last assertion is easy to check: Because we
can always write Acosmaz + Bsinma = v A% + B2 - cosm(z — x¢), for some g, it follows

that || f —T|| = /a2, + b2, . O

Finally, let’s make a simple connection between the two types of polynomial approxima-
tion:

Theorem 4.19. Let f € C[—1,1] and define p € C*™ by ¢(0) = f(cos). Then,

En(f) = min |If =pll = min [l - 7] = L (¢).
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Proof. Suppose that p*(z) = Y_}_, arz® is the best approximation to f out of P,. Then,
T(0) = p*(cosb) is in T, and, clearly,

max |f(xz) —p*(x)] = max |f(cosf) — p*(cosh)|.
—1<z<1 0<0<2r

Thus, E,(f) = [|f —p*l| = ¢ = T || > minrer, [l - T|| = E7 (#).
On the other hand, because ¢ is even, we know that T, its best approximation out of 7,,,
is also even. Thus, T*(6) = q(cos @) for some algebraic polynomial ¢ € P,,. Consequently,

EX(p) =llo = T* = |If = qll = minep, [If = pll = En(f)- O
Remarks 4.20.

1. Once we know that min yep, || f —p|| = mingper, || — T, it follows that we must also
have T*(6) = p*(cos9).

2. Each even ¢ € C?™ corresponds to an f € C[—1,1] by setting f(z) = ¢(arccos ).
The conclusions of Theorem 4.19 and Remark 1 hold in this case, too.

3. Whenever we speak of even trig polynomials, the Chebyshev polynomials are lurking
somewhere in the background. Indeed, let T(f) be an even trig polynomial, write
x = cosf, as usual, and consider the following cryptic equation:

T6) = Z ay cos kf = Z arTy(cosd) = p(cosb),
k=0 k=0

where p(z) = >}y axTk(z) € Ph.
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Problems

> 1.
> 2.

> 3.

> 5.

10.

11.

Prove Corollary 4.2.

Show that the polynomial of degree n having leading coefficient 1 and deviating least
from 0 on the interval [a,b] is given by

(b—a)” 2r—b—a
22n-1 I b—a '

Is this solution unique? Explain.

Establish the following properties of T),(x).

(i) |Tn(z)| > 1 whenever |z| > 1.
(i) Ton(z) + To(z) = 3 [Trin (@) + Trnen ()] for m > n.
(ili) T (Tn(2)) = Tina(2).
(iv) Show that T}, is a solution to (1 — x2)y” — 2y’ + ny = 0.
1—tcosf
nind) _ oo n — for —1 1: th .
) Re (307 tme™?) = 3> " cosnf [ 2tcosf 122 " < t < 1; that is,

(this is a generating function for T,; it’s closely

(v

1—tx
< T (z) = ————
2n=0 (z) 1— 2t +t2

related to the Poisson kernel).

Find analogues of properties C1-C13 and properties (i)—(v) in Problem 3 (if possible)
for U, (z), the Chebyshev polynomials of the second kind.

Show that every p € P,, has a unique representation as p = ag + a171 + -+ + a,Tp,.
Find this representation in the case p(x) = z™. [Hint: Using the recurrence formula
22T, 1(z) = Ty, (z) + T,,—2(7), find representations for 222, 423, 8z4, etc.]

Let f: X — Y be a continuous map from a metric space X onto a metric space Y.
If D is dense in X, show that f(D) is dense in Y. Use this result to prove that the
zeros of the Chebyshev polynomials are dense in [—1,1].

Show that A cosmx + Bsinmaz = Rcosm(z —x¢) = Rsinm(x — 1) for appropriately
chosen values R, xg, and x1.

If p is a polynomial on [a,b] of degree n having leading coefficient a,, > 0, then
ol > an(b —a)"/22"1. If b — a > 4, then no polynomial of degree exactly n
with integer coefficients can satisfy ||p|| < 2. (Compare this with Problem 11 from
Chapter 2.)

Given p € P,, show that |p(z)| < ||p|| |T(z)| for |x| > 1.

If p € P, with ||p|| =1 on [—1,1], and if |p(z;)| = 1 at n+ 1 distinct point zg, ..., z,
in [—1,1], show that either p = +1, or else p = +T7,,. [Hint: One approach is to
compare the polynomials 1 — p? and (1 — 22)(p’)%]

Compute T,(Lk)(l) for k =0,1,...,n, where T,Ek) is the k-th derivative of T},. For z > 1
and k = 0,1,...,n, show that T\ (z) > 0.
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CHAPTER 4. CHARACTERIZATION OF BEST APPROXIMATION



Chapter 5

A Brief Introduction to
Interpolation

Lagrange Interpolation

Our goal in this chapter is to prove the following result (as well as discuss its ramifications).
In fact, this result is so fundamental that we will present three proofs!

Theorem 5.1. Let xy,x1,...,T, be distinct points and let yo,y1, - - ., yn be arbitrary points
in R. Then there exists a unique polynomial p € Py, satisfying p(x;) = y;, 1 =0,1,...,n.

First notice that uniqueness is obvious. Indeed, if two polynomials p, ¢ € P,, agree at
n + 1 points, then p = ¢q. (Why?) The real work comes in proving existence.

First Proof. (Vandermonde’s determinant.) We seek co, c1, ..., ¢, so that p(z) = >_;_ cxa®
satisfies

n
plei) =Y ek =y, i=0,1,...n
k=0

That is, we need to solve a system of n 4+ 1 linear equations for the ¢;. In matrix form:

1w axf - xf Co Yo
1wy oz - af a | |
1 2 n

Ty T2 " Cn Yn

This equation always has a unique solution because the coefficient matrix has determinant

0<j<i<n

D is called Vandermonde’s determinant (note that D > 0 if 29 < 21 < --- < z,,). Because

this fact is of independent interest, we’ll sketch a short proof below. O
Lemma 5.2. D = ] (x;—zj).
0<j<i<n

47
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Proof. Consider

1 =z z3 xg
1 = x? b
V(xo, 21, Tp_1,2) =

I oz ap Ty

1 x z? "
V(zo,z1,...,Tn—1,2) is a polynomial of degree n in z, and it’s 0 whenever z = z;, i =
0,1,...,n — 1. Thus, V(zg,...,2) = ¢ H;:Ol(x — x;), by comparing roots and degree.
However, it’s easy to see that the coefficient of ™ in V (zg,...,z) is V(xg,...,2,—1). Thus,
V(zo,...,x) =V(zg,...,Tn_1) H?;Ol(x — ;). The result now follows by induction and the
obvious case V (zg, 1) = 21 — xo. O

Second Proof. (Lagrange interpolation.) We could define p immediately if we had polyno-
mials ¢;(z) € Py, i =0,...,n, such that ¢;(z;) = d; ; (where §; ; is Kronecker’s delta; that
is, §;; =0 for i # j, and 6;; = 1 for i = j). Indeed, p(z) = >_"" ,y; {;(x) would then work
as our interpolating polynomial. In short, notice that the polynomials {¢y, ¢1,. .., ¢, } would
form a (particularly convenient) basis for P,,.

We'll give two formulas for ¢;(x):

x—mj

(b). Start with W(x) = (x — zo)(x — x1) - - (x — x,,), and notice that the polynomial we
need satisfies

Ei (x) =a; - M
Xr — X;
for some a; € R. (Why?) But then 1 = ¢;(x;) = a;W’(x;) (again, why?); that is, we

must have W)
@) = G W

[As an aside, note that W’(z;) is easy to compute: Indeed, W’(z;) = [[;,;(z; — z4).]

Please note that ¢;(x) is a multiple of the polynomial Hj# (x —x;), for i =0,...,n, and
that p(x) is then a suitable linear combination of the ¢;. O

Third Proof. (Newton’s formula.) We seek p(z) of the form
p(x) =ap+a1(x — xg) + az(x —zp)(x —x1)+ -+ +an(z—x0) (T — Tp_1).

(Please note that x,, does not appear on the right-hand side.) This form makes it almost
effortless to solve for the a; by plugging-in the z;, ¢ =0,...,n — 1.

Yo = p(x0) = ao
Y1 — ao

y1 =plxr) =ag+a1(x1 —x9) = a1 =
r1 — X0
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Continuing, we find
Y2 —ao — ai(wy — 560)
g =
(1‘2 - 170)($2 - $1)

Ys — ap — ax (333 - 960) - a2(333 - 330)(3?3 - £C1)
(z3 — x0) (w3 — 1)(23 — T2)

az =

and so on. (Natanson [41, Vol. III] gives another formula for the a;.) O

Example 5.3. (Cheney [12]) As a quick means of comparing these three solutions, let’s find
the interpolating polynomial (quadratic) passing through (1,2), (2,—1), and (3,1). You're
invited to check the following:

Vandermonde): p(z) =10 — 2Lz + 3 22,
2 2

(Lagrange): p(z) = (z —2)(z —3)+ (z — 1)(z — 3) + 2 (z — 1)(z — 2).
(Newton): p(z) =2—-3(z— 1)+ 5(z — 1)(z — 2).

As you might have already surmised, Lagrange’s method is the easiest to apply by hand,
although Newton’s formula has much to recommend it too (it’s especially well-suited to
situations where we introduce additional nodes). We next set up the necessary notation to
discuss the finer points of Lagrange’s method.

Given n + 1 distinct points a < 29 < 1 < -+ < 2, < b (sometimes called nodes), we
first form the polynomials

and

li(w) = H T—T; W (z)

s T (x — ;) W (x;)

The Lagrange interpolation formula is then

n

La(f)(x) = Y flai) ti(a).

=0

That is, L, (f) is the unique polynomial in P, that agrees with f at the x;. In particular,
notice that we must have L, (p) = p whenever p € P,. In fact, L, is a linear projection
from C[a,b] onto P,,. (Why is L, (f) linear in f?)

Typically we're given (or construct) an array of nodes:

20
. x(()l) x(ll)
x(()Q) CC(12) 1_52)

and form the corresponding sequence of projections

n

La(f)(@) = Y fa) 6" (@).

=0
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An easy (but admittedly pointless) observation is that for a given f € C[a,b] we can always
find an array X so that L, (f) = p, the polynomial of best approximation to f out of P,
(because f—p} has n+1 zeros, we may use these for the z;). Thus, || L,(f)—f|| = E.(f) — 0
in this case. However, the problem of convergence changes character dramatically if we first
choose X and then consider L,(f). In general, there’s no reason to believe that L, (f)
converges to f. In fact, quite the opposite is true:

Theorem 5.4. (Faber, 1914) Given any array of nodes X in [a,b], there is some f €
Cla,b] for which ||L,(f) — f| is unbounded.

The problem here has little to do with interpolation and everything to do with projec-
tions:

Theorem 5.5. (Kharshiladze, Lozinski, 1941) For each n, let L, be a continuous, linear
projection from Cla,b] onto P,. Then there is some f € C[a,b] for which ||L,(f) — f|| is
unbounded.

Evidently, the operators L, aren’t positive (monotone), for otherwise the Bohman-
Korovkin theorem (Theorem 2.9) and the fact that L,, is a projection onto P,, would imply
that L, (f) converges uniformly to f for every f € C[a,b].

The proofs of these theorems are long and difficult—we’ll save them for another day.
(Some of you may recognize the Principle of Uniform Boundedness at work here.) The
real point here is that we can’t have everything: A positive result about convergence of
interpolation will require that we impose some extra conditions on the functions f we want
to approximate. As a first step in this direction, we next prove that if f has sufficiently
many derivatives, then the error ||L,(f) — f|| can at least be estimated.

Theorem 5.6. Suppose that f has n+ 1 continuous derivatives on [a,b]. Let a < xg <
T < - < xp < b, let W(z) =[[1y(x — x;), and let L,(f) € P, be the polynomial that

interpolates to f at the x;. Then
1
|f(@) = La(f)(@)] <

GRS 1F DN W () (5.1)

for every x in [a,b].
Proof. For convenience, let’s write p = L, (f). We’ll prove the Theorem by showing that,
given z in [a, b], there exists a & in (a,b) with

1
(n+ 1!

f(z) —p(z) = FUEDE W (x). (5:2)

If z is one of the x;, then both sides of this formula are 0 and we’re done. Otherwise,
W (z) # 0 and we may set A = [f(z) — p(x)]/W (z). Now consider

o(t) = f(t) — p(t) — AW (t).

Clearly, ¢(x;) = 0 for each i = 0,1,...,n and, by our choice of A\, we also have ¢(x) = 0.
Here comes Rolle’s theorem! Because ¢ has n + 2 distinct zeros in [a,b], we must have
e+t (&) = 0 for some ¢ in (a,b). (Why?) Hence,

0= () = FOHIE) —pHD (g AW

= 7 - (L) vy



o1

because p has degree at most n and W is monic and degree n + 1. O

Remarks 5.7.

1.

Equation (5.2) is called the Lagrange formula with remainder. [Compare this result
to Taylor’s formula with remainder.]

The term f (1) (¢) is actually a continuous function of . That is, [f(x) —p(x)]/W (z)
is continuous; its value at an z; is [f'(x;) — p'(2:)]/W'(z;) (why?) and W'(x;) =
Hj;éz’(mi — ;) # 0.

On any interval [a,b], using any nodes, the sequence of Lagrange interpolating poly-
nomials for e” converge uniformly to e®. In this case,

c

e* — Ly (e®)|| < CE]]

(b—a)" —0 (asn— o0)

where ¢ = ||e*|| in C[a,b]. A similar result would hold true for any infinitely differen-
tiable function satisfying, say, || f | < M™ (any entire function, for example).

. On [—1,1], the norm of []}"_; (z — x;) is minimized by taking x; = cos((2i — 1)7/2n),

the zeros of the n-th Chebyshev polynomial T,,. (Why?) As Rivlin points out [45],
the zeros of the Chebyshev polynomials are a nearly optimal choice for the nodes if
good uniform approximation is desired. We’ll pursue this observation in greater detail
a bit later.

In practice, through translation and scaling, interpolation is generally performed on
very narrow intervals about 0 of the form [—4,d] where § &~ 275 (or even 2710). This
scaling typically produces interpolating polynomials of smaller degree and, moreover,
facilitates error estimation (in terms of the number of accurate bits in a computer
calculation). In addition, it is often convenient to require that f(0) be interpolated
exactly; in this case, we might seek an interpolating polynomial of the form p,(x) =
f(0) + 2™pp_m(x), where m is the multiplicity of zero as a root of f(z) — f(0), and
where p,_,, is a polynomial of degree n — m that interpolates to (f(x) — f(0))/a™.
For example, in the case of f(z) = cosxz, we might seek a polynomial of the form
pn(x) =1+ xzpn—Z(x)'

The question of convergence of interpolation is actually very closely related to the analo-
gous question for the convergence of Fourier series—and the answer here is nearly the same.
We’ll have much more to say about this analogy later. For now, let’s first note that L, is
continuous (bounded); this will give us our first bit of insight into Faber’s negative result.

Lemma 5.8. | L, (f)Il < /]l || i [t (@)I || for any f € Cla,b].

Proof. Exercise.

The expressions A, (z) = > . |¢;(x)| are called the Lebesgue functions and their norms
An = || 307 [4i(2)] || are called the Lebesgue numbers associated to this process. It’s not
hard to see that A, is the smallest possible constant that will work in this inequality; in
other words, ||L,|| = A,. Indeed, if

Z |4i(z)] H = Z €i (o)l
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then we can find an f € C[a,b] with ||f|| = 1 and f(x;) = sgn(¢;(zo)) for all . (How?)
Then

n

IZa (AN 2 1La(f) (o)l = | D sen(li(wo)) Lilzo) | = D [i(zo)| = Aul|f]-
=0

=0

As it happens, for any given array of nodes X, we always have A, (X) > ¢ logn for some
absolute constant ¢ (this is where the hard work comes in; see Rivlin [45] or Natanson
[41] for further details), and, in particular, A, (X) — oo as n — oco. Given this (and the
Principle of Uniform Boundedness; see Appendix G), Faber’s Theorem (Theorem 5.4) now
follows immediately.

A simple application of the triangle inequality will allow us to bring E,(f) back into the
picture:

Lemma 5.9. (Lebesgue’s Theorem) || f — Ln(f)|| < (1 + Ay) En(f), for any f € Cla,b].

Proof. Let p* be the best approximation to f out of P,. Then, because L,(p*) = p*, we
have

1f =2 + 1 Ln(f = PY)l
A+A)f =2l = A+ A Eu(f). O

1f = Lu(H)l

IAIA

Corollary 5.10. For any f € C[a,b] we have

If = Lu(HIl < (3/2)A + Ap) w(1/V/n).

It follows from Corollary 5.10 that L, (f) converges uniformly to f provided that the
array of nodes X can be chosen to satisfy A, (X)ws(1/y/n) — 0 as n — oco. Consider,
however, the following somewhat disheartening fact (see Rivlin [45, Theorem 4.6]): For the
array of equally spaced nodes in [—1, 1], which we will call F, there exist absolute constants
k1 and ks such that

E1(3/2)™ < Mgy (E) < kp2™e?™

for all m > 2. That is, the Lebesgue numbers for this process grow exponentially fast.
It will come as no surprise, then, that there are surprisingly simple functions for which
interpolation at equally spaced points fails to converge:

Examples 5.11.

1. (S. Bernstein, 1918) On [—1, 1], the Lagrange interpolating polynomials to f(x) = ||
based on the system of equally spaced nodes F, satisfy

limsup L, (f)(z) = +0

n—oo

for all 0 < |z| < 1. In other words, the sequence (L, (f)(x)) diverges for all z in [—1,1]
other than x = 0, £1.

2. (C. Runge, 1901) On [-5,5], the Lagrange interpolating polynomials to f(z) =
(1 + 22)~! based on the system of equally spaced nodes E satisfy

lim sup L, (f)(z) = +o0

n—oo
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for all |x| > 3.63. In this case, the interpolating polynomials exhibit radical behav-
ior near the endpoints of the interval. This phenomenon is similar to the so-called
Gibbs phenomenon from Fourier analysis, where the approximating polynomials are
sometimes known to “overshoot” their goal.

Nevertheless, as we’ll see in the next section, we can find a (nearly optimal) array of
nodes T for which the interpolation process will converge for a large class of functions and,
moreover, has several practical advantages.

Chebyshev Interpolation

In this section, we focus our attention on the array of nodes in [—1, 1] generated by the zeros
of the Chebyshev polynomials, which we will refer to as T (and call simply the Chebyshev
nodes); these are the points

" " 2%k + 1
xl(cﬂ):cosg]i“):cos(wr), k=0,....,n, n=0,1,2,....

(Note, specifically, that (x,(cnﬂ))zzo are the zeros of T, 1. Also note that the zeros are

listed in decreasing order in the formula above; for this reason, some authors write, instead,

x;"“) = —cos HI(C”H).) As usual, when n is clear from context, we will omit the superscript
(n+1).

We know that the Lebesgue numbers for any interpolation process grow at least as fast
as logn. In the case of interpolation at the Chebyshev nodes T, this is also an upper bound,
lending further evidence to our repeated claims that these nodes are nearly optimal (at least
for uniform approximation). The following result is due (essentially) to Bernstein [6]; for a
proof of the version stated here, see Rivlin [45, Theorem 4.5].

Theorem 5.12. For the Chebyshev system of nodes T we have Ap(T) < (2/m)logn + 4.
If we apply Lagrange interpolation to the Chebyshev system of nodes, then

(x —ag) =2""Th41

=
&

i
—

and the Lagrange interpolating polynomial L, (f), which we will write as C,,(f) in order to
distinguish it from the general case, is given by

Tn-&-l(x)
7= o) Ty (o8)

Cu(f)(@) =Y flx) (

k=0
But recall that for x = cos 6 we have

nsinnfd n sin né n sin nd

sind  1—cos2f 1—a2

And so for z; = cos((2¢i — 1)w/2n), ie., for §; = (2¢ — 1)m/2n, it follows that sinnf; =
sin((2i — 1)7/2) = (—=1)*}; that is,

T’r/L (Jﬁ) =
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It follows that our interpolation formula may be written as

n k=1 "
Cal(e) = 3 o) S ) iy, (53)
k=0

Our first result is a refinement of Theorem 5.6 in light of Remark 5.7 (4).

Corollary 5.13. Suppose that f has n+1 continuous derivatives on [—1,1]. Let Cp,(f) € P,
be the polynomial that interpolates f at the zeros of T, 11, the n+1-st Chebyshev polynomial.
Then

1
D

[f (@) = Cu(f)(2)] < 2n(n + 1)!

1 n —n
mﬂf( 27 T ()] =

Proof. As already noted, the auxiliary polynomial W (z) = [[;_,(z — ;) satisfies W (z)
27T, 4+1(z) and, of course, |T,,11(z)] < 1.

o

While the Chebyshev nodes are not quite optimal for interpolation (see Problem 9),
the interpolating polynomial is nevertheless remarkably close to the best approximation.
Indeed, according to a result of Powell [42], if we set O, (f) = ||f — Cn(f)]|, then

E.(f) <0,(f) <4.037E,(f) for 1 <n <25,

where, as usual, E,(f) = || f—pZ|| is the minimum error in approximating f by a polynomial
of degree at most n. Thus, in practice, for approximations by polynomials of modest degree,
Chebyshev interpolation offers an attractive and efficient alternative to finding the best
approximation.

Hermite Interpolation

A natural extension of the problem addressed at the beginning of this chapter is to increase
the number of conditions on our interpolating polynomial and ask for the polynomial p of
least degree that satisfies

p(m)(xk) = y,(cm), k=0,....,n, m=0,1,...,0, —1, (5.4)
where the numbers y,(cm) are given in advance. In other words, we specify not only the values
of the polynomial at each node xj, we also specify the values of its first ap, — 1 derivatives,
where a4, is allowed to vary at each node.

Now the system of equations (5.4) imposes a total of N = ag + - - - + «,, conditions, so
it’s not at all surprising that we can find a polynomial of degree at most N — 1 that fulfills
them. Moreover, it’s not much harder to see that p must be unique.

This problem was first solved by Hermite [27] in 1878. We won’t address the general
problem (but see Appendix F). Instead, we will settle for displaying the solution in the case
where ag = -+ - = @, = 2. In other words, the case where we specify only the first derivative
Y}, of p at each node ;. Note that in this case p will have degree at most 2n — 1.

Following the notation used throughout this chapter, we set

W)= (z-a0)- (@=aa), and b)) = s
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Now, as is easily verified,

(z —z)W'(z) — W(z)

k@) = (@ — 22 )2W (a%)

Thus, by I'Hopital’s rule,

O (zr) = lim (x —zp)W"(x) + W(z) — W'(x) _ W (k)
Tk T—T) 2(x — xp) W' (zk) W (z1) .

And now consider the polynomials

- W”(:Ck)
W' (zy,)

Ag(z) = (x — xp) | Le(z)? and By(z) = (z — x1) £p(z)?. (5.5)

Note that Ay and By, each have degree at most 2(n — 1) + 1 = 2n — 1. Moreover, it’s easy
to see that Ay and By, satisfy

Ak((L'k) =1 A;C(I'k) = 0
Bi(zy) = 0 Bi(zr) =

Consequently, the polynomial

p) =Y yrAr(z) + > yiBi(x) (5.6)
k=0 k=0

has degree at most 2n — 1 and satisfies

plzk) =yr and  p'(zx) =y
for k=0,...,n.

Exercise 5.14. Show that Y ,_, Ax(z) = 1forall z. [Hint: (5.6) is exact for all polynomials
of degree at most 2n — 1.]

By combining the process just described with interpolation at the Chebyshev nodes,
Fejér was able to prove the following result (see Natanson [41, Vol. III] for much more on
this result).

Theorem 5.15. Let f € C[—1,1] and, for each n, let H, denote the polynomial of degree
at most 2n — 1 that satisfies

Hy(@\™) = £ and H,(z) =0,

for all k, where

(M) _ g™ — eos (DTN 4
x,, cos 0, cos( ™ , N )

are the zeros of the Chebyshev polynomial T,,. Then H, = f on [—1,1].
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Proof. As usual, we will think of n as fixed and suppress the superscript (n); that is, we
will write zj in place of x,(cn).
For the Chebyshev nodes, recall that we may take W (x) = T,,(x). Next, let’s compute

W' (xr), lk(x), and W (zy). As we've already seen,

sinnfy,  (—1)""'n

T’ = =
n) = T i
and, thus,
()T ()
14 =~ 12,
k(@) n(x — xy) o
Next,

T (1) = n sin nfy, cos B, — n2 cos nby, sin Oy, _ (—=1)" tnay
" sin® 0, (1 —x)3/2"°

and so, in the notation of (5.5), we have

W) _ T (k) Tk

W’(xk) T’ (xk) o 1-— xi

n

and hence, after a bit of rewriting,

_ _L/H(xk)m—x z)? = _Tal@) i —xx
M) = [ 1= 3o )| o = | L 1 - ),

Please note, in particular, that Ag(x) > 0 for all = in [—1,1], an observation that will play
a critical role in the remainder of the proof. Also note that Ag(x) < 2/n?(z — x)? for all
x # xp in [-1,1].

Now according to equation (5.6), the polynomial H,, is given by

n

Hy(x) = flax)Ar(z)

k=1

where, as we know, > ;'_; Ai(z) =1 for all z in [—1,1]. In particular, we have

|Hp, |<Z\f ) — (@) Ax ().

The rest of the proof follows familiar lines: Given € > 0, we choose 6 > 0 so that |f(z) —
f(y)| < e whenever |z —y| < §. For z fixed, let I C {1,...,n} denote the indices k for
which |z — x| < ¢ and let J denote the indices k for which |z — x| > ¢. Then

> an) = f(@0)lAk(x) < eZlf ) — f(@)|Ak(z) = &

kel

while

S f(we) — F@)|Ane) < 2flne o < e

n242
keJ

provided that n is sufficiently large. O
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The Inequalities of Markov and Bernstein

As it happens, finding the polynomial of degree n that best approximates f € C[a,b] can
be accomplished through an algorithm that finds the polynomial of best approximation over
a set of only n + 2 (appropriately chosen) points. We won’t pursue the algorithm here, but
for full details, see the discussion of the One Point Exchange Algorithm in Rivlin [45]. On
the other hand, one aspect of this algorithm is of great interest and, moreover, is an easy
application of the techniques presented in this chapter.

In particular, a key step in the algorithm requires a bound on differentiation over P,
of the form ||p'|| < C,||p||, where C,, is some constant depending only on n. The fact that
such a constant exists is nearly obvious by itself (after all, P, is finite-dimensional), but the
value of the best constant C,, is of independent interest (and of some historical significance,
t00).

The inequality we’ll prove is due to A. A. Markov from 1889:

Theorem 5.16. (Markov’s Inequality) If p € Pp, and if [p(z)] < 1 for |z| < 1, then
Ip’(z)| < n? for |x| < 1. Moreover, |p'(z)| = n? can only occur at x = 41, and only when
p = =£T,, the Chebyshev polynomial of degree n.

Markov’s brother, V. A. Markov, later improved on this, in 1916, by showing that
Ip*) (2)] < T,Sk)(l). We've alluded to this fact already (see Rivlin [45, p. 31]), and even
more is true. However, we’ll settle for the somewhat looser bound given in the theorem.

About 20 years after Markov, in 1912, Bernstein asked for a similar bound for the
derivative of a complex polynomial over the unit disk |z| < 1. Now the maximum modulus
theorem tells us that we may reduce to the case |z| = 1, that is, z = ¢*?, and so Bernstein
was able to restate the problem in terms of trig polynomials.

Theorem 5.17. (Bernstein’s Inequality) If S € Ty, and if |S(0)| < 1, then |S'(0)] < n.
Equality is only possible for S(0) = sinn(0 — 6y).

Our plan is to deduce Markov’s inequality from Bernstein’s inequality by a method of
proof due to Pélya and Szegd in 1928. However, we will not prove the assertions about
equality in either theorem.

To begin, let’s consider the Lagrange interpolation formula in the case where x; =
cos((2¢ — 1)w/2n), i = 1,...,n, are the zeros of the Chebyshev polynomial T,. Recall
that we have —1 < x,, < p—1 < --- < 21 < 1. (Compare the following result with the
calculations used in the proof of Fejér’s Theorem 5.15.)

Lemma 5.18. Fach polynomial p € P,—1 may be written

1 ¢ i—1 > Tn(2)
pe) = o D ple) ()T ioat D
where T1,...,T, are the zeros of T,,, the n-th Chebyshev polynomial.

Proof. This follows from equation (5.3), with n + 1 is replaced by n, and the fact that
Lagrange interpolation is exact for polynomials of degree < n. O

Lemma 5.19. For any polynomial p € P,,_1, we have

< 1—22 .
_max |p(@)| < _gnge%l!n 22 p(z)]
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Proof. To save wear and tear, let’s write M = max_lgwgly nv1— z2 p(x)’
First consider an z in the interval [z,,x1]; that is, |x| < cos(w/2n) = z7. In this case
we can estimate v1 — z? from below:

1
Vi—a?2 > \J1-22 = @/1—0052(%> = sin(%) >

because sinf > 20/x for 0 < § < 7/2 (from the mean value theorem). Hence, for |z| <
cos(m/2n), we get |p(x)] < nv1—2a? |p(x)] < M.

Now, for x outside the interval [z,,z;1], we apply our interpolation formula. In this
case, each of the factors x — x; is of the same sign. Thus,

RS (=111 — 22 T, ()
T D
M To(z) | M |~ To(2)
— n2 x—x; | n2 Zx—x,
=1 =1
But,
- T (z) /
=T hy?
S = T )
and we know that |77 (z)| < n?. Thus, |p(z)] < M. O

We next turn our attention to trig polynomials. As usual, given an algebraic polynomial
p € Py, we will sooner or later consider S(0) = p(cos@). In this case, S’(8) = p’(cos ) sin 6
is an odd trig polynomial of degree at most n and S’(0) = p’(cos @) sinf = p’(x)v1 — 2.

Conversely, if S € 7, is an odd trig polynomial, then S(6)/sinf is even, and so may
be written S(0)/sin® = p(cos @) for some algebraic polynomial p of degree at most n — 1.
Thus, from Lemma 5.19,

max [p(cosf)| < n max |p(cosf)sind| = n max [S(0)|.
0<0<2r 0<0<2r 0<0<2r

max
0<o<2r

5(6) ‘ _

sin 0

This proves

Corollary 5.20. If S € 7, is an odd trig polynomial, then

< n max [S(6)].

0<o<2r

max
0<6<2r

S(6) ’

sin @

Now we’re ready for Bernstein’s inequality.
Theorem 5.21. If S € 7, then

max |S'(0)] < n max |S(9)].
0<6<2n 0<6<2n
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Proof. We first define an auxiliary function f(a,8) = [S(a+6) — S(a—6)] /2. For « fixed,
f(a,0) is an odd trig polynomial in 6 of degree at most n. Consequently,

f(-a,e)’ < n max |f(a,0)] < n max |S(6)].
sin 6 0<h<2m 0<h<2m
. Sa)-S@-8) _ . fab)
1 o . « + - o — . . «,
§le) = glir(l) 20 N gli% sing ’
and hence |S"(a)| < nmaxo<p<ar |S(0)]. O

Finally, we prove Markov’s inequality.
Theorem 5.22. Ifp € P, then max _1<;<1|p'(z)] < n®max_1<,<1 |p(z)].

Proof. We know that S(0) = p(cos @) is a trig polynomial of degree at most n satisfying

max |p(xz)] = max |p(cosb)|.
—1<z<1 0<0<27

Because S’(0) = p’(cos)sinf is also trig polynomial of degree at most n, Bernstein’s
inequality yields

max [p'(cosf)sinf| < n max |p(cosf)|.

0<0<2r 0<0<2x

In other words,

max |p'(z)V1—2%| < n max |p(z)].

—1<z<1 —1<z<1

Because p’ € P,,_1, the desired inequality now follows easily from Lemma 5.19.

max [p’(z)] < n max |p’(z)V1—2?| < n® max |p(z)|. O

—1<z<1 —1<z<1 —1<z<1
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Problems
1. Let yo,¥1,--.,Yn € R be given. Show that the polynomial p € P, satisfying p(x;) = y;,
1=0,1,...,n, may be written as
0 1 z 22 --- "
vo 1 mo af -+ ap
p(z) = ¢ . , :
Yo 1 x, 22 Ty
where c¢ is a certain constant. Find ¢ and prove the formula.
Throughout, zq,...,, are distinct points in some interval [a,b]; W(z) = [ (z — z;);

li(x), i = 0,...,n, denote the fundamental system of polynomials defined by ¢;(z) =
W(z)/(z— ;) W(z;); and Ly, (f)(z) = D1 f(2:)¢;(x) denotes the (unique) polynomial of
degree at most n that interpolates to f at the nodes x;. The associated Lebesgue function
is given by A, (x) = > |¢i(x)| and the Lebesgue number is A,, = [|A,|| = || Lx]|-

2.

Prove that L, is a linear projection onto P,. That is, show that L,(ag + Bh) =
aly(g) + BLn(h), for any g, h € C[a,b], o, § € R, and that L,(g) = g if and only if
g€ Pp.

Show that > " (/;(z) = 1. Conclude that A, (z) > 1 for all z and n and, hence,
A, > 1 for every n.

More generally, show that Y7 okl (x) = 2% for k=0,1,...,n.

5. Show that || L, (f)]] < An||f|| for all f € Cla,b]. Show that no smaller number A has

10.

this property.

Show that the error in the Lagrange interpolation formula at a given point x can be
written as (Ln(f) — f)(z) = 2iLol f(xi) — f(2) ] li(=).

Let f € C[a,b].

(a) If, at some point z* in [a,b], we have lim, o Ay (2*) E,(f) = 0, show that
L. (f)(z*) — f(z*) asn — oco. [Hint: Examine the proof of Lebesgue’s Theorem. |

(b) If we have lim,,_.oc ApEyn(f) =0, then L, (f) converges uniformly to f on [a,b].

In the complex plane, show that the polynomial p, 1(2) = 2"~ ! interpolates to the
function f(z) = 1/z at the n-th roots of unity, z, = €2™**/ k =0,...,n — 1. Show,
too, that ||f — pn_1|| = V2 # 0 as n — oo, where || - || denotes the sup-norm over the
unit disk T = {z : |2| = 1}.

Let —1 < xp <21 <2 <1landlet A =] Zi:o |4k (x)] || denote the corresponding
Lebesgue number. Show that the minimum value of A is 5/4 and is attained when
—xg = Tg > %\/ﬁ and x1 = 0. Meanwhile, if zg, 21, and z2 are chosen to be the roots
of T3, show that the value of A is 5/3. Thus, placing the nodes at the zeros of T}, does
not, in general, lead to a minimum value for A,,.

Show that the Hermite interpolating polynomial of degree at most 2n — 1; i.e., the
solution to the system of equations (5.4), is unique.



Chapter 6

A Brief Introduction to Fourier
Series

The Fourier series of a 2m-periodic (bounded, integrable) function f is

o0
ago .
5 + kgﬂ(ak cos kx + by, sin kx),

where the coeflicients are defined by

s 1 s
a = — f(t) cosktdt and b, = — f(t) sin kt dt.
T ) ) _n
Please note that if f is Riemann integrable on [—m, 7], then each of these integrals is well-
defined and finite; indeed,
1 K
< - t)| dt
o < = [ 1£0)
and so, for example, we would have |ay| < 2| f|| for f € C?".
We write the partial sums of the series as

sn(f)(z) = % + Z(ak cos kx + by, sin kz).
k=1

Now while s, (f) need not converge pointwise to f (in fact, it may even diverge at a given
point), and while s,(f) is not typically a good uniform approximation to f, it is still a
very natural choice for an approximation to f in the “least squares” sense (which we’ll
make precise shortly). Said in other words, the Fourier series for f will provide a useful
representation for f even if it fails to converge pointwise to f.

We begin with a (rather long but entirely elementary) series of observations.

Remarks 6.1.
1. The collection of functions 1, cosx,cos2z,..., and sinx,sin 2z, ..., are orthogonal on

[, m]. That is,

s U v
/ cosmx cosnr dr = / sinmx sinnx dx = / cosmz sinnxrdr =0

—T —Tr —T

61
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for any m # n (and the last equation even holds for m = n),

T s
/ cos? mx dx = / sin?made =
—T —1Tr

for any m # 0, and, of course, ffﬂ ldx = 2m.

. What this means is that if T'(z) = % + °}'_; (o, cos kx + B sin kz), then

1 e o s
— T(z) cosmzdr = — cos?mx dx = o,
T

for m # 0, while

—T ™ —T

1 (7 ag [T
;/ T(x)da::ﬁ dx = «ap.

—T —T

That is, if T € 7,,, then T is actually equal to its own Fourier series.

. The partial sum operator s, (f) is a linear projection from C?™ onto 7,,.

I T(z) =% 4+ >, (o coskx + By sinkz) is a trig polynomial, then

Hoswr@as = 2 [ a0 [ ) coso e
JFZ% :T f(z) sinkx dz
OLQCLO

n
= + > (akar + Brbe),
k=1

where (ax) and (by) are the Fourier coefficients for f. [This should remind you of the
dot product of the coefficients.]

. Motivated by Remarks 1, 2, and 4, we define the inner product of two elements f,

g € C?™ by B}
(o= [ f@) g

(Be forewarned: Some authors prefer the normalizing factor 1/27 in place of 1/7 here.)
Note that from Remark 4 we have (f, s,(f)) = (sn(f), sn(f)) for any n. (Why?)

. If some f € C?™ has ay = b, = 0 for all k, then f = 0.

Proof. Indeed, by Remark 4 (or linearity of the integral), this means that

i flx)T(x)dr =0

-7
for any trig polynomial T. But from Weierstrass’s second theorem we know that f is
the uniform limit of some sequence of trig polynomials (7},). Thus,

T

i f(z)?de = nlingo f(x) T, (x)dx = 0.

—T

Because f is continuous, this easily implies that f = 0. O
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If f, g € C?" have the same Fourier series, then f = ¢g. Hence, the Fourier series for
an f € C*™ provides a unique representation for f (even if the series fails to converge

to f).

The coefficients ag, a1, ...,a, and by, bo, ..., b, minimize the expression

olag,ar,...,by) = /Tr [f(ac) — Sn(f)(a:)]2dx

Proof. Tt’s not hard to see, for example, that

9 _ /” 2[f(x) — sn(f)(@)] coskadz = 0

0 ag Jp—

precisely when ay satisfies

s

f(z) coskxdx = ak/ cos? kx de. O

—T —T

The partial sum s,(f) is the best approximation to f out of 7,, relative to the Lo

norm
2
T </f dx) .

I1f = sn(f)ll2 = min [|f = T2.
TeT,

That is,

Moreover, using Remarks 4 and 5, we have

I1f = sa(DIE = (F = sa(f), f = sulF)
= (i) =2(f,5n(f)) + (su(f), 5n(f))
Hfll%—llsn( )II%

% f( Zak+b2

[This should remind you of the Pythagorean theorem.]
It follows from Remark 9 that

L aere =SS @en) < L[ sera
k=1 -

L "

In other symbols, |ls,(f)ll2 < |[fll2- In particular, the Fourier coefficients of any
f € C?™ are square summable. (Why?)

If f € C?™, then its Fourier coefficients (a,,) and (b,) tend to zero as n — oo.
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12. Tt follows from Remark 10 and Weierstrass’s second theorem that s, (f) — f in the
Ly norm whenever f € C?7. Indeed, given € > 0, choose a trig polynomial T such
that || f — T|| < e. Then, because s,(T) =T for large enough n, we have

1f = sa(fllls < IF = Tllz + I5a(T = £z
< 2 =1
< 22|f-Tll < 2v2e,

where the penultimate inequality follows from the easily verifiable fact that || f|lz <
V2| f| for any f € C?7. (Compare this calculation with Lebesgue’s Theorem 5.9.)

By way of comparison, let’s give a simple class of functions whose Fourier partial sums
provide good uniform approximations.

Theorem 6.2. If f"" € C?™, then the Fourier series for f converges absolutely and umni-
formly to f.

Proof. First notice that integration by-parts leads to an estimate on the order of growth of
the Fourier coefficients of f.

us s : 1 s
Tay = f(z) coskxdx = f(z)d (smkkx) =-7 f'(z) sinkz dz

—Tr —T

(because f is 2m-periodic). Thus, |ax| < 2||f'||/k — 0 as k — oo. Now we integrate
by-parts again:

s s 1 s
—rkay = () sinkzdr = f'(x)d (Coskka:> = E/ f"(x) cos kx da

(because f’ is 2m-periodic). Thus, |ax| < 2||f”||/k* — 0 as k — co. More importantly, this
inequality (along with the Weierstrass M-test) implies that the Fourier series for f is both
uniformly and absolutely convergent:

o0
ago .
) + ,;:1 (ak cos kx + by sin k‘x)

an 0 0o 1
<|3 # X (ol 1) <O 5

But why should the series actually converge to f 7 Well, if we call the sum

o0
g(x) = % + Z(ak cos kx + by sinkz),
k=1

then g € C?™ (why?) and ¢ has the same Fourier coefficients as f (why?). Hence (by
Remarks 6.1 (7), above, g = f. O

Our next chore is to find a closed expression for s, (f). For this we’ll need a couple of
trig identities; the first two need no explanation.

cos kt cos kx + sin kt sin kx = cos k(t — x)
2cosasin § = sin(a + ) — sin(a — )

sin (n+3) 0
2sin %9

%+cos0+c0829+~~+cosn9:
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Here’s a short proof for the third:

sing0+ Y7 2coskf sin30 = sing0+> ) [sin(k+ )0 —sin(k— )0 ]
= sin(n+ 3)0.

The function
sin (n + 1)t
D, (t) — 712
2sin gt
is called Dirichlet’s kernel. Tt plays an important role in our next calculation.
We're now ready to re-write our formula for s, (f).

sn(f)(@) = %%+Z(akcosk9:+bksinkx)
k=1

0

%/W £(t) ;—FZCOSk(t—x)] dt
- k=1

1 [ sin(n+ 1) (t — )
/ - 2sin%2(t—x)

% + Z cos kt cos kx + sin kt sin kx] dt
k=1

dt

T

- Wf(t)Dn(t—m)dt:% f(z+1t) Dy, (t)dt.

™ -

It now follows easily that s, (f) is linear in f (because integration against D,, is linear), that
sn(f) € T, (because D, € 7y,), and, in fact, that 5,(7;) = Tin(m,n)- In other words, s, is
indeed a linear projection onto 7,,.

While we know that s,,(f) is a good approximation to f in the Ly norm, a better under-
standing of its effectiveness as a uniform approximation will require a better understanding
of the Dirichlet kernel D,,. Here are a few pertinent facts:

Lemma 6.3. (a) D, is even,

1 [7 2 [T
(b) — Dn(t)dt—;/o Dy(t)dt =1,

—T

(¢) |Dn(t)] §n+% and Dn(()):n+%,

in(n+3)t
@ 0D < p < X o 0<i<n

1 (" 4
(e) If \p= f/ |Dy(t)| dt, then —logn <\, <3+ logn.
T ) _r 7r

Proof. (a), (b), and (c) are relatively clear from the fact that

D, (t) = % +cost 4+ cos2t + - - + cosnt.
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(Notice, too, that (b) follows from the fact that s, (1) = 1.) For (d) we use a more delicate
estimate: Because 20/m < sinf < 0 for 0 < 6 < 7/2, it follows that 2¢/7 < 2sin(t/2) < ¢
for 0 < ¢t < 7. Hence,

T |sin(n+ 4)¢| - |sin(n+1)¢|

2t = 2singt t

for 0 < t < w. Next, the upper estimate in (e) is easy:

2 (7 2 [T |sin(n+3)t
,/ |Dn(t)|dt — ,/ Mdt
0 0

T s ZSin%t
2 [t 2 [T o
< = Dyat+ = —dt
< 7r/O (n+3) +7r/1/n2t
2 1
= nt + log ™ + logn
™
< 3+ logn.

The lower estimate takes some work:

2 [T 2 [T |si 3)t
,/ ‘Dn(t)|dt — f/ wdt
0 0

™ T 2sin %t

T : 1
~ byt
> g/ |sin (n + 3) |dt
™ Jo t
9 r+HT g
_ 7/ |smx|dx
™ Jo xr

> g/”” |sinx|dw
0 X

n km .
Z/ |Sll’lﬂ'}|d!r
1/ (k-1 T

1 k7
Z—/ |sinz | dx
km (

3

EREN

v
N

because Y ,_; + = logn. O

The numbers A, = || Dyll1 = £ [7 | D, (t)| dt are called the Lebesgue numbers associated
to this process (compare this to the terminology we used for interpolation). The point here
is that \,, gives the norm of the partial sum operator (projection) on C?™ and (just as with
interpolation) A\, — oo as n — 0o. As a matter of no small curiosity, notice that, from
Remarks 6.1 (10), the norm of s,, as an operator on Ly is 1.

Corollary 6.4. If f € C?™, then

D@1 <3 [ 15+ OlDaO]dt < M (6.1

—T

In particular, |[sn(f) < Aallf]] < (3 +logn)| f]]-
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If we approximate the function sgn D,, by a continuous function f of norm one, then

sn(f)(0) = 1/7r 1D, (t)] dt = An.

L

Thus, A, is the smallest constant that works in equation (6.1). The fact that the partial sum
operators are not uniformly bounded on C?7, along with the uniform boundedness theorem,
tells us that there must be some f € C?™ for which ||s,(f)|| is unbounded. But, as we’ve
seen, this has more to do with certain projections than with Fourier series; indeed, a version
of the Kharshiladze-Lozinski Theorem is valid in this setting, too (cf. Theorem 5.5).

Theorem 6.5. (Kharshiladze, Lozinski) For each n, let L, be a continuous, linear projec-
tion from C?™ onto T,,. Then, there is some f € C*™ for which | L, (f) — f|| is unbounded.

Although Corollary 6.4 may not look very useful, it does give us some information about
the effectiveness of s, (f) as a uniform approximation to f. Specifically, we have Lebesgue’s
theorem:

Theorem 6.6. If f € C?™ and if we set EL(f) = minger, ||f —T|, then

EX(f) < If = sa(HIl < (4+1ogn) EL(f).

Proof. Let T* be the best uniform approximation to f out of 7,,. Then, because s, (T*) =
T*, we get

If = sn(DI < L =T + llsn(T* = I < (4 +1ogn) [|f =T O

As an application of Lebesgue’s theorem, let’s speak briefly about “Chebyshev series,”
a notion that fits neatly between approximation by algebraic polynomials and by trig poly-
nomials.

Theorem 6.7. Suppose that f € C[—1,1] is twice continously differentiable. Then f
may be written as a uniformly and absolutely convergent Chebyshev series; that is, f(x) =
Yoo axTi(x), where 3707 lax| < co.

Proof. As usual, consider p() = f(cosf) € C*™. Because ¢ is even and twice differentiable,
its Fourier series is an absolutely and uniformly convergent cosine series:

f(cosB) = p(0) = Z ay cos kf = Z ai Ty (cosB),
k=0 k=0

where |ag| < 2| ||/k?. Thus, f(z) = > reqarTi(x). O

If we write S, (f)(z) = > p_o arTk(x), we get an interesting consequence of this Theorem.
First, notice that

Sn(f)(cosb) = sn()(0).

Thus, from Lebesgue’s theorem,

Ealf) < If = SulDllorrn) = g = su(@)llcor
(4-+logn) B (o) = (4+1logn) B ().

N
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For n < 400, this reads
En(f) < If = Su(HI < 10EL(f).

That is, for numerical purposes, the error incurred by using Y.;_, axT}(z) to approximate
f is within one decimal place accuracy of the best approximation! Notice, too, that E,(f)
would be very easy to estimate in this case because

Saif < Yl < 2”1 Y

k>n k>n k>n

En(f) < IIf = Su(f)

Lebesgue’s theorem should remind you of our “fancy” version of Bernstein’s theorem;
if we knew that EL(f)logn — 0 as n — oo, then we'd know that s, (f) converged uni-
formly to f. Our goal, then, is to improve our estimates on EZ(f), and the idea behind
these improvements is to replace D,, by a better kernel (with regard to uniform approxima-
tion). Before we pursue anything quite so delicate as an estimate on EI(f), though, let’s
investigate a simple (and useful) replacement for D,,.

Because the sequence of partial sums (s, ) need not converge to f, we might try looking
at their arithmetic means (or Cesaro sums):

S0t Ss1 4+ Sp—1

n =

n

(These averages typically have better convergence properties than the partial sums them-
selves. Consider o, in the (scalar) case s, = (—1)", for example.) Specifically, we set

(@) = [+ + sna()]
= 2 jwrn Zm] =2 [ pern K.

where K,, = (Dog+D1+---+D,_1)/nis called Fejér’s kernel. The same techniques we used
earlier can be applied to find a closed form for o,,(f) which, of course, reduces to simplifying
(Do+ Dy + -4+ Dy—1)/n. As before, we begin with a trig identity:

n—1 n—1
2sind Zsin(2k—|— 1)0 Z[cos2k9—cos (2k +2)0]
k=0 k=0

= 1— cos2nf = 2sin®nd.

Thus,

n—1 . .2
o - 15
k=0
Please note that K, is even, nonnegative, and % ffﬂ K, (t)dt = 1. Thus, o,(f) is a positive,
linear map from C*™ onto 7, (but it’s not a projection—why?), satisfying ||o (f)|l2 < [|f]l2
(why?).
Now the arithmetic mean operator o, (f) is still a good approximation f in L norm.

Indeed,
ZHf—Sk )2 =0

HS G-t

k=0

If = on(Hll2 =~
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as n — oo (because ||f — si(f)||]2 — 0). But, more to the point, o,(f) is actually a good
uniform approximation to f, a fact that we’ll call Fejér’s theorem:

Theorem 6.8. If f € C?™, then o,,(f) converges uniformly to f as n — oc.

Note that, because o, (f) € 7, Fejér’s theorem implies Weierstrass’s second theorem.
Curiously, Fejér was only 19 years old when he proved this result (about 1900) while Weier-
strass was 75 at the time he proved his approximation theorems.

We'll give two proofs of Fejér’s theorem; one with details, one without. But both follow
from quite general considerations. First:

Theorem 6.9. Suppose that k,, € C*™ satisfies

(a) kn >0,
1 s

(b) — kn(t)dt =1, and
™

—T

(c) / kn(t)dt — 0 for every § > 0.
s<[t|<n

1 ™
Then, — flx+1t)k,(t)dt = f(x) for each f € C37.

™ —T
Proof. Let € > 0. Because f is uniformly continuous, we may choose 6 > 0 so that |f(x) —
f(z+1)] <e, for any x, whenever [t| < §. Next, we use the fact that k,, is nonnegative and
integrates to 1 to write

‘f(m)—i : f(x+t)kn(t)dt‘ = %/_ [f(:c)—f(;v—i—t)]kn(t)dt‘
< 2 [ 1@ fa 0]k d
e 271
< W/t|<5kn(t)dt+ i /(;Sltgﬂkn(t)dt
< e4¢e=2¢
for n sufficiently large. O

To see that Fejér’s kernel satisfies the conditions of the Theorem is easy: In particular,
(c) follows from the fact that K, (¢) = 0 on the set § < |t| < 7. Indeed, because sin(¢/2)
increases on 6 < t < w we have

-2
sin”(nt/2) < 1

Kn(t) = 2nsin2(t/2) - 2nsin2(5/2)

Our second proof, or sketch, really, is based on a variant of the Bohman-Korovkin theo-
rem for C?™ due to Korovkin. In this setting, the three “test cases” are

fo(z) =1, fi(z) = cosz, and fa(z) = sinz.

Theorem 6.10. Let (L,) be a sequence of positive, linear maps on C*™. If L, (f) = f for
each of the three functions fo(x) =1, fi(x) = cosz, and fo(x) = sinx, then L,(f) = f for
every f € O,
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We won’t prove this theorem; rather, we’ll check that o,,(f) = f in each of the three
test cases. Because s, is a projection, this is painfully simple!

on(fo) = E(fo+ fo+-+ fo)=fo,
on(ft) = LO0+fi++f)="2 A2 A,

n

on(fe) = 20+ fot-+ o)=L fo 2 fo

Kernel operators abound in analysis; for example, Landau’s proof of the Weierstrass
theorem uses the kernel L, (z) = c,(1 — 2%)". And, in the next chapter, we’ll encounter
Jackson’s kernel, J,,(t) = ¢, sin® nt/n®sin® t, which is essentially the square of Fejér’s kernel.
While we will have no need for a general theory of such operators, please note that the key
to their utility is the fact that they’re nonnegative!

Lastly, a word or two about Fourier series involving complex coefficients. Most modern
textbooks consider the case of a 2m-periodic, integrable function f : R — C and define the

Fourier series of f by
oo
§ Ck ezk:t7

k=—o0
where now we have only one formula for the cy:
1 s

Cp = — (t) e~ at,
2 J_,

but, of course, the ¢, may well be complex. This somewhat simpler approach has other
advantages; for one, the exponentials e’** are now an orthonormal set—relative to the
normalizing constant 1/27. And, if we remain consistent with this choice and define the Ly

norm by . "
= (5 [ r@Ra)

then we have the simpler estimate || f|2 < ||f]| for f € C?7.

The Dirichlet and Fejer kernels are essentially the same in this case, too, except that we
would now write s, (f)(z) = Y r__, cke’*®. Given this, the Dirichlet and Fejér kernels can
be written

n n
Dn(l’) _ Z eikw = 14 Z(eikaz + e—ika;)

k=—n k=1

n
= 1+2Zcosk‘m
k=1
sin(n+ %)
1

3111533

and
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sin?(nt/2)
nsin?(t/2)
In other words, each is twice its real coefficient counterpart. Because the choice of normal-

izing constant (1/m versus 1/2m, and sometimes even 1//7 or 1/4/27 ) has a (small) effect
on these formulas, you may find some variation in other textbooks.
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Problems

* 1. Define f(z) = (m — 2)? for 0 < z < 27, and extend f to a 27-periodic continuous
function on R in the obvious way. Check that the Fourier series for f is 72/3 +
4 ZZO L cosnzx/ n?. Because this series is uniformly convergent, it actually converges to
f. In particular, note that setting x = 0 yields the familiar formula 32 | 1/n? = 72/6.

2. (a) Given n > 1 and ¢ > 0, show that there is a continuous functlon fecC™T
satisfying || f|| =1 and £ [ |f(t) — sgn Dy (t)| dt < e/(n+1).

Show that s,(f)(0) > A, — ¢ and conclude that ||s,(f)|| > An —
|Dp(z)] <n+ % =D,(0) for 0 < |z| <.
D, (2x) = Uyp(cosx) for 0 <z < .

TQnH(cosx) = (2n+1)-2D,(2z) for 0 < = < 7 and, hence, |T3,,,(t)] <
(2n + 1) = T4, , , (£1) for \t| <1

4. (a) If f, k € C*", prove that g(z) = [ f(x +t) k(t) dt is also in C*7.

(b) If we only assume that f is 27T—per10dlc and Riemann integrable on [—m, 7] (but
still k € C?7), is g still continuous?

(b
(a
(b) 2
(c

~ I D I

(c¢) If we simply assume that f and k are 2m-periodic and Riemann integrable on
[—7, 7], is g still continuous?

5. Let (k,) be a sequence in C?™ satisfying the hypotheses of Theorem 6.9. If f is
Riemann integrable, show that = [ f(x +t) kn(t) dt — f(x) pointwise, as n — oo,
at each point of continuity of f. In particular, conclude that o, (f)(x) — f(x) at each
point of continuity of f.

* 6. Given f, g € C?™, we define the convolution of f and g, written f * g, by

(Feo)@ =1 [ f0o—1ar

(a) Show that f x g = g* f and that f x g € C°".
(b) If one of f or g is a trig polynomial, show that f * g is again a trig polynomial
(of the same degree).

(c) If one of f or g is continuously differentiable, show that f * g is likewise continu-
ously differentiable and find an integral formula for (f * g)’(z).

7. Show that the complex Fejér kernel can also be written as K, (z) = (1/n) > ;__, (n—
‘k| ) eikx.
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Jackson’s Theorems

Direct Theorems

We continue our investigations of the “middle ground” between algebraic and trigonomet-
ric approximation by presenting several results due to the great American mathematician
Dunham Jackson (from roughly 1911-1912). The first of these results will give us the best
possible estimate of E,(f) in terms of wy and n.

Theorem 7.1. If f € C*", then EL(f) < 6wy([-m,7]; ).

Theorem 7.1 should be viewed as an improvement over Bernstein’s Theorem 2.6, which
stated that E,(f) < %wf(ﬁ) for f € C[-1,1]. As we'll see, the proof of Theorem 7.1
not only mimics the proof of Bernstein’s result, but also uses some of the ideas we talked
about in the last chapter. In particular, the proof we’ll give involves integration against an
“improved” Dirichlet kernel.

Before we dive into the proof, let’s list several immediate and important corollaries:

Corollary 7.2. Weierstrass’s Second Theorem.

Proof. wy(+) — 0 for any f € C?. O
Corollary 7.3. (The Dini-Lipschitz Theorem) If wf(%)logn — 0 as n — oo, then the
Fourier series for f converges uniformly to f.

Proof. From Lebesgue’s theorem (Theorem 6.6),

1f = salP)ll < (4+1logn) ET(F) < 6(4+1ogn>wf(1) ~o0. 0

n
Theorem 7.4. If f € C[—1,1], then E,(f) < 6ws([-1,1];1).
Proof. Let ¢(0) = f(cos®). Then, as we’ve seen,
. 1 1
En(f) = En(<10) S 6('0@ [77r77r];a Swa [7171};5 5
where the last inequality follows from the fact that

(@) =p(B)] = |flcosa) = fcos B)| < wy(lcosa—cosfB]) < wi(la=F]). O

73
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Corollary 7.5. If f € lipga on [—1,1], then E,(f) < 6Kn~*. (Recall that Bernstein’s
theorem gives only n=/2.)

Corollary 7.6. If f € C[—1,1] has a bounded derivative, then E,(f) < S||f"]|.
% Enfl(f ! )

Proof. Let p* € P,_1 be the best uniform approximation to f’ and consider p(z) =
[*, p*(t) dt € P,. From the previous Corollary,

Ef) = Eaf-p)  (Why?)
< S =pl = S B0

Corollary 7.7. If f € C[—1,1] has a continuous derivative, then E,(f) <

Iterating this last inequality will give the following result:

Corollary 7.8. If f € C[—1,1] is k-times continuously differentiable, then

Gr+1 1
En(f) < n(n_l)(n—k+1) Wk (n—k>’

where wy, is the modulus of continuity of f*).

WEell, enough corollaries. It’s time we proved Theorem 7.1. Now Jackson’s approach was
to show that

™

L ~cn(

T J—n

sin nt
sint

>4dt = f(),

where J,,(t) = c,(sinnt/sint)? is the improved kernel we alluded to earlier (it’s essentially
the square of Fejér’s kernel). The approach we’ll take, due to Korovkin, proves the existence
of a suitable kernel without giving a tidy formula for it. On the other hand, it’s relatively
easy to outline the idea. The key here is that J,(t) should be an even, nonnegative, trig
polynomial of degree n with % ffﬂ Jn(t) dt = 1. In other words,

1 n
Ja(t) = §—|— E Pk.n cOs kt (7.1)
k=1

(why is the first term 1/27), where p1 ., . . ., pn,n must be chosen so that J, (t) > 0. Assuming
we can find such py, ,,, here’s what we get:

Lemma 7.9. If f € C?™, then
1 [7 1
‘f(a:)7T f(ert)Jn(t)dt’ < wf< )

n

1+n7r1/12pl’n]. (7.2)

Proof. We already know how the first several lines of the proof will go:

—T

@1 [ seronwal = 2| [ 1@ - 0] o)
< 2 [ 1@ - st ol g
< 2 [ wtimma. 73)

—T
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Next we borrow a trick from Bernstein. We replace wy(|t|) by

ortle) = wr (sl 1) < (nlt)op (2],

and so the integral in formula (7.3) is dominated by

wy (711) .;/7;(1+n|t|)Jn(t)dt = wy (i) : {1+:/7; |t|Jn(t)dt}

All that remains is to estimate [”_|t|.J,(t)dt, and for this we’ll appeal to the Cauchy-
Schwarz inequality (again, compare this to the proof of Bernstein’s theorem).

l/ It| Jn(t)dt = l/ It Jn ()20, ()% dt
s ™

—T —T

(71r /_7; RpAG) dt)l/2 (jr /_7; 7 dt)l/z

<
17 1/2
= (77/ t|2Jn(t)dt) .
But,
2 2
4
It < [wsin()} = 7r—(lfcost).
2 2
So,

1 T 2 1 0 1/2 1_ ,
— / |t| Jn(t) dt < (W C = / (1 — COS t) Jn(t) dt) = 7T A O
0 2 wm)_, 2

—T

It remains to prove that we can actually find a suitable choice of scalars pi n,...,pnn.
We already know that we need to choose the py, so that J,(t) will be nonnegative, but
now it’s clear that we also want p; , to be very close to 1. To get us started, let’s first see
why it’s easy to generate nonnegative cosine polynomials. Given real numbers cq, ..., Cp,
note that

n

E Ck 6ik:v

k=0

2 n n
0< — (Z Ckeikx> che*ijx

k=0 =0

= E cpezetF=Ie
k,j

= Z i+ Z CCj (ei(k_j)”’ + ei(j_k)x)
k=0

k>j
n
= Zci +2 chcj cos(k — j)z
k=0 k>j

n n—1
= E ci—l—QE CkCk+1COST + - -
k=0 k=0

-+ 4 2¢qcy, cosnx.
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In particular, we need to find cg, ..., c, with
n 1 n—1
2 _ 1 _ ~
ch =3 and Pin =2 Z cpcry1 ~ 1.
k=0 k=0

What we’ll do is find ¢; with Zz;é ClChi1 & Y p_o C3, and then normalize. But, in fact, we
won’t actually find anything—we’ll simply write down a choice of ¢ that happens to work!

Consider:
" (k41 \ . [(k+2 (k410 k
E sin m)sin| ——7) = g sin m)sin| ——m
n+2 n+2 n+2 n—+2
k=0 k=0
1« k k+2 k+1
_ 1 - : i . 4
2’;:0 {51n<n+27r>+s1n(n+277)]sm(n+2ﬂ') (7.4)

By changing the index of summation, it’s easy to see that the first two sums are equal and,
hence, each is equal to the average of the two. Next we re-write the last sum in (7.4), using
the trig identity %(sinA + sin B) = cos (A*TB) sin (AJFTB), to get

”.(k+1>_<k+2> <w>”.2<k+1>
Z Sin T ) S1n ™ = COS Z Sin —_— T | .
— n+2 n—+ 2 n—+ 2 — n+2

Because cos ( =% ) ~ 1 for large n, we’ve done it! If we define ¢, = ¢ - sin ( ££L 1), where
n+2 J n+2 )

¢ is chosen so that > ;_,c? = 1/2, and if we define J,(z) using (7.1), where py, = cy,

then J,(x) > 0 and p1,, = cos (ﬁ) (why?). The conclusion of Lemma 7.9; that is, the

right-hand side of equation (7.2), can now be revised:

]- _pl,n _
V 2

which allows us to conclude that

Ej(f) < <1+7r22) wy (711) < 6wy (i)

This proves Theorem 7.1. O

Inverse Theorems

Jackson’s theorems are what we might call direct theorems. If we know something about f,
then we can say something about E, (f). There is also the notion of an inverse theorem,
meaning that if we know something about E,,(f), we should be able to say something about
f. In other words, we would expect an inverse theorem to be, more or less, the converse of
some direct theorem. Now inverse theorems are typically much harder to prove than direct
theorems, but in order to have some idea of what such theorems might tell us (and to see
some of the techniques used in their proofs), we present one of the easier inverse theorems,
due to Bernstein. This result yields a (partial) converse to Corollary 7.5.
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Theorem 7.10. If f € C*™ satisfies EL(f) < An~%, for some constants A and 0 < o < 1,
then f € lipga for some constant K.

Proof. For each n, choose S, € 7, so that ||f — S,|| < An~%. Then, in particular, (S,)
converges uniformly to f. Now if we set V) = 51 and V,, = Son — Son—1 for n > 1, then
Vi € Ton and f =", V,. Indeed,

IVall < 11820 = fll + 18202 = fIl < A@")™*+A@2")™™ = B-27",
which is summable; thus, the (telescoping) series - V;, converges uniformly to f. (Why?)

Next we estimate |f(z) — f(y)| using finitely many of the V,,, the precise number to be
specified later. Using the mean value theorem and Bernstein’s inequality we get

f@) = f@)] < D [Val@) = Valy)l
n=0

m—1 0o
< Va(@) = Va()] + 2 [[Vall
n=0 n=m
m—1 0o
= VaG)lle =yl + 2> [Vl
n=0 n=m
m—1 oo
< o=yl S 2Vl + 230 Vil (7.5)
n=0 n=m
m—1 o]
< lz—yl ) B2r0T 4 23" paTe
n=0 n=m
< Cflo—yl-2m0m) 4 gmme] (7.6)

where we've used, in (7.5), the fact that V,, € To» and, in (7.6), standard estimates for
geometric series. Now we want the right-hand side to be dominated by a constant times
|z — y|®. In other words, if we set |z — y| = J, then we want

5.2771(1—04) + 9—ma S D-&¢

or, equivalently,

(2mo)1=) 4+ (2m§)~* < D. (7.7)
Thus, we should choose m so that 26 is both bounded above and bounded away from zero.
For example, if 0 < § < 1, we could choose m so that 1 < 2™¢ < 2. O

In order to better explain the phrase “more or less the converse of some direct theorem,”
let’s see how the previous result falls apart when o = 1. Although we might hope that
ET(f) < A/n would imply that f € lipx1, it happens not to be true. The best result
in this regard is due to Zygmund, who gave necessary and sufficient conditions on f so
that EX(f) < A/n (and these conditions do not characterize lip;1 functions). Instead of
pursuing Zygmund’s result, we’ll settle for simple “surgery” on our previous result, keeping
an eye out for what goes wrong. This result is again due to Bernstein.

Theorem 7.11. If f € C*™ satisfies EL(f) < A/n, then wp(8) < Kd|logé| for some
constant K and all § sufficiently small.
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Proof. If we repeat the previous proof, setting o = 1, only a few lines change. In particular,
the conclusion of that long string of inequalities, ending with (7.6), would now read

[f(@) = f)| < Clle—yl-m +27"] = C[mé + 27™].

Clearly, the right-hand side cannot be dominated by a constant times 4, as we might have
hoped, for this would force m to be bounded (independent of §), which in turn bounds
0 away from zero. But, if we again think of 2§ as the “variable” in this inequality (as
suggested by formula (7.7) and the concluding lines of the previous proof), then the term
mo suggests that the correct order of magnitude of the right-hand side is §|log d |. Thus, we
would try to find a constant D so that

md + 27 < D-4|logd|

or
m(2™d) + 1 < D-(2™§)|logd|.

Now if we take 0 < § < 1/2, then log2 < —logd = |logd |. Hence, if we again choose m > 1
so that 1 < 2™§ < 2, we'll get

log2 —log§ 2

mlog2+logd <log2 = m< < |logd |
log 2 log 2
and, finally,
mEm6)+1 < 2m+1 < 3m < —|logd| < —0— (275) [log 5| 0
- - ~ log?2 8ol = log 2 8ol



Chapter 8

Orthogonal Polynomials

Given a positive (except possibly at finitely many points), Riemann integrable weight func-
tion w(z) on [a,b], the expression

b
(f.9) = / f(@) g(x) w(z) d

defines an inner product on C[a,b] and

b 1/2
1fll2 = (/ f(:v)zw(ff)dw> = V(. f)

defines a strictly convex norm on C[a,b]. (See Problem 1 at the end of the chapter.) Thus,
given a finite dimensional subspace E of C[a,b] and an element f € Cla,b], there is a
unique g € F such that

1f = glla = min|[f —Rll2.
heE

We say that g is the least-squares approximation to f out of E (relative to w).

Now if we apply the Gram-Schmidt procedure to the sequence 1, z, 22, ..., we will arrive
at a sequence (@) of orthogonal polynomials relative to the above inner product. In this
special case, however, the Gram-Schmidt procedure simplifies substantially:

Theorem 8.1. The following procedure defines a sequence (Q,) of orthogonal polynomials
(relative to w). Set:

Qo(z) =1, Qi(z) =2 —ag = (z —ap)Qo(z),

and

Qn—i—l(z) == (93 - an)Qn(I) - ann—l(I)a

for n > 1, where

an = <xQnaQn>/<QnaQn> and by, = <xQn7Qn—1 >/<Qn—1aQn—1>

(and where x Q,, is shorthand for the polynomial x Q,(x)).

79
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Proof. Tt’s easy to see from these formulas that @,, is a monic polynomial of degree exactly
n. In particular, the @Q,, are linearly independent (and nonzero).

Now it’s easy to see that @y, @1, and ()2 are mutually orthogonal, so let’s use induction
and check that Q11 is orthogonal to each Qg, k < n. First,

<Qn+laQn> = <$QnaQn>_an<Qn7Qn>_bn<Qn717Qn> =0

and

<Qn+17Qn—1> = <xQn7Qn—1> - an<anQn—1> - bn<Qn—1;Qn—1 > =0,

because (@,—1,Qn ) = 0. Next, we take k < n — 1 and use the recurrence formula twice:

<Qn+1an> = <xQn7Qk>_an<Qn7Qk>_bn<Qn71an>
= (2Qn,Qr) = (Qn,2Qk) (Why?)
(Qn, Qryr + arQr +0rQr_1) =0,

because k£ + 1 < n. O
Remarks 8.2.

1. Using the same trick as above, we have

by, = <xQn7Qn—1 >/<Qn—1in—1> = <QnaQn>/<Qn—van—1> > 0.

2. Each p € P, can be uniquely written p = >"7"  a;Q;, where a; = (p,Q;)/(Q;,Q:)-

3. If Q is any monic polynomial of degree exactly n, then Q = Q,, + 2?2—01 ;Q; (why?)

and hence s
ne
QI3 = 1@nll3 + > aflQills > 1Qal3,
i=0
unless Q = @Q,. That is, @, has the least || - ||]2 norm of all monic polynomials of
degree n.

4. The @,, are unique in the following sense: If (P,) is another sequence of orthogonal
polynomials such that P, has degree exactly n, then P, = a,Q, for some «a,, # 0.
(See Problem 4.) Consequently, there’s no harm in referring to the Q,, as the sequence
of orthogonal polynomials relative to w.

5. For n > 1 note that fab Qn(t) w(t) dt = (Qo, Qn) = 0.
Examples 8.3.

1. On [-1,1], the Chebyshev polynomials of the first kind (7},) are orthogonal relative

to the weight w(x) =1/v1 — 22.

1 ™
/1Tm($)Tn($)\/f7 = /Ocosmecosnede
0, m#mn
= T, m:n:O

/2, m=mn%#0.
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Because T,, has degree exactly mn, this must be the right choice. Notice, too, that

% To,T1,Ts, ... are orthonormal relative to the weight 2/7v/1 — 22.

In terms of the inductive procedure given above, we must have Qg = Ty = 1 and
Qn = 27T, for n > 1. (Why?) From this it follows that a,, = 0, by = 1/2, and
b, = 1/4 for n > 2. (Why?) That is, the recurrence formula given in Theorem 8.1
reduces to the familar relationship T,41(x) = 22T, (x) — T),—1(z). Curiously, Q, =
2-"+1T minimizes both

ma )l and (/ 11p<x>2 —)

over all monic polynomials of degree exactly n.

The Chebyshev polynomials also satisfy (1 — x2) 7" (x) — z T/ (x) + n? T, (x) = 0.
Because this is a polynomial identity, it suffices to check it for all x = cosf. In this
case,

o - 22
and
T(2) = n? cos m9 si2n9 - r%sin nd cos 6
sin® 6 (— sin 0)
Hence,

(1—a?) T}/ (z) — 2 T (x) + n® To ()

= —n?cosnf + nsinnb cot @ — nsinnd cot § + n?cosd = 0

. On [-1,1], the Chebyshev polynomials of the second kind (U,,) are orthogonal relative
to the weight w(z) = v/1 — 22. Indeed,

L 9 dx
[ Onla) U (1= 2%)
:/”sin(qul)G.sin(nJrl)G 0, m#n
0

/2, m=n.

.2
. 0do =
sin 0 sin 0 S {
While we're at it, notice that

T (z) = nsinnf

= nU,—1(x).
sin ¢ n-1(®)
As arule, the derivatives of a sequence of orthogonal polynomials are again orthogonal
polynomials, but relative to a different weight.

. On [—1,1] with weight w(z) = 1, the sequence (P,) of Legendre polynomials are
orthogonal, and are typically normalized by P,(1) = 1. The first few Legendre poly-
nomials are Py(z) =1, Pi(z) =z, P2(z) = 3 2% — 3, and P3(z) = 5 2% — 3 z. (Check
this!) After we've seen a few more examples, we’ll come back and give an explicit

formula for P,.
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4. All of the examples we've seen so far are special cases of the following: On [-1,1],
consider the weight w(z) = (1 — x)*(1 + x)?, where a, 3 > —1. The corresponding
orthogonal polynomials (Pn(a’ﬁ )) are called the Jacobi polynomials and are typically
normalized by requiring that

PeA(1) = (nza> B (a+1)(a+712!)...(a+n)'

It follows that P,.°% = P,

p(=1/2,-1/2) _ 1-3-5---(2n—1)
" N 2nnl

Tna

and

PT],(1/271/2) = 1.3'5...(2n+1) Un.
27 (n+1)!

The polynomials Pn(a’a) are called ultraspherical polynomials.
5. There are also several classical examples of orthogonal polynomials on unbounded
intervals. In particular,
(0, 00) w(z) =e "
(0, 00) w(z) = x%e

Laguerre polynomials,

- generalized Laguerre polynomials,

(—00, 00) w(z) = e’ Hermite polynomials.

Because @, is orthogonal to every element of P,_1, a fuller understanding of @,, will
follow from a characterization of the orthogonal complement of P,_1. We begin with an
easy fact about least-squares approximations in inner product spaces.

Lemma 8.4. Let FE be a finite dimensional subspace of an inner product space X, and let
x € X\ E. Then, y* € E is the least-squares approzimation to x out of E (a.k.a. the
nearest point to x in E) if and only if (x — y*, y) = 0 for every y € E; that is, if and only
if (x—y*) L E.

Proof. [We’ve taken E to be finite dimensional so that nearest points will exist; because X
is an inner product space, nearest points must also be unique (see Problem 1 for a proof
that every inner product norm is strictly convex).]

(<=) First suppose that (z —y*) L E. Then, given any y € E, we have

lz=yl3 = l@—y)+ @ =y = lz—y 13+ ly" —yl3

because y* —y € E and, hence, (z —y*) L (y* —y). Thus, ||z —y| > ||z —y*|| unless y = y*;
that is, y* is the (unique) nearest point to  in E.

(=) Suppose that z—y* is not orthogonal to E. Then there is some y € E with |ly|| =1
such that o = {(x —y*, y) # 0. It now follows that y* + oy € E is a better approximation to
2 than y* (and y* + ay # y*, of course); that is, y* is not the least-squares approximation
to z. To see this, we again compute:

lz— (W +ay)l3 = [@—y)—ayll} = (z—y") —ay, (x—y*) — ay)

lz = y*II3 — 20 (z — ", y) +
2

= loe-y'llE—a* < llz—y"[3.

Thus, we must have (x — y*, y) = 0 for every y € E. O
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Lemma 8.5. (Integration by-parts)

b n b b
/ u™y = Z(—l)kilu("fk)v(kfl)} + (—1)"/ uv™.

k=1 @

Now if v is a polynomial of degree < n, then v(™ = 0 and we get:

b
Lemma 8.6. f € C[a,b] satisfies / f(z) p(z) w(x) dz = 0 for all polynomials p € Pp_1 if
a

and only if there is an n-times differentiable function u on [a,b] satisfying fw = u™ and
u®(a) =u®(b) =0 for all k=0,1,...,n— 1.

Proof. One direction is clear from Lemma 8.5: Given u as above, we would have fab frow=
fab u™p = (=1)" f; up™ = 0.

So, suppose we have that f; fpw =0 for all p € P,,_1. By integrating fw repeatedly,
choosing constants appropriately, we may define a function u satisfying fw = u(®) and
u(a) = 0 for all K = 0,1,...,n — 1. We want to show that the hypotheses on f force
u(b) =0 for all k =0,1,...,n — 1.

Now Lemma 8.5 tells us that

b n
0= [[ar = 000

for all p € P,_1. But the numbers p(b), p'(b), ..., p" 1 (b) are completely arbitrary; that is
(again by integrating repeatedly, choosing our constants as we please), we can find polynomi-
als py of degree k < n such that p,(f) (b) #0and p,(j)(b) = 0for j # k. In fact, pp(z) = (z—b)*
works just fine! In any case, we must have u(®)(b) = 0 for all k = 0,1,...,n — 1. O

Rolle’s theorem tells us a bit more about the functions orthogonal to P, _1:

Lemma 8.7. If w(z) > 0 in (a,b), and if f € Cla,b] is in the orthogonal complement
of Prn—1 (relative to w); that is, if [ satisfies f; f(@) p(z)w(z)dx = 0 for all polynomials
p € Pn_1, then [ has at least n distinct zeros in the open interval (a,b).

Proof. Write fw = u(™, where u(®)(a) = u® (b) = 0 for all k = 0,1,...,n—1. In particular,
because u(a) = u(b) = 0, Rolle’s theorem tells us that u’ would have at least one zero in
(a,b). But then u/(a) = u/(c) = v/(b) = 0, and so u” must have at least two zeros in (a,b).
Continuing, we find that fw = u(™ must have at least n zeros in (a,b). Because w > 0, the
result follows. O

Corollary 8.8. Let (Q,) be the sequence of orthogonal polynomials associated to a given
weight w with w > 0 in (a,b). Then, the roots of Q.,, are real, simple, and lie in (a,b).

The sheer volume of literature on orthogonal polynomials and other “special functions” is
truly staggering. We’ll content ourselves with the Legendre and the Chebyshev polynomials.
In particular, let’s return to the problem of finding an explicit formula for the Legendre
polynomials. We could, as Rivlin does, use induction and a few observations that simplify
the basic recurrence formula (you're encouraged to read this; see [45, pp. 53-54]). Instead
we'll give a simple (but at first sight intimidating) formula that is of use in more general
settings than ours.
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Lemma 8.6 (with w = 1 and [a,b] = [-1,1]) says that if we want to find a polynomial
f of degree m which is orthogonal to P,,_1, then we’ll need to take a polynomial for w,
and this v will have to be divisible by (z — 1)"(z + 1)”. (Why?) That is, we must have
P, (z) = ¢, - D"[(2? —1)"], where D denotes differentiation, and where ¢, is chosen so that
P,(1)=1.

Lemma 8.9. (Leibniz’s formula) D"(fg) Z (Z) Dk(f) D"_k(g).
o

0
Proof. Induction and the fact that (Zj) + ("El) = (2) O

Consequently, Q(z) = D" [(z — 1)"(z + 1)"] =31 _y (7) DF(z = 1)" D" *(z + 1)" and
it follows that Q(1) = 2"n! and Q(—1) = (—1)"2"n!. This, finally, gives us the formula
discovered by Rodrigues in 1814:

P.(z) = D"[(z* —1)"]. (8.1)

2"n'
The Rodrigues formula is quite useful (and easily generalizes to the Jacobi polynomials).
Remarks 8.10.

1. By Corollary 8.8, the roots of P, are real, distinct, and lie in (—1,1).

2. From the binomial theorem, (z? — 1) = > (=1)*(})x**~2*. If we apply 5= D"
and simplify, we get another formula for the Legendre polynomlals

[n/2]
1 n\ (2n — 2k _
Palz) = 52 (_1)k<k>< n )mn -

k=0
In particular, if n is even (odd), then P, is even (odd). Notice, too, that if we let
P, denote the polynomial given by the standard construction, then we must have
P, =27""(*")P,.

3. In terms of our standard recurrence formula, it follows that a,, = 0 (because x P, (z)?
is always odd). It remains to compute b,. First, integrating by parts,

/ Po(x)de = xPn(x)Qr_l _ /_1 2 2P, () P (x) da,

1

v (P,,P,) = 2—2(P,,zP.). But 2P, = nP, + lower degree terms; hence,
(Pn,xzP.) = n{P,,P,). Thus, (P,,P,) = 2/(2n + 1). Using this and the fact
that P, = 27" (") P,, we'd find that b, = n?/(4n* — 1). Thus,

o1 (2042 5
Py = 2 1<n+1>Pn+1
2n + 2 ~ n? ~
= 9ol P, — ———P,_
<n+1>{”5 (@n?—1) "
2n+1 n
= >, — —— P 1.
n—i—lz ! n+1 " !

That is, the Legendre polynomials satisfy the recurrence formula

(n+1)Pysi1(z) = Cn+1)xPy(z) —nP_1(x).
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4. It follows from the calculations in remark 3, above, that the sequence ]3n = 2"; Lp,

is orthonormal on [—1,1].

5. The Legendre polynomials satisfy the differential equation (1 —x?) P”(z)— 2z P! (z)+
n(n+ 1) Py(z) = 0. If we set u = (22 — 1)"; that is, if u(™) = 2"n!P,, note that
(22 — 1)u’ = 2nau. Now we apply D"*! to both sides of this last equation (using
Leibniz’s formula) and simplify:

w2 (22 — 1) + (n+ 1) uHD 2 4 DR 4, () 9
=2n [u"D 2 + (n+ 1) u™]
= (1 —2?)u*? — 204+t 4 n(n 4+ 1)u™ =0.

6. Through a series of exercises, similar in spirit to remark 5, Rivlin shows that | P, (x)| <
1on [—1,1]. See [45, pp. 63-64] for details.

Given an orthogonal sequence, it makes sense to consider generalized Fourier series
relative to the sequence and to find analogues of the Dirichlet kernel, Lebesgue’s theorem,
and so on. In case of the Legendre polynomials we have the following:

Example 8.11. The Fourier-Legendre series for f € C[—1,1] is given by >, ( f, A ) P,
where

~ 2k+1
P = +
2

Py and (f,P) = /71 f(z) Py(z) da.

The partial sum operator S, (f) = > r_o( [, A ) P, is a linear projection onto P, and may

be written as
/ F(t) Kot ) dt

where K, (t,z) = >, Pk( )Pk( ). (Why?)
Because the polynomials Pk are orthonormal, we have

STULPOE = 11SaHIZ < 7B = DS Pe)l?,
k=0 k=0

and so the generalized Fourier coefficients ( f, ]3k> are square summable; in particular,
(f, ﬁk> — 0 as k — oo. As in the case of Fourier series, the fact that the polynomials
(i.e., the span of the }A)k) are dense in C[a,b] implies that S, (f) actually converges to f
in the || - ||]2 norm. These same observations remain valid for any sequence of orthogonal
polynomials. The real question remains, just as with Fourier series, whether S,,(f) is a good
uniform (or even pointwise) approximation to f.

If you're willing to swallow the fact that |P,(x)| < 1, we get

Z” 2k+1 [2k+1 1Z (n+1)2

Hence, [|S,,(f)|| < (n+1)2||f||. That is, the Lebesgue numbers for this process are at most
(n + 1)2. The analogue of Lebesgue’s theorem in this case would then read:

If = Sa(NI < Cn*En(f).
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Thus, S,(f) = f whenever n?E,,(f) — 0, and Jackson’s theorem tells us when this will
happen: If f is twice continuously differentiable, then the Fourier-Legendre series for f
converges uniformly to f on [—1,1].

The Christoffel-Darboux Identity

It would also be of interest to have a closed form for K, (¢,x). That this is indeed always
possible, for any sequence of orthogonal polynomials, is a very important fact.
Using our original notation, let (Q,) be the sequence of monic orthogonal polynomials

corresponding to a given weight w, and let (@n) be the orthonormal counterpart of (Q);

in other words, @, = )\n@n, where A, = v/ (Qn, @n ). It will help things here if you recall
(from Remarks 8.2 (1)) that A2 = b,\2_;.
As with the Legendre polynomials, each f € C[a,b] is represented by a generalized

Fourier series ), ( f, @k ) @k with partial sum operator

b
Su(f)() = / F(8) Kult, ) wit) dt,

where K, (t,z) = Y 1_, @k(t) @k(m) As before, S, is a projection onto P,; in particular,
Sp(1) =1 for every n.

Theorem 8.12. (Christoffel-Darboux) The kernel K, (t,z) can be written

n

> Q) Qr(z) = A

k=0

)\,1 Q\n—&-l(t) Q\n (I) - Q\n (t) @n+1(x) )

t—x
Proof. We begin with the standard recurrence formulas

Qnt1(t) = (t — an) Qn(t) — bnQn-1(t)
Qn+1(x) = (IE - an) Qn(x) - ann—l(gj)

(where by = 0). Multiplying the first by Q. (x), the second by Q,(t), and subtracting:

Qn+1(t) Qn (33) —Qn (t) Qn+1($)
= (t—l‘) Qn(t) Qn(x) + bn[Qn(t) anl(x) - Qn(x) anl(t)]

(and again, by = 0). If we divide both sides of this equation by A\? we get
)\;2 [ Qn+1(t) Qn (I) - Qn(t) Qn—&-l(ﬁc) ]
= (t - {,C) Qn(t) Qn(x) + )\;E1 [Qn(t) anl(f) - Qn(m) anl(t) ]
Thus, we may repeat the process; arriving finally at

22 [Quat(t) Qn(@) = Qu(t) Quir(x) ] = (t—x) Y Qu(t) Qu(w).
k=0
The Christoffel-Darboux identity now follows by writing Q,, = )\,L@n, ete. ]

And we now have a version of the Dini-Lipschitz theorem (Theorem 7.3).
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Theorem 8.13. Let f € C[a,b] and suppose that at some point xo in [a,b] we have

(i) f is Lipschitz at xo; that is, | f(xo) — f(2)| < Kl|xg — x| for some constant K and all
x in [a,b]; and

(i) the sequence (@n(xo)) is bounded.
Then, the series Y, ( [, Qr ) @k(xo) converges to f(xg).

Proof. First note that the sequence A, 411\, ! is bounded: Indeed, by Cauchy-Schwarz,

Ai+1 = (Qn+1:Qnt1) = (Qny1,2Qn)
< @Qutillz - |zl - |Qnllz = max{]al, [b]} Ant1An-

Thus, A\p41A, ! < ¢ = max{|al, |b|}. Now, using the Christoffel-Darboux identity,

N

Su(f)(wo) = f(wo) = [[ £(£) = F(wo) ] Kn(t, x0) w(t) di
b _ f(x =R N ~ ~
eyt [ LOZIE G 0) @ute0)  Gult) Qo) w0y
- )\n+1)\;1 [<hv @nJrl > Q\n(fo) - <h’ Q\n > @nJrl(xO) ],

where h(t) = (f(t) — f(x0))/(t — x0). But h is bounded (and continuous everywhere ex-
cept, possibly, at x¢) by hypothesis (i), A,+1A;! is bounded, and @n(xo) is bounded by
hypothesis (ii). All that remains is to notice that the numbers (h, @, ) are the generalized
Fourier coefficients of the bounded, Riemann integrable function h, and so must tend to
zero (because, in fact, they’re even square summable). O

We end this chapter with a negative result, due to Nikolaev:

Theorem 8.14. There is no weight w such that every f € Cla,b] has a uniformly conver-

gent expansion in terms of orthogonal polynomials. In fact, given any w, there is always
some f for which ||f — Sn(f)] is unbounded.
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Problems

> 1. Prove that every inner product norm is strictly convex. Specifically, let (-,-) be an
inner product on a vector space X, and let ||z|| = 1/{(z,x) be the associated norm.
Show that:

(@) |lz+y|?+lz—yl* = 2 (|z]|* +||ly||?) for all x, y € X (the parallelogram identity).

(b) If ||z|| = r = ||y|| and if ||z — y|| = §, then H%HQ =12 — (§/2)%. In particular,
||%H < r whenever x # y.

The remaining problems follow the notation given on page 79.

> 2. (a) Show that the expression ||f|; = ff |f(t)|w(t) dt also defines a norm on C[a,b].
(b) Given any f in C[a,b], show that ||f|l1 < ¢||f|l2 and ||f]l2 < ¢||f]|, where ¢ =

1/2
( [P w(t) dt)
(c¢) Conclude that the polynomials are dense in C[a,b] under all three of the norms
1Al - ll2; and [ |-
(d) Show that C[a,b] is not complete under either of the norms || - ||; or | - ||2.
3. Check that @,, is a monic polynomial of degree exactly n.

4. If (P,) is another sequence of orthogonal polynomials such that P, has degree exactly
n, for each n, show that P, = «a,, @, for some «,, # 0. In particular, if P, is a monic
polynomial, then P, = @,. [Hint: Choose a,, so that P, — a,Q, € P,_1 and note
that (P, — an,Qp) L Pr_1. Conclude that P, — a,,@, = 0.]

5. Given w > 0, f € C[a,b], and n > 1, show that p* € P,_; is the least-squares
approximation to f out of P,,_; (with respect to w) if and only if (f —p*, p) =0 for
every p € P, _1; that is, if and only if (f — p*) L Pp_1.

6. In the notation of Problem 5, show that f — p* has at least n distinct zeros in (a, b).

7. If w > 0, show that the least-squares approximation to f(z) = 2™ out of P,,_1 (relative
to w) is ¢t _(x) = 2™ — Qn(x).
> 8. Given f € C[a,b], let p denote the best uniform approximation to f out of P,, and
let ¢ denote the least-squares approximation to f out of P,. Show that ||f — ¢’ |2 <
IIf — pkll2 and conclude that ||f — ¢%|l2 — 0 as n — oo.
9. Show that the Chebyshev polynomials of the first kind, (7},), and of the second kind,
(Uy), satisfy the identities

To.(z) =Uy,(z) — 2 Up_1(x)
and

(1 -2 Up_1(2) = 2 Ty () — Trir(z).

10. Show that the Chebyshev polynomials of the second kind, (U,,), satisfy the recurrence
relation
Uni1(z) =22 Uy (2) — Up—1(x), n>1,

where Up(z) = 1 and Uy (z) = 2z. [Compare this with the recurrence relation satisfied
by the T;,.]



Chapter 9

Gaussian Quadrature

Introduction

Numerical integration, or quadrature, is the process of approximating the value of a definite

integral f: f(z) w(z) dz based only on a finite number of values or “samples” of f (much
like a Riemann sum). A linear quadrature formula takes the form

b n
[ @@ ~ 3 ),
a k=1

where the nodes (zj) and the weights (Ay) are at our disposal. (Note that both sides of the
formula are linear in f.)

Example 9.1. Consider the quadrature formula

n—1

- [ s ~ V(%) = no

If f is continuous, then we clearly have I,,(f) — f_ll fasn — oo. (Why?) But in the
particular case f(z) = 2% we have (after some simplification)

n—1

2k + 1 1 2 1
Z( ):22_:2k+1 =3 6o

That is, | I,(f) — I(f)| = 1/6n% In particular, we would need to take n > 130 to get
1/6n2 < 1075, for example, and this would require that we perform over 250 evaluations of
f- We'd like a method that converges a bit faster! In other words, there’s no shortage of
quadrature formulas—we just want faster ones.

A reasonable requirement for our proposed quadrature formula is that it be exact for
polynomials of low degree. As it happens, this is easy to do.

Lemma 9.2. Given w(x) on [a,b] and nodes a < x1 < -+ < x, < b, there exist unique
weights A1, ..., A, such that

b n
/ p(z)w(z)dx = ZAM?(ZE:‘)

89
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for all polynomials p € Pp_1.

Proof. Let ¢1,...,¢, be the Lagrange interpolating polynomials of degree n — 1 associated
to the nodes x1,...,z,. Recall that we have p = Z?:l p(z;) ¢; for all p € P,,_1. Hence,

That is, 4; = f; £;(z) w(x) dz works. To see that this is the only choice, suppose that

b n
/p(x)w(z) dr = ZBip(xi)

is exact for all p € P,_1, and consider the case p = ¢;:
b n
@ i=1

The point here is that integration is linear. In particular, when restricted to P,_1,
integration is completely determined by its action on a basis for P,_;—in this setting, by
the n values 4; =1(¢;),i=1,...,n.

Said another way: Because the points x1,...,z, are distinct, the n point evaluations
6i(p) = p(;) satisfy P,_1 N (i, kerd;) = {0}, and it follows that every linear, real-
valued function on P,,_; must be a linear combination of the §;. Here’s why: Because the
x; are distinct, P,—1 may be identified with R™ by way of the vector space isomorphism
p — (p(x1),...,p(x,)). Each linear, real-valued function on P,_; must, then, correspond
to a linear, real-valued function on R™"—and any such map is given by inner product against
some vector (Ai,...,A,). In particular, we must have I(p) = Y7 | A; p(x;).

In any case, we now have our quadrature formula: For f € C[a,b] we define IL,(f) =
Sy A f(x), where A; = fj 4;(z) w(x) dz. But notice that the proof of Lemma 9.2 sug-
gests an alternate way to write the formula. Indeed, if L,,—1(f)(z) = > f(zi)li(x) is the

Lagrange interpolating polynomial for f of degree n —1 based on the nodes x1,...,x,, then
b n b n
[ G @u@ds = 3 @) [ b@u@ds = 3 A s,
a i=1 a i=1

In summary, L,(f) = I(L,—1(f)) =~ I(f); that is,
n b
In(f) = ZAif(fEi) = /(Ln—l(f))(x)w(x)dx ~ | f@w(@)de = I(f),

where L, _; is the Lagrange interpolating polynomial of degree n — 1 based on the nodes
Z1,...,T,. This formula is obviously exact for f € P,_;.
It’s easy to give a bound on |I,(f)| in terms of || f||; indeed,

LNl < Y JAl @)l < 11 (ZIAi)-

i=1 i=1



91

By considering a norm one continuous function f satisfying f(z;) = sgnA; for each i =
1,...,n, it’s easy to see that > ; |A;| is the smallest constant that works in this inequality.
In other words, A\, = > i, |A;|, n = 1,2,..., are the Lebesgue numbers for this process. As
with all previous settings, we want these numbers to be uniformly bounded.

If w(z) =1 and if f is n-times continuously differentiable, we have an error estimate for
our quadrature formula:

b b b b n
L= [ raw) s [1-taawrs Guren [ Tl

(recall Theorem 5.6). As it happens, the integral on the right is minimized when the z; are
taken to be the zeros of the Chebyshev polynomial U,, (see Rivlin [45, page 72]).

The fact that a quadrature formula is exact for polynomials of low degree does not by
itself guarantee that the formula is highly accurate. The problem is that Y . | A; f(x;)
may be estimating a very small quantity through the cancellation of very large quantities.
So, for example, a positive function f may yield a negative value for this expression. This
wouldn’t happen if the A; were all positive—and we’ve already seen how useful positivity
can be. Our goal here is to further improve our quadrature formula to have this property.
But we have yet to take advantage of the fact that the nodes x; are at our disposal. We’ll
let Gauss show us the way!

Theorem 9.3. (Gauss) Fiz a weight w(x) on [a,b], and let (Qn) be the canonical se-
quence of orthogonal polynomials relative to w. Given n, let x1,...,x, be the zeros of Q,
(these all lie in (a,b)), and choose weights Ay, ..., A, so that the formula > | A;f(x;) =~
f; f(z)w(x)dz is exact for polynomials of degree less than n. Then, in fact, the formula is
ezxact for all polynomials of degree less than 2n.

Proof. Given a polynomial P of degree less than 2n, we may divide: P = @, R + S, where
R and S are polynomials of degree less than n. Then,

/ab P(z)w(z)dx /ab Qn(x) R(z)w(z)de + /ab S(z) w(z) dx

b
/ S(z)w(x)dx, because deg R <n

ZAiS(xi), because deg S < n.
i=1

But P(z;) = Qn(x;) R(x;) + S(z;) = S(x;), because @, (z;) = 0. Hence, f: P(z)w(x)de =
i A;P(x;) for all polynomials P of degree less than 2n. O

Amazing! But, well, not really: Ps,_1 is of dimension 2n, and we had 2n numbers
T1,...,T, and Ay, ..., A, to choose as we saw fit. Said another way, the division algorithm
tells us that Pop—1 = QnPn—1 ® Pp_1. Because Q,P,_1 C ker(I,), the action of I,, on
Pan—1 is the same as its action on a “copy” of P,_1 (where its known to be exact).

In still other words, because any polynomial that vanishes at all the x; must be divisible
by @, (and conversely), we have Q,,Pp—1 = Pan—1 N (i, ker d;) = ker(I,, |p,, ,). Thus,
I,, “factors through” the quotient space Pay—1/QnPr—_1 = Pn_1.

Also not surprising is that this particular choice of x; is unique.
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Lemma 9.4. Suppose that a < x1 < --- < x, < b and A1,..., A, are given so that the
equation ff P(z)w(z)de = Y1 | A;P(x;) is satisfied for all polynomials P of degree less
than 2n. Then x1,...,x, are the zeros of Q.

Proof. Let Q(z) = [[;—,(x — z;). Then, for k < n, the polynomial Q - Q) has degree
n + k < 2n. Hence,

/Q ) Qe ZAQM Qi) =0

Because () is a monic polynomial of degree n which is orthogonal to each Q, k < n, we
must have Q = @Q,,. Thus, the z; are actually the zeros of Q. O

According to Rivlin, the phrase Gaussian quadrature is usually reserved for the specific
quadrature formula whereby fil f(z)dx is approximated by fil(Ln_l( () dz, where
L,,—1(f) is the Lagrange interpolating polynomial to f using the zeros of the n-th Legendre
polynomial as nodes. (What a mouthful!) What is actually being described in our version
of Gauss’s theorem is Gaussian-type quadrature.

Before computers, Gaussian quadrature was little more than a curiosity; the roots of
@, are typically irrational, and certainly not easy to find by hand. By now, though, it’s
considered a standard quadrature technique. In any case, we still can’t judge the quality of
Gauss’s method without a bit more information.

Gaussian-type Quadrature

First, let’s summarize our rather cumbersome notation.

orthogonal approximate
polynomial ZEros weights integral
o) (1) Agl) I,
@ Pl A, A2 L
Qs oV oA AP AP I

Hidden here is the Lagrange interpolation formula L,_1(f) = >, f(xgn)) &(;77.71)7 where

Egnfl) denote the Lagrange polynomials of degree n — 1 based on the nodes x:(tn), x%n).

The n-th quadrature formula is then

b n b
L) = [ Laah@u@de = 3 A1) ~ [ 1w ds

which is exact for polynomials of degree less than 2n.

By way of one example, Hermite showed that A;Cn) = m/n for the Chebyshev weight
w(r) = (1 —22)"Y2 on [~1,1]. Remarkably, A,(Cn) doesn’t depend on k! The quadrature
formula in this case reads:

[ et




Or, if you prefer,

/ 11 f(2) da

Zf(cos k-1 >sin o

2k —1
7r

(Why?) You can find full details in Natanson [41, Vol. III].
The key result, due to Stieltjes, is that I, is positive:

LAY >0 and > 1A(n) f w(z) d.

Proof. The second assertion is obvious (because I,,(1) = I(1)). For the first, fix 1 <j <n
and notice that (é(" D)2 i5 of degree 2(n — 1) < 2n. Thus,

Lemma 9.5. A", ..

because Eg»n_

J

V(@) = 6.

0 < (£rY drDy

/ab [Eg.n_l)(x)] ’ w(zx) dz

ZA(")[ n— 1) "))}2 _ A;n),

Now our last calculation is quite curious; what we’ve shown is that

(x)dz = /ab {Eg-n*l)(m)rw(m) dx.

Essentially the same calculation as above also proves

A("

Corollary 9.6. (¢

(2

Because A(

f>0. The second assertlon in Lemma 9.5 tells us that the I,, are uniformly bounded:

n b
<A = 16 [ wiw)ds
i=1 @

and this is the same bound that holds for I(f) = f; f(z)w(x)de itself. Given all of this,

/ £ (e

DY = 0 for i # 4.
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LA™ S 0, it follows that T, (f) is positive; that is, I,,(f) > 0 whenever

11 (f)

proving that L,(f) — I(f) is a piece of cake. The following result is again due to Stieltjes

(4 la Lebesgue).

Theorem 9.7. In the above notation, |I,(f)—1(f)| <2 (fabw(x) dw) Esn—1(f). In partic-

ular, I,(f) —

I(p*), we have
1I(f) = In(f)]

<

N

I(f) for evey f € Cla,b].
Proof. Let p* be the best uniform approximation to f out of Pa,—1. Then, because I, (

[I(f —p")| + |L.(f—p")l
z)de + |f —p*| ZA(”)

If - p||/
2|f - pu/

z)dr = 2FE9,_ 1(f)/

a

b

w(z) dx.

O

p*)
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Computational Considerations

You’ve probably been asking yourself: “How do I find the A; without integrating?” Well,
let’s first recall the definition: In the case of Gaussian-type quadrature we have

b
A(n / E(n 1) )dl‘ _ /a - Qn)(Q)/( n)) w(x)dx

(because “W” is the same as @, here—the z; are the zeros of @,). Next, consider the

function
Qu(t) = Qn(z)
/ t — 28 4 (4) .

Because t — z divides @, (t) — Qn(z), note that ¢,, is actually a polynomial (of degree at
most n — 1) and that

b Q)
(n)

a t—ﬂ?i

on(z™) = w(tydt = AMQ (M),

Now @, (J:En)) is readily available; we just need to compute g@n(xl(-n)).

Lemma 9.8. The ¢, satisfy the same recurrence formula as the @, ; namely,
Pn+1(2) = (2 — an)pn(x) — bupn-1(z), n=>1,

but with different starting values

b
wo(z) =0, and  @1(x) = / w(z) d.

Proof. The formulas for o and ¢; are obviously correct, because Qo(z) = 1 and Q1 (z) =
x — ag. We only need to check the recurrence formula itself.

Pni1(z) = / Orirl) = @rial@) 1) gy

t—x
/ (t = an) Qu(t) — annfl(t)t—i(f = n) On(@) + 00 Qna (@) 4y gy
_ x—an/ Qntiixn ) b/ Qn—1( tif” 1()w(t)dt
because f; Qn(t) w(t) dt = 0. .

Of course, the derivatives @/, satisfy a recurrence relation of sorts, too:

Qni1(r) = Qn(@) + (& — an) @ (x) = bn @1 (2).

But Q;(xgn)) can be computed without knowing @/, (z). Indeed, Qn(z) =[]\, (z — xgn)),
so we have Q;L(xz(-")) =1z () _ gn))

The weights Agn), or Christoffel numbers, together with the zeros of Q,, are tabulated in
a variety of standard cases. See, for example, Abramowitz and Stegun [1] (this wonderful
resource is now available online through the U.S. Department of Commerce). In practice,
of course, it’s enough to tabulate data for the case [a,b] = [-1,1].
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Applications to Interpolation

Although L, (f) isn’t typically a good uniform approximation to f, if we interpolate at the
zeros of an orthogonal polynomial @41, then L, (f) will be a good approximation in the
I - |l1 or || - || norm generated by the corresponding weight w. Specifically, by rewording

our earlier results, it’s easy to get estimates for each of the errors f(f |f — Ln(f)|w and

Pl - L, 2 w. We use essentially the same notation as before, except now we take
a y ) p

n+1

Ln(f) _ Zf(ml(_nJrl))&(n)7
=1

where 2{"™V ,xﬁj’jl” are the roots of Qui1 and ™ is of degree n. This leads to a

quadrature formula that’s exact on polynomials of degree less than 2(n + 1).

As we’ve already seen, Kgn), . ,65321 are orthogonal and so || L, (f)||2 may be computed
exactly.

Lemma 9.9. ||[L,(ll2 < [If]l (f:w(x)dx)l/Q.

Proof. Because Ly, (f)? is a polynomial of degree < 2n < 2(n + 1), we have

b
[ iLalf)P wla)ds

n+1 n+1 2
n+1 n+1 n n+1
- S St )]
=1

IZn ()13

i=1
n+1

2

n+1

b
< P AT = 1P [ w@)de O
j=1 @

1/2
Please note that we also have ||f]l2 < ||f]] (f;w(x) da:) ; that is, this same estimate

holds for || f]|2 itself.
As usual, once we have an estimate for the norm of an operator, we also have an analogue
of Lebesgue’s theorem.

b 1/2
Theorem 9.10. ||f — Ln(f)|l2 < 2 (fa w(z) d:z:) E.(f).

Proof. Here we go again! Let p* be the best uniform approximation to f out of P,, and use
the fact that L, (p*) = p*.

If =La(Hllz < If =22 + [ Ln(f = p7)ll2

b 1/2 b 1/2
T (/ w(m)dx> =] (/ w(m)dx>
b 1/2
= 2E,(f) (/ w(ar)d:c) . O

IA
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Hence, if we interpolate f € C[a,b] at the zeros of (@), then L,(f) — fin || - ||2 norm.
The analogous result for the || - ||; norm is now easy:

Corollary 9.11. f; |f(z) — L, (f)(2)| w(x)de < 2 (fabw(:v) dx) E.(f).

Proof. We apply the Cauchy-Schwarz inequality:

b b
/If(x)—Ln(f)(x)lw(x)de = /If(fv)—Ln(f)(x)lvw(ff)\/w(x)dw

b 1/2 b 1/2
( / |f<x>—Ln<f><x>|2w<x>dx> ( / w(x)dx>

b
< 2En(f)/ w(z) dz. O

IN

Essentially the same device allows an estimate of f; f(x)dz in terms of f; f(z)w(x)d
(which may be easier to compute). As this is an easy calculation, we’ll combine both
statement and proof:

Corollary 9.12. If f;w(x)’l dx is finite, then

b b 1
z)— L, r)|dr = z)— L, T w(xr) ——dx
/alf() () (a)| /a\f() (1) Vo) s

b 12 , 1/2
(/ [f(@) = L (f)(@)]? w(z) dx) (/ w(lm) dm)

) v, , 1/2
< 2E,.(f) (/ w(®) dx) (/ w(z) dx) . -

In particular, the Chebyshev weight satisfies

1
T and / \/1—x2dx:g.
—1

IN

/ Lode _
-1V 1-— 1’2
Thus, interpolation at the zeros of the Chebyshev polynomials (of the first kind) would
provide good, simultaneous approximation in each of the norms || - ||1, || - |2, and || - ||

The Moment Problem

Given a positive, continuous weight function w(z) on [a,b], the number

b
ur = / 2* w(z) da
a

is called the k-th moment of w. In physical terms, if we think of w(z) as the density of a
thin rod placed on the interval [a,b], then pg is the mass of the rod, p1/uo is its center of
mass, pe is its moment of inertia (about 0), and so on. In probabilistic terms, if po = 1,
then w is the probability density function for some random variable, p; is the expected
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value, or mean, of this random variable, and us — p? is its variance. The moment problem
(or problems, really) concern the inverse procedure. What can be measured in real life are
the moments—can the moments be used to find the density function?

Questions: Do the moments determine w? Do different weights have different
moment sequences? If we knew the sequence (uy), could we recover w? How do
we tell if a given sequence (u) is the moment sequence for some positive weight?
Do “special” weights give rise to “special” sequences?

Now we’ve already answered one of these questions: The Weierstrass theorem tells us
that different weights have different moment sequences. Said another way, if

b
/ka(x)dx:O forall k=0,1,2,...,

then w = 0. Indeed, by linearity, this says that f; p(x) w(zx)dxr = 0 for all polynomials p
which, in turn, tells us that f: w(z)?dr = 0. (Why?) The remaining questions are harder
to answer. We'll settle for simply stating a few pertinent results.

Given a sequence of numbers (uy), we define the n-th difference sequence (A™puy) by

Aoﬂk = Hk
Ay = e — pr
Ay = A"l — A" gy, n> 1

For example, A%py, = pp — 2pp11 + pirr2. More generally, induction will show that
- n
Ay = Z(_1)1<i>ﬂk+i-
i=0

In the case of a weight w on the interval [0, 1], this sum is easy to recognize as an integral.
Indeed,

/01 a*(1—2)" w(z)de = i(—l)" (?) /01 "t (z) de = g(—l)i (?) fihsi-

In particular, if w is nonnegative, then we must have A™ug > 0 for every n and k. This
observation serves as motivation for

Theorem 9.13. The following are equivalent:
(a) (uk) is the moment sequence of some nonnegative weight function w on [0,1].
(b) A™ug > 0 for every n and k.
(¢c) aotto + arp1 + -+ + anpn, > 0 whenever ag + a1z + -+ - + apz™ >0 for all 0 <z < 1.

The equivalence of (a) and (b) is due to Hausdorff. A real sequence satisfying (b) or (c)
is sometimes said to be positive definite.

Now dozens of mathematicians worked on various aspects of the moment problem:
Chebyshev, Markov, Stieltjes, Cauchy, Riesz, Fréchet, and on and on. And several of
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them, in particular Cauchy and Stieltjes, noticed the importance of the integral f b w(t dt
in attacking the problem (compare this to Cauchy’s well-known integral formula from com—

plex analysis). It was Stieltjes, however, who gave the first complete solution to such a
b dw( t)

problem—developing his own integral (by considering f ), his own variety of contin-
ued fractions, and planting the seeds for the study of orthogonal polynomials while he was
at it! We will attempt to at least sketch a few of these connections.

To begin, let’s fix our notation: To simplifiy things, we suppose that we're given a
nonnegative weight w(z) on a symmetric interval [—a, a], and that all of the moments of
w are finite. We will otherwise stick to our usual notations for (@, ), the Gaussian-type
quadrature formulas, and so on. Next, we consider the moment-generating function:

oo

¢ w(t) Fk
Lemma 9.14. If z ¢ [—a,a], then / p— dt = sl
—a k=0
Proof —— 1.1 itk d th iformly b it/2] <
roof. =— , and the sum converges uniformly because |t/
Tt w1 (tfr) AR & Y
a/|z| < 1. Now just multiply by w(t) and integrate. O

By way of an example, consider the Chebyshev weight w(z) = (1 — 22)~'/2 on [~1,1].
For z > 1 we have

! d m 9
/_1(zt)t1t2 = = (set t = 2u/(1 4 u?))

7 1 1\ 2
" x?
B 7r1+1 1+1-3 1 1+
R 2 z2 -2 21 g4 ’
using the binomial formula. Thus, we’ve found all the moments:
1
= —_— = T
Ho ~/_1 V1—t2
_ o [remtae
H2an—1 ) 7@
ot mdt 1:3-5---(2n—1)
Hon = . /71 — t2 - onp!
Stieltjes proved much more: The integral f w(t dt is actually an analytic function of x
in C\ [—a,a]. In any case, because = ¢ [—a,a], we know that —L is continuous on [—a,a].

In particular, we can apply our quadrature formulas and Stieltjes’ theorem (Theorem 9.7)

to write )
a n n An

/ wit) gy — lim Y

—a =1 e

and these sums are recognizable:

i A(”)
Lemma 9.15. = .
i—1 T — T, (n) Qn(x)
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Proof. Because ¢,, has degree < n and gpn(arl(»n)) = 0 for any i, we may appeal to the method
of partial-fractions to write
on(T) en(2) _ Zn: Ci
Qn(z) (J:—zg"))(x —x;")) =1 x—zgn)

where ¢; is given by

onle) (o) _ eal@™) _

Q@) " 0 T Qr@™)

C;, =

Now here’s where the continued fractions come in: Stieltjes recognized the fact that

Pnt1(z) bo

Qnii(z) (z — ao) — ( b1

x—ay)—

_ by
(x —ap)

(which can be proved by induction), where by = f; w(t) dt. More generally, induction will
show that the n-th convergent of a continued fraction can be written as

An _ P
B, _ P2
! n 92 — .
_ Dn
an
by means of the recurrence formulas
Ay = 0 By =1
A1 = p By = q
An = ann—l + pnAn—2 Bn = ann—l + pan—2
where n = 2,3,4,.... Please note that A,, and B,, satisfy the same recurrence formula, but

with different starting values (as is the case with ¢, and Q).
Again using the Chebyshev weight as an example, for x > 1 we have

T B /1 dt B T
Viz—1 Ja(@—tVi- - 1/2
1/4
1/4

because a,, = 0 for all n, b = 1/2, and b,, = 1/4 for n > 2. In other words, we’ve just found
a continued fraction expansion for (z2 — 1)~1/2.
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Chapter 10

The Muntz Theorems

For several weeks now we’ve taken advantage of the fact that the monomials 1,z,z2,...
have dense linear span in C[0,1]. What, if anything, is so special about these particular
powers? How about if we consider polynomials of the form ZZ:O akku; are they dense,
too? More generally, what can be said about the span of a sequence of monomials (z*»),
where A\g < A1 < Ay < ---7 Of course, we’ll have to assume that A\g > 0, but it’s not hard
to see that we will actually need Ao = 0, for otherwise each of the polynomials Y, _, apz
vanishes at = 0 (and so has distance at least 1 from the constant 1 function, for example).
If the A, are integers, it’s also clear that we’ll have to have \,, — oo as n — co. But what
else is needed? The answer comes to us from Miintz in 1914. (You sometimes see the name
Otto Szdsz associated with Miintz’s theorem, because Szdsz proved a similar theorem at
nearly the same time (1916).)

Theorem 10.1. Let 0 < \g < A1 < Ay < ---. Then the functions (x)‘) have dense linear
span in C[0,1] if and only if Ao =0 and Y~ | A\t = oc.

What Miintz is trying to tell us here is that the A\,, can’t get big too quickly. In particular,
the polynomials of the form Y, axz®” are evidently not dense in C[0,1]. On the other
hand, the \,, don’t have to be unbounded; indeed, Miintz’s theorem implies an earlier result
of Bernstein from 1912: If 0 < a1 < ay < -+ < K (some constant), then 1, 2%t x%2 ...
have dense linear span in C[0,1].

Before we give the proof of Miintz’s theorem, let’s invent a bit of notation: We write

Xn = {Zak(LAkiaO,«u,aneR} - Span{x)\k:k:()v"'vn}
k=0

and, given f € C[0,1], we write dist(f, X,,) to denote the distance from f to X,,. Let’s also
write X = (J;—, X,,. That is, X is the linear span of the entire sequence (z*7)22 . The
question here is whether X is dense, and we’ll address the problem by determining whether
dist(f, X,,) — 0, as n — oo, for every f € C[0,1].

If we can show that each (fixed) power 2™ can be uniformly approximated by a linear
combination of z*», then the Weierstrass theorem will imply that X is dense in C[0,1].
(How?) Surprisingly, the numbers dist(z™, X,,) can be estimated. Our proof won’t give the
best estimate, but it will show how the condition Y °7 . A~! = co comes into the picture.

n=1

101
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m
1 =
Ak

Lemma 10.2. Let m > 0. Then, dist(2™, X,,) < H
k=1

Proof. We may certainly assume that m # A\, for any n. Given this, we inductively define
a sequence of functions by setting Py(x) = 2™ and

1
P.(z) = (A, —m) a:)‘"/ t=1=2 P,y (t) dt
for n > 1. For example,
! 1
Pi(z) = (A —m)z™M / i mg = —aM tmﬁ‘l]z = z™ — M,

By induction, each P, is of the form 2™ — Y"}'_ axaz™* for some scalars (ay):

1
P,(z) = (Ay—m)at / t=1=2n P (t) dt
x
1 n—1
= (Ap—m)at / t=im A gm Z akt’\kl dt
z k=0
n—1 a
m k
= 2™ -z + (N, —m) kZ:O N (M — grn)

Finally, |Pol| =1 and [|P,]| < [1 — | |[Pu-1]|, because

1
An —
\)\nfm|a?)‘"/ ti A gt = |/\7m|(1—x)‘") < ‘1:1 .

Thus,

dist(x™, X,) < [Pl < J[|1- 1 O
k=1 Ak

The preceding result is due to v. Golitschek. A slightly better estimate, also due to
v. Golitschek (1970), is dist(z™, X,,) <[5, mlizl

Now a well-known fact about infinite products is that for positive aj, the product
I, ’1 — ag| diverges (to 0) if and only if the series Y.~ | ai diverges (to oo) if and only
if the product HZO:1|1 + ak’ diverges (to oo). In particular, HZ:1|1 — %‘ — 0 if and only
if 33y x- — oo. That is, dist(z™, X,,) — 0 if and only if 33,7, - = oo. This proves the
“backward” direction of Miuntz’s theorem.

We'll prove the “forward” direction of Miintz’s theorem by proving a version of Miintz’s
theorem for the space L[ 0,1]. For our purposes, L[ 0, 1] denotes the space C[0, 1] endowed
with the norm

1/2

i1 = ( 1|f(x)l2dx> |

although our results are equally valid in the “official” space Ly[0,1] (consisting of square-
integrable, Lebegue measurable functions). In the latter case, we no longer need to assume
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that Ao = 0, but we do need to assume that each \,, > —1/2 (in order that z?* be integrable
on [0,1]).

Remarkably, the distance from f to X,, can be computed ezactly in the Ly norm. For
this we’ll need a bit more notation: Given linearly independent vectors f1, ..., f, in an inner
product space, we call

<f17f1> <f17fn>
G(f17--~7fn) = : ’ : = det[<fi’fj>]i,j

<fn7f1> <fn7fn>
the Gram determinant of the f.

Lemma 10.3. (Gram) Let F be a finite dimensional subspace of an inner product space
V, and let g € V' \ F. Then the distance d from g to F satisfies

d2 _ G(g7f17"'7fn)
G(fry--s fn)

where f1,..., fn is any basis for F.

Proof. Let f =3, a;f; be the best approximation to g out of F. Then, because g — f is
orthogonal to F', we have, in particular, ( f;, f) = ( f;,g) for all j; that is,

n
Zai<fj7fi> = <fjag>a j 17...,7’L. (101)
i=1
Because this system of equations always has a unique solution a,...,a,, we must have
G(f1,-.-, fn) # 0 (and so the formula in the statement of the Lemma at least makes sense).

Next, notice that

d*> = (g—f.9—f) = (9—Ff.9) = (9.9) — (9. ]);
in other words,
d*> + > ailg. fi) = (9,9) (10.2)
=1

Now consider (10.1) and (10.2) as a system of n + 1 equations in the n 4+ 1 unknowns
ai,...,an, and d2; in matrix form we have

1 <ga.f1> <gvfn> d2 <gag>
0 (fi,fu) - (fi,fn) ar | | (f1,9)
0 (furhi) o {furfu) ) Lan ()

Solving for d? using Cramer’s rule gives the desired result; expanding along the first
column shows that the matrix of coefficients has determinant G(f1,..., f,), while the
matrix obtained by replacing the “d column” by the right-hand side has determinant

G(g7f17"-afn)- O
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Note: By Lemma 10.3 and induction, every Gram determinant is positive!

In what follows, we will continue to use X,, to denote the span of z*o, ... 2*», but we
now write dist o(f, X,,) to denote the distance from f to X,, in the Ly norm.

Theorem 10.4. Let m, A\, > —1/2 for k=0,1,2,.... Then

| — Ak

1 n
- v2m +1 kl;[om-i-)\k-i-l.

dist Q(JUm, Xn)

Proof. The proof is based on a determinant formula due to Cauchy:

1 1

ar+tbr 7 aitba
H(ai+bj) = H(ai—aj)(bi—bj).
2%} 1 1 i>j

antbi " antbn

If we consider each of the a; and b; as variables, then each side of the equation is a polynomial
inay,...,an,b1,...,b,. (Why?) Now the right-hand side clearly vanishes if a; = a; or
b; = b; for some ¢ # j, but the left-hand side also vanishes in any of these cases. Thus, the
right-hand side divides the left-hand side. But both polynomials have degree n — 1 in each
of the a; and b;. (Why?) Thus, the left-hand side is a constant multiple of the right-hand
side. To show that the constant must be 1, write the left-hand side as

1 ai1+b1 . a1+b;

a1+b2 a1+bn

az+by 1 . az+bs

as+by az+by,
[Ttai+0) | ™ , .
Y : - :
antby .. an+by 1

an+b1 Qptbn—1

and now take the limit as by — —ai, bo — —asg, etc. The expression above tends to
[1;4;(ai — a;), as does the right-hand side of Cauchy’s formula.

1
Now, (2P, z?) = [; 2PT9dx = ﬁ for p, ¢ > —1/2, so

G(z™,... ™) = dm({l]i ) _ s i =)

A+ +1 Hi,j(/\i+)‘j+1)7
with a similar formula holding for G(z™, 2?0, ... 2*»). Substituting these expressions into
our distance formula and taking square roots finishes the proof. O

Now we can determine exactly when X is dense in Lo[0,1]. For easier comparison to
the C[0,1] case, we will suppose that the \,, are nonnegative.

Theorem 10.5. Let 0 < Ay < A1 < Ay < ---. Then the functions (.Z’)‘"’) have dense linear
span in La[0,1] if and only if Y07 A\t = oco.

n=1"n

Proof. If 5> | /\% < oo, then each of the products HZ:1’1 - j\”—k| and HZ:1|1 + %|
converges to some nonzero limit for any m not equal to any ;. Thus, disto(z™, X,,) /4 0,
as n — oo, for any m # A\g, k = 0,1,2,.... In particular, the functions (z*») cannot have

dense linear span in L2[0,1].
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n m . . n m—+1

Conversely, if >0 | )\ = oo, then [],_,[1 - )\—k} diverges to 0 while [T,_ |1 + ( o )
diverges to +0o. Thus, dist (2™, X,,) — 0, as n — oo, for every m > —1/2. Because the
polynomials are dense in Ls[0,1], this finishes the proof. O

Finally, we can finish the proof of Miintz’s theorem in the case of C[0,1]. Suppose that
the functions (z*») have dense linear span in C[0,1]. Then, because || f|l2 < ||f]|, it follows
that the functions (z*#) must also have dense linear span in L[0,1]. (Why?) Hence,
E:Ziﬂ.i% = 0. N

Just for good measure, here’s a second proof of the “backward” direction for C[0,1]
based on the L[0,1] version. Suppose that > - = 00, and let m > 1. Then,

n
— g akxk’“
k=0

an

i m—1 Ap—1
m/ot dtz /t dt

1
< [|ae-Xge|a
0
i 0 9 1/2
< Zogm—l itxrl

Now because >, -, ﬁ = 0o the functions (z**~1) have dense linear span in Lo[0,1].
Thus, we can find a; so that the right-hand side of this inequality is less than some €.
Because this estimate is independent of x, we've shown that

n
™ — E apz™*
k=0

max
0<z<1

O

Corollary 10.6. Let 0 = Ay < A\; < Ao < --- with Y oo A\, = oo, and let f be a
continuous function on [0,00) for which ¢ = tlim f(t) exists. Then, f can be uniformly

approxzimated by finite linear combinations of the exponentials (e*)‘"t)flo:o.
Proof. The function defined by g(z) = f(—logx), for 0 < x < 1, and ¢g(0) = ¢, is continuous

n [0,1]. Obviously, g(e™*) = f(t) for each 0 < ¢ < oo. Thus, given £ > 0, we can find n
and ag,...,a, such that

max
0<z<1

= maxX
0<t<o0

n
— E akx)"“
k=0

n
— E ake”"‘"t
k=0
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Chapter 11

The Stone-Weierstrass Theorem

To begin, an algebra is a vector space A on which there is a multiplication (f, g) — fg (from
A x A into A) satisfying

(i) (fg)h = f(gh), for all f, g, h € A;
(i) f(g+h)=fg+ fhand (f +g)h = fg+ gh, for all f, g, h € A;
(iii) a(fg) = (af)g = f(ag), for all scalars o and all f, g € A.

In other words, an algebra is a ring under vector addition and multiplication, together with
a compatible scalar multiplication. The algebra is commutative if

(iv) fg=gf, forall f, g € A.
And we say that A has an identity element if there is a vector e € A such that

(v) fe=ef = f,forall fe A

In case A is a normed vector space, we also require that the norm satisfy

i) gl < [LF 1 lgll

(this simplifies things a bit), and in this case we refer to A as a normed algebra. If a normed
algebra is complete, we refer to it as a Banach algebra. Finally, a subset B of an algebra A
is called a subalgebra of A if B is itself an algebra (under the operations it inherits from A);
that is, if B is a (vector) subspace of A which is closed under multiplication.

If A is a normed algebra, then all of the various operations on A (or Ax A) are continuous.
For example, because

Ifg = hkll = WIfg = Fk+ fk =Rkl < [If]lllg = FII+ [E[ S = Al

it follows that multiplication is continuous. (How?) In particular, if B is a subspace (or
subalgebra) of A, then B, the closure of B, is also a subspace (or subalgebra) of A.

Examples 11.1.

1. If we define multiplication of vectors “coordinatewise,” then R™ is a commutative
Banach algebra with identity (the vector (1,...,1)) when equipped with the norm
|z|loo = max, .. |25
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2. It’s not hard to identify the subalgebras of R™ among its subspaces. For example, the
subalgebras of R? are {(z,0) : x € R}, {(0,y) : y € R}, and {(z,z) : © € R}, along
with {(0,0)} and R2.

3. Given a set X, we write B(X) for the space of all bounded, real-valued functions on
X. If we endow B(X) with the sup norm, and if we define arithmetic with functions
pointwise, then B(X) is a commutative Banach algebra with identity (the constant
1 function). The constant functions in B(X) form a subalgebra isomorphic (in every
sense of the word) to R.

4. If X is a metric (or topological) space, then we may consider C(X), the space of all
continuous, real-valued functions on X. If we again define arithmetic with functions
pointwise, then C(X) is a commutative algebra with identity (the constant 1 function).
The bounded, continuous functions on X, written Cp(X) = C(X) N B(X), form a
closed subalgebra of B(X). If X is compact, then C,(X) = C(X). In other words,
if X is compact, then C'(X) is itself a closed subalgebra of B(X) and, in particular,
C(X) is a Banach algebra with identity.

5. The polynomials form a dense subalgebra of Cla,b]. The trig polynomials form a
dense subalgebra of C?™. These two sentences summarize Weierstrass’s two classical
theorems in modern parlance and form the basis for Stone’s version of the theorem.

Using this new language, we may restate the classical Weierstrass theorem to read: If
a subalgebra A of Cla,b] contains the functions e(x) = 1 and f(x) = x, then A is dense
in C[a,b]. Of course, any subalgebra of C[a,b] containing 1 and = actually contains all
the polynomials; thus, our restatement of Weierstrass’s theorem amounts to the observation
that any subalgebra containing a dense set is itself dense in C[a,b].

Our goal in this section is to prove an analogue of this new version of the Weierstrass
theorem for subalgebras of C'(X), where X is a compact metric space. In particular, we will
want to extract the essence of the functions 1 and z from this statement. That is, we seek
conditions on a subalgebra A of C'(X) that will force A to be dense in C(X). The key role
played by 1 and z, in the case of C[a,b], is that a subalgebra containing these two functions
must actually contain a much larger set of functions. But because we can’t be assured of
anything remotely like polynomials living in the more general C(X) spaces, we might want
to change our point of view. What we really need is some requirement on a subalgebra A
of C(X) that will allow us to construct a wide variety of functions in A. And, if A contains
a sufficiently rich variety of functions, it might just be possible to show that A is dense.

Because the two replacement conditions we have in mind make sense in any collection
of real-valued functions, we state them in some generality.

Let A be a collection of real-valued functions on some set X. We say that A separates
points in X if, given x # y € X, there is some f € A such that f(z) # f(y). We say that
A vanishes at no point of X if, given x € X, there is some f € A such that f(x) # 0.

Examples 11.2.

1. The single function f(x) = x clearly separates points in [a, b], and the function e(x) =
1 obviously vanishes at no point in [a, b]. Any subalgebra A of C[a, b] containing these
two functions will likewise separate points and vanish at no point in [a,b].

2. The set E of even functions in C[—1,1] fails to separate points in [—1,1]; indeed,
f(x) = f(—=z) for any even function. However, because the constant functions are
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even, E vanishes at no point of [—1,1]. It’s not hard to see that E is a proper
closed subalgebra of C[—1,1]. The set of odd functions will separate points (because
f(z) = z is odd), but the odd functions all vanish at 0. The set of odd functions is a
proper closed subspace of C[—1,1], although not a subalgebra.

3. The set of all functions f € C[—1,1] for which f(0) = 0 is a proper closed subalgebra
of C[—1,1]. In fact, this set is a maximal (in the sense of containment) proper closed
subalgebra of C[—1,1]. Note, however, that this set of functions does separate points
in [-1,1] (again, because it contains f(x) = x).

4. Tt’s easy to construct examples of non-trivial closed subalgebras of C'(X). Indeed,
given any closed subset X of X, the set A(Xy) = {f € C(X) : f vanishes on Xy} is
a non-empty, proper subalgebra of C(X). It’s closed in any reasonable topology on
C(X) because it’s closed under pointwise limits. Subalgebras of the type A(Xy) are
of interest because they’re actually ideals in the ring C'(X). That is, if f € C(X), and
if g € A(Xp), then fg € A(Xo).

As these few examples illustrate, neither of our new conditions, taken separately, is
enough to force a subalgebra of C'(X) to be dense. But both conditions together turn out to
be sufficient. In order to better appreciate the utility of these new conditions, let’s isolate
the key computational tool that they permit within an algebra of functions.

Lemma 11.3. Let A be an algebra of real-valued functions on some set X, and suppose
that A separates points in X and vanishes at no point of X. Then, given x #y € X and a,
beR, we can find an f € A with f(x) =a and f(y) =b.

Proof. Given any pair of distinct points = # y € X, the set A = {(f(=), fly)) : f € A}
is a subalgebra of R2. If A separates points in X, then A is evidently neither {(0,0)} nor
{(z,z) : ® € R}. If A vanishes at no point, then {(x,0) : z € R} and {(0,y) : y € R} are
both excluded. Thus A = R2. That is, for any a, b € R, there is some f € A for which
(f (@), f(y)) = (a,b). O

Now we can state Stone’s version of the Weierstrass theorem (for compact metric spaces).
It should be pointed out that the theorem, as stated, also holds in C'(X) when X is a
compact Hausdorff topological space (with the same proof), but does not hold for algebras
of complex-valued functions over C. More on this later.

Theorem 11.4. (Stone-Weierstrass Theorem, real scalars) Let X be a compact metric
space, and let A be a subalgebra of C(X). If A separates points in X and vanishes at no
point of X, then A is dense in C(X).

What Cheney calls an “embryonic” version of this theorem appeared in 1937, as a small
part of a massive 106 page paper! Later versions, appearing in 1948 and 1962, benefitted
from the work of the great Japanese mathematician Kakutani and were somewhat more
palatable to the general mathematical public. But, no matter which version you consult,
you’ll find them difficult to read. For more details, I would recommend you first consult
Rudin [46], Folland [17], Simmons [51], or my book on real analysis [10].

As a first step in attacking the proof of Stone’s theorem, notice that if A satisfies the
conditions of the theorem, then so does its closure A. (Why?) Thus, we may assume that
A is actually a closed subalgebra of C'(X) and prove, instead, that A = C'(X). Now the
closed subalgebras of C'(X) inherit more structure than you might first imagine.
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Theorem 11.5. If A is a subalgebra of C(X), and if f € A, then |f| € A. Consequently,
A is a sublattice of C(X).

Proof. Let £ > 0, and consider the function [t| on the interval [—||f[[,||f||]. By the Weier-
strass theorem, there is a polynomial p(t) = >)_, axt* such that |[t| — p(t)| < e for all
[t] < |If]l- In particular, notice that |p(0)| = |ao| < e.

Now, because |f(xz)| < [|f| for all z € X, it follows that ||f(z)| — p(f(z)) | < € for all
z € X. But p(f(z)) = (p(f))(z), where p(f) = apl + a1 f + -+ + a,f™, and the function
g=a1f+-+anf" € A, because A is an algebra. Thus, ||f(z)| — g(z)| < |ao| + ¢ < 2¢
for all x € X. In other words, for each £ > 0, we can supply an element g € A such that
IlIf] = gll < 2e. That is, |f| € A.

The statement that A is a sublattice of C(X) means that if we're given f, g € A, then
max{f,g} € A and min{f,g} € A, too. But this is actually just a statement about real
numbers. Indeed, because

2max{a,b} =a+b+ |a — b and 2min{a,b} =a+b—|a—1|

it follows that a subspace of C'(X) is a sublattice precisely when it contains the absolute
values of all its elements. O

The point to our last result is that if we're given a closed subalgebra A of C(X), then A
is “closed” in every sense of the word: Sums, products, absolute values, max’s, and min’s of
elements from A, and even limits of sequences of these, are all back in A. This is precisely
the sort of freedom we’ll need if we hope to show that A = C'(X).

Please notice that we could have avoided our appeal to the Weierstrass theorem in this
last result. Indeed, we only needed to supply polynomial approximations for the single
function |z| on [—1,1], and this can be done directly. For example, we could appeal instead
to the binomial theorem, using |z| = y/1 — (1 — 22); the resulting series can be shown to
converge uniformly on [—1,1]. (But see also Problem 9 from Chapter 2.) By side-stepping
the classical Weierstrass theorem, it becomes a corollary to Stone’s version (rather than the
other way around).

Now we’re ready for the proof of the Stone-Weierstrass theorem. As we’ve already
pointed out, we may assume that we’re given a closed subalgebra (subspace, and sublattice)
A of C(X) and we want to show that A = C(X). We'll break the remainder of the proof
into two steps:

Step 1: Given f € C(X), z € X, and € > 0, there is an element g, € A with g,(z) = f(x)
and g, (y) > f(y) —e for all y € X.

From Lemma 11.3, we know that for each y € X, y # «, we can find an h, € A so that
hy(xz) = f(z) and hy(y) = f(y). Because h, — f is continuous and vanishes at both = and
y, the set U, = {t € X : hy(t) > f(t) — €} is open and contains both = and y. Thus, the
sets (Uy)ye form an open cover for X. Because X is compact, finitely many U, suffice,
say X =U,, U---UU,,. Now set g, = max{hy,,...,hy, }. Because A is a lattice, we have
gz € A. Note that g,(xz) = f(z) because each h,, agrees with f at . And g, > f —¢
because, given y # x, we have y € U, for some ¢, and hence g,(y) > hy, (y) > f(y) —e.

Step 2: Given f € C(X) and € > 0, there is an h € A with ||f — h| < e.
From Step 1, for each z € X we can find some g, € A such that g,(z) = f(x) and

9:(y) > f(y) — e for all y € X. And now we reverse the process used in Step 1: For each
x, theset V, = {y € X : g.(y) < f(y) + ¢} is open and contains z. Again, because X is
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compact, X =V, U---V, for some x1,...,2,,. This time, set h = min{gs,,..., 9z, } € A.
As before, h(y) > f(y) — e for all y, because each g,, does so, and h(y) < f(y) + ¢ for all y,
because at least one g, does so.

The conclusion of Step 2 is that A is dense in C'(X); but, because A4 is closed, this means
that A = C(X). O

Corollary 11.6. If X and Y are compact metric spaces, then the subspace of C(X xY)
spanned by the functions of the form f(x,y) = g(z) h(y), g € C(X), h € C(Y), is dense in
C(X xY).

Corollary 11.7. If K is a compact subset of R™, then the polynomials (in n-variables) are
dense in C(K).

Applications to C?7

In many texts, the Stone-Weierstrass theorem is used to show that the trig polynomials are
dense in C?™. One approach here might be to identify C?™ with the closed subalgebra of
C[0,27] consisting of those functions f satisfying f(0) = f(27). Probably easier, though,
is to identify C?™ with the continuous functions on the unit circle T = {¢® : § € R} = {z €
C: |z] = 1} in the complex plane using the identification

feCc*™ «— geC(T), where g(e™) = f(t).

Under this correspondence, the trig polynomials in C2™ match up with (certain) polynomials
in z = e’ and Z = e~ *. But, as we’ve seen, even if we start with real-valued trig polynomials,
we’ll end up with polynomials in z and Z having complex coefficients.

Given this, it might make more sense to consider the complex-valued continuous functions
on T. We'll write Cc(T) to denote the complex-valued continuous functions on T, and
Cr(T) to denote the real-valued continuous functions on T. Similarly, CZ" is the space
of complex-valued, 27-periodic functions on R, while CZ™ stands for the real-valued, 27-
periodic functions on R. Now, under the identification we made earlier, we have C¢(T) =
C# and Cg(T) = C2". The complex-valued trig polynomials in C2™ now match up with
the full set of polynomials, with complex coefficients, in z = e and Z = e~*. We'll use the
Stone-Weierstrass theorem to show that these polynomials are dense in C¢(T).

Now the polynomials in z obviously separate points in T and vanish at no point of T.
Nevertheless, the polynomials in z alone are not dense in C¢(T). To see this, here’s a proof
that f(z) = Z cannot be uniformly approximated by polynomials in z. First, suppose that
we're given some polynomial p(z) = >,_, cxz". Then

2w

‘ 2 ) n 2m
feit)p(e)dt = / e ple’)dt = ZCk/ e'M gt = o,
0 k=0 O

and so
2 27

2r = flet) f(e")dt = Fe*) [f(e") = p(e™)] dt,

0 0

because f(z) f(z) = |f(2)|?> = 1. Now, taking absolute values, we get

27 ) )
o < / F(e) - pe)|dt < 2nlf - p|.
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That is, || f — p|| > 1 for any polynomial p.

We might as well proceed in some generality: Given a compact metric space X, we’ll
write Cc(X) for the set of all continuous, complex-valued functions f : X — C, and we
norm Cc(X) by ||f|| = maxzex |f(x)| (where |f(z)| is the modulus of the complex number
f(z), of course). Cc(X) is a Banach algebra over C. In order to make it clear which field
of scalars is involved, we’ll write Cr(X) for the real-valued members of C¢(X). Notice,
though, that Cr(X) is nothing more than C'(X) with a new name.

More generally, we’ll write A¢ to denote an algebra, over C, of complex-valued functions
and Agr to denote the real-valued members of Ac. It’s not hard to see that Ag is then an
algebra, over R, of real-valued functions. -

Now if f is in C¢(X), then so is the function f(z) = f(x) (the complex-conjugate of
f(z)). This puts

Ref=2(f+F) and Tmf=_(f—F)
2 21

the real and imaginary parts of f, in Cr(X) too. Conversely, if g, h € Cr(X), then
g+ih € Cc(X).

This simple observation gives us a hint as to how we might apply the Stone-Weierstrass
theorem to subalgebras of Cc(X). Given a subalgebra Ac¢ of C¢(X), suppose that we could
prove that Ag is dense in Cg(X). Then, given any f € Cc(X), we could approximate Ref
and Imf by elements g, h € Ag. But because Agx C Ac, this means that g + ih € Ac, and
g + ih approximates f. That is, A¢ is dense in Cg(X). Great! And what did we really
use here? Well, we need Ar to contain the real and imaginary parts of “most” functions in
Cc(X). If we insist that Ac separate points and vanish at no point, then Ag will contain
“most” of Cr(X). And, to be sure that we get both the real and imaginary parts of each
element of Ac, we’ll insist that Ac contain the conjugates of each of its members: f € Ac
whenever f € A¢. That is, we'll require that Ac be self-conjugate (or, as some authors say,
self-adjoint).

Theorem 11.8. (Stone-Weierstrass Theorem, complex scalars) Let X be a compact metric
space, and let Ac be a subalgebra, over C, of Cc(X). If Ac separates points in X, vanishes
at no point of X, and is self-conjugate, then Ac is dense in Cc(X).

Proof. Again, write Ar for the set of real-valued members of Ac. Because Ac is self-
conjugate, Ar contains the real and imaginary parts of every f € Ac;

Ref = %(f—l—f) € Ag  and Imf = %(f—f) € Ag.

Moreover, Ag is a subalgebra, over R, of Cr(X). In addition, Ag separates points in X and
vanishes at no point of X. Indeed, given x # y € X and f € Ac with f(x) # f(y), we must
have at least one of Ref(x) # Ref(y) or Imf(z) # Imf(y). Similarly, f(x) # 0 means that
at least one of Ref(z) # 0 or Imf(z) # 0 holds. That is, Ag satisfies the hypotheses of the
real-scalar version of the Stone-Weierstrass theorem. Consequently, Ag is dense in Cr(X).

Now, given f € C¢(X) and € > 0, take g, h € Ag with ||¢g—Ref|| < /2 and ||h—Imf| <
€/2. Then, g +ih € Ac and ||f — (g + ¢h)|| < e. Thus, Ac is dense in Cc(X). O

Corollary 11.9. The polynomials, with complex coefficients, in z and Z are dense in Cg(T).
In other words, the complex trig polynomials are dense in CZ™.

Note that it follows from the complex-scalar proof that the real parts of the polynomials
in z and Z, that is, the real trig polynomials, are dense in Cg(T) = C2".
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Corollary 11.10. The real trig polynomials are dense in C2".

Applications to Lipschitz Functions

In most modern Real Analysis courses, the classical Weierstrass theorem is used to prove
that C[a,b] is separable. Likewise, the Stone-Weierstrass theorem can be used to show that
C(X) is separable, where X is a compact metric space. While we won’t have anything quite
so convenient as polynomials at our disposal, we do, at least, have a familiar collection of
functions to work with.

Given a metric space (X, d), and 0 < K < oo, we'll write lip - (X) to denote the collection
of all real-valued Lipschitz functions on X with constant at most K; that is, f: X — R is
in lipg (X) if | f(z) — f(y)] < Kd(x,y) for all z, y € X. And we’ll write lip(X) to denote the
set of functions that are in lip (X) for some K in other words, lip(X) = Uz_; lipx (X).
It’s easy to see that lip(X) is a subspace of C'(X); in fact, if X is compact, then lip(X) is
even a subalgebra of C(X). Indeed, given f € lipg(X) and g € lip,;(X), we have

If(x)g(x) — f(y)g(y)] |f(x)g(x) — f(y)g(@)| + |f(w)g(x) — f(y)g(y)]

<
< Klgll e =yl + M| f][ |z —yl.

Lemma 11.11. If X is a compact metric space, then lip(X) is dense in C(X).

Proof. Clearly, lip(X) contains the constant functions and so vanishes at no point of X.
To see that lip(X) separates point in X, we use the fact that the metric d is Lipschitz:
Given xg # yo € X, the function f(z) = d(z,yo) satisfies f(xo) > 0 = f(yo); moreover,
f € lip;(X) because

() = f)] = ld(z,y0) — d(y,30)| < d(z,y).
Thus, by the Stone-Weierstrass Theorem, lip(X) is dense in C(X). O
Theorem 11.12. If X is a compact metric space, then C(X) is separable.

Proof. Tt suffices to show that lip(X) is separable. (Why?) To see this, first notice that
lip(X) = U?zl Ex, where

Ex ={f € C(X):||fl| < K and [ € lipg(X)}.

(Why?) The sets Ex are (uniformly) bounded and equicontinuous. Hence, by the Arzela-
Ascoli theorem, each Fk is compact in C'(X). Because compact sets are separable, as are
countable unions of compact sets, it follows that lip(X) is separable. O

As it happens, the converse is also true (which is why this is interesting); see Folland [17]
or my book on Banach spaces [11] for more details.

Theorem 11.13. If C(X) is separable, where X is a compact Hausdorff topological space,
then X 1is metrizable.
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Appendix A

The ¢, Norms

For completeness, we supply a few of the missing details concerning the £,-norms. We begin
with a handful of classical inequalities of independent interest. First recall that we have
defined a scale of “norms” on R™ by setting:

n 1/p
lell, = <§:MP> , 1<p<oo,

i=1
and

max |z,

20 nax

where x = (z;)7_; € R™. Please note that the case p = 2 gives the usual Euclidean norm on
R™ and that the cases p = 1 and p = oo clearly give rise to legitimate norms on R™.

Common parlance is to refer to these expressions as {,-norms and to refer to the space
(R™, |l - 1[p) as £;. The space of all infinite sequences z = (z,,)p2; for which the analogous
infinite sum (or supremum) [lz||, is finite is referred to as ¢,. What’s more, there is a
“continuous” analogue of this scale: We might also consider the norms

b 1/p
Il = (/Iﬂ@?ma , 1<p<oo,

[flleo = sup [f(z)],

a<x<b

and

where f is in C[a,b] (or is simply Lebesgue integrable). The subsequent discussion actually
covers all of these cases, but we will settle for writing our proofs in the R” setting only.

Lemma A.l. (Young’s inequality). Let 1 < p < oo, and let 1 < g < oo be defined by
% + % = 1; that is, ¢ = p]%l. Then, for any a, b > 0, we have

1 1
ab < —aP + = b4
p q

Moreover, equality can only occur if aP = b9. (We refer to p and g as conjugate exponents;

note that p satisfies p = —L;. Please note that the case p = ¢ = 2 yields the familiar
q

arithmetic-geometric mean inequality.)

115
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Proof. A quick calculation before we begin:

—(p—1 1
g—1= SO (At NS
p—1 p—1 p—1

Now we just estimate areas; for this you might find it helpful to draw the graph of y = 2P~!
(or, equivalently, the graph of x = y9=1). Comparing areas we get:

The case for equality also follows easily from the graph of y = 2P~1 (or z = y971), because
b=aP~! = aP/9 means that a? = Y. O

Corollary A.2. (Holder’s inequality). Let 1 < p < oo, and let 1 < g < oo be defined by
% + % = 1. Then, for any ay,...,a, and by, ..., b, in R we have:

n n 1/p n 1/q
Z|aibi|<(2|ai|p) (w) |
=1 =1 =1

(Please note that the case p = ¢ = 2 yields the familiar Cauchy-Schwarz inequality.)
Moreover, equality in Holder’s inequality can only occur if there exist nonnegative scalars
a and 3 such that «|a;|P = B b;|? for alli=1,...,n.

Proof. Let A= (31, |ai|P)1/p and let B = (31, |b,»|q)1/q. We may clearly assume that
A, B # 0 (why?), and hence we may divide (and appeal to Young’s inequality):

|aibs| _ fail” | [bi]
AB — pAr  ¢BY’

Adding, we get:

1 <« 1 « 1 <« 1 1
—_— aibzg— (lip-f—i biq:*-l-*:]..
AB; | pApg | qu;\l ot

That iS, Z?:l \aibi| < AB.

The case for equality in Holder’s inequality follows from what we know about Young’s
inequality: Equality in Holder’s inequality means that either A = 0, or B = 0, or else
|a;|P/pAP = |b;|9/qB? for all i = 1,...,n. In short, there must exist nonnegative scalars «
and f such that a|a;|P = G |b;|? for alli =1,...,n. O

Notice, too, that the case p =1 (¢ = o0) works, and is easy:

> < (Z |ai|> (e 1)

Exercise A.3. When does equality occur in the case p =1 (¢ = 00)?
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Finally, an application of Hélder’s inequality leads to an easy proof that || - ||, is actually
a norm. It will help matters here if we first make a simple observation: If 1 < p < oo and

if g= z%’ notice that

n (p—=1)/p
| Clas P~ ], = (Z ai|p> = [lalz~".
i=1

Lemma A.4. (Minkowski’s inequality). Let 1 <p < co and let a = (a;)7_1, b= (b)) €
R™. Then, |ja+ b, < |lall, + |bll,-

Proof. In order to prove the triangle inequality, we once again let ¢ be defined by %—&—% =1,
and now we use Holder’s inequality to estimate:

n n
Z|ai+bi|p = Z|ai+bi|-\ai+bi|p_1
=1 i=1
n n
< D lail i+ b7+ Y (il s+ b
i=1 i=1

< allp - I Clai + 0P~ Dizille + Iyllp - I (las + 5P g
= la+bl5~" Cllall, + [1b],) -

That is, [la +b|5 < [la + b5~ (||all, + [[b]l»), and the triangle inequality follows. O

If 1 < p < oo, then equality in Minkowski’s inequality can only occur if a and b are
parallel; that is, the ¢y,-norm is strictly conver for 1 < p < oco. Indeed, if ||a + b||, =
lla|l, + ||b]lp, then either a = 0, or b =0, or else a, b # 0 and we have equality at each stage
of our proof. Now equality in the first inequality means that |a; + b;| = |a;| + |b;|, which
easily implies that a; and b; have the same sign. Next, equality in our application of Holder’s
inequality implies that there are nonnegative scalars C' and D such that |a;|? = C'|a; + b;|P
and |b;|P = Dla; + b;|P for all ¢ = 1,...,n. Thus, a; = Eb; for some scalar E and all
1=1,...,n.

Of course, the triangle inequality also holds in either of the cases p = 1 or p = oo (with
much simpler proofs).

Exercise A.5. When does equality occur in the triangle inequality in the cases p = 1 or
p = co? In particular, show that neither of the norms || - ||; or || - ||oo is strictly convex.
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Appendix B

Completeness and Compactness

Next, we provide a brief review of completeness and compactness. Such review is doomed
to inadequacy; the reader unfamiliar with these concepts would be well served to consult a
text on advanced calculus such as [29] or [46].

To begin, we recall that a subset A of normed space X (such as R or R™) is said to be
closed if A is closed under the taking of sequential limits. That is, A is closed if, whenever
(an) is a sequence from A converging to some point z € X, we always have = € A. It’s not
hard to see that any closed interval, such as [a,b] or [a, 00), is, indeed, a closed subset of
R in this sense. There are, however, much more complicated examples of closed sets in R.

A normed space X is said to be complete if every Cauchy sequence from X converges
(to a point in X). It is a familiar fact from Calculus that R is complete, as is R™. In fact,
the completeness of R is often assumed as an axiom (in the form of the least upper bound
axiom). There are, however, many examples of normed spaces which are not complete; that
is, there are examples of normed spaces in which Cauchy sequences need not converge.

We say that a subset A of a normed space X is complete if every Cauchy sequence
from A converges to a point in A. Please note here that we require not only that Cauchy
sequences from A converge, but also that the limit be back in A. As you might imagine,
the completeness of A depends on properties of both A and the containing space X.

First note that a complete subset is necessarily also closed. Indeed, because every con-
vergent sequence is also Cauchy, it follows that a complete subset is closed.

Exercise B.1. If A is a complete subset of a normed space X, show that A is also closed.

If the containing space X is itself complete, then it’s easy to tell which of its subsets are
complete. Indeed, because every Cauchy sequence in X converges (somewhere), all we need
to know is whether the subset is closed.

Exercise B.2. Let A be a subset of a complete normed space X. Show that A is complete
if and only if A is a closed subset of X. In particular, please note that every closed subset
of R (or R™) is complete.

Virtually all of the normed spaces encountered in these notes are complete. In some

cases, this fact is very easy to check; in others, it can be a bit of a challenge. A few
additional tools could prove useful.
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To get us started, here is an easy and often used reduction: In order to prove complete-
ness, it’s not necessary to show that every Cauchy sequence converges; rather, it suffices to
show that every Cauchy sequence has a convergent subsequence.

Exercise B.3. If (z,,) is a Cauchy sequence and if a subsequence (z,, ) converges to a point
x € X, show that (x,) itself converges to .

Exercise B.4. Given a Cauchy sequence (z,) in a normed space X, there exists a subse-
quence () satisfying >~ [|n,,, — @n,|| < 00. (A sequence with summable increments is
occasionally referred to as a fast Cauchy sequence.) Conclude that X is complete if and
only if every fast Cauchy sequence converges.

Next, here is a very general criterion for checking whether a given norm is complete, due
to Banach from around 1922. It’s quite useful and often very easy to apply.

Theorem B.5. A normed linear space (X, || - ||) is complete if and only if every absolutely
summable series is summable; that is, if and only if, given a sequence in X for which

— 0 as N — cc.

oozl < oo, there exists an element x € X such that Hx - 22;1 X

Proof. One direction is easy. Suppose that X is complete and that > 7, ||| < co. Let
SN = Zﬁ;l Zn. Then, (sy) is a Cauchy sequence. Indeed, given M < N, we have

N N
lsv —sall =] D @al|< Y llzall =0
n=M+41 n=M+1

as M, N — oco. (Why?) Thus, (sy) converges in X (by assumption).

On the other hand, suppose that every absolutely summable series is summable, and let
(2,,) be a Cauchy sequence in X. By passing to a subsequence, if necessary, we may suppose
that ||z, — @py1|| < 27" for all n. (How?) But then,

N
D (@0 = Tng1) =31 — TN
n=1

converges in X because Y oo, ||Zn — Tnt1| < co. Thus, (x,) converges. O

We next recall that a subset A of a normed space X is said to be compact if every
sequence from A has a subsequence which converges to a point in A. Again, because we
have insisted that certain limits remain in A, it’s not hard to see that compact sets are
necessarily also closed.

Exercise B.6. If A is a compact subset of a normed space X, show that A is also closed.

Moreover, because a Cauchy sequence with a convergent subsequence must itself con-
verge, it follows that every compact set is complete.

Exercise B.7. If A is a compact subset of a normed space X, show that A is also complete.

Because the compactness of a subset A has something to do with every sequence in A,
it’s not hard to believe that it is a more stringent property than the others we’ve considered
so far. In particular, it’s not hard to see that a compact set must be bounded.
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Exercise B.8. If A is a compact subset of a normed space X, show that A is also bounded.
[Hint: If not, then A would contain a sequence (a,) with ||a,| — co.]

Now it is generally not so easy to describe the compact subsets of a particular normed
space X, however, it is quite easy to describe the compact subsets of R (or R™). This
well-known result goes by many names; we will refer to it as the Heine-Borel theorem.

Theorem B.9. A subset A of R (or R™) is compact if and only if A is both closed and
bounded.

Proof. One direction of the proof is easy: As we’ve already seen, compact sets in R are
necessarily closed and bounded. For the other direction, notice that if A is a bounded
subset of R, then it follows from the Bolzano-Weierstrass theorem that every sequence from
A has a subsequence which converges in R. If A is also a closed set, then this limit must, in

fact, be back in A. Thus, every sequence in A has a subsequence converging to a point in
A. O

It is important to note here that the Heine-Borel theorem does not typically hold in the
more general setting of metric spaces. By way of an example, consider the set B = {z € ¢; :
|lz|ls <1} in the normed linear space ¢; (consisting of all absolutely summable sequences).
It’s easy to see that B is bounded and not too hard to see that B is closed. However, B is
not compact. To see this, consider the sequence (of sequences!) defined by

n—1 zeros

en=10(0,...,0,1,0,0,...) n=12...

(that is, there is a single nonzero entry, a 1, in the n-th coordinate). It’s easy to see that
llexlli =1 and, hence, e,, € B for every n. But (e,) has no convergent subsequence because
ller, — eml|l1 = 2 for any n # m. Thus, B is not compact.

It is also worth noting that there are other characterizations of compactness, including
a few that will carry over successfully to even the very general setting of topological spaces.
One such characterization is given below, without proof. (It is offered here as a theorem, but
it is more typically given as a definition, from which other characterizations are derived.)
For further details, see [46], [10], or [51].

Theorem B.10. A topological space X is compact if and only if the following condition
holds: Given any collection U of open sets in X with the property that X = |J{V : V e U},
there exist finitely many sets Uy, ..., U, inU such that X = J;_, Uy.

Finally, let’s speak briefly about of continuous functions defined on compact sets. Specif-
ically, we will consider a continuous function, real-valued function f defined on a compact
interval [a,b] in R, but much of what we have to say will carry over to the more general
setting of a continuous function defined on a compact metric space (taking values in another
metric space). The key fact we need is that a continuous function defined on a compact set
is bounded.

Theorem B.11. Let f : [a,b] — R be continuous. Then f is bounded. Moreover, [ attains
both its mazimum and minimum values on [a,b]; that is, there exist points x1, xa in [a,b]
such that

f(z1) = max f(x) and f(xze) = min f(x).

a<z<b a<zx<b
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Proof. If, to the contrary, f is not bounded, then we can find a sequence of points (z,)
in [a,b] satisfying |f(z,)| > n. It follows that no subsequence of (f(z,)) could possibly
converge, for convergent sequences are bounded. This leads to a contradiction: By the
Heine-Borel theorem, (z,,) must have a convergent subsequence and, by the continuity of f,
the corresponding subsequence of ( f (xn)) would necessarily converge. This contradiction
proves that f is bounded.

We next prove that f attains its maximum value (and leave the other case as an exercise).
From the first part of the proof, we know that M = sup ,«,«;, f(z) is a finite, real number.
Thus, we can find a sequence of values ( f (:cn)) converging to M. But, by passing to a
subsequence, if necessary, we may suppose that (x,) converges to some point z; in [a,b].
Clearly, =1 satisfies f(z1) = M. O



Appendix C

Pointwise and Uniform
Convergence

We next offer a brief review of pointwise and uniform convergence. We begin with an
elementary example:

Example C.1.

(a)

For each n = 1,2,3, ..., consider the function f,(z) = ¢” + £ for x € R. Note that for
each (fixed) x the sequence (f,(z))22, converges to f(z) = e” because

fule) ~ F@I = 20 as noa
In this case we say that the sequence of functions (f,) converges pointwise to the
function f on R. But notice, too, that the rate of convergence depends on z. In
particular, in order to get | fn(z) — f(x)| < 1/2 we would need to take n > 2|z|. Thus,
at x = 2, the inequality is satisfied for all n > 4, while at x = 1000, the inequality is
satisfied only for n > 2000. In short, the rate of convergence is not uniform in x.

Consider the same sequence of functions as above, but now let’s suppose that we
restrict that values of x to the interval [—5,5]. Of course, we still have that f,(z) —
f(z) for each (fixed) z in [—5,5]; in other words, we still have that (f,) converges
pointwise to f on [—5,5]. But notice that the rate of convergence is now uniform over
x in [-5,5]. To see this, just rewrite the initial calculation:

o] _

[fn(z) = f(2)| = for w e [=5,5],

Izl 5
n n
and notice that the upper bound 5/n tends to 0, as n — oo, independent of the choice
of x. In this case, we say that (f,) converges uniformly to f on [—5,5]. The point
here is that the notion of uniform convergence depends on the underlying domain as

well as on the sequence of functions at hand.

With this example in mind, we now offer formal definitions of pointwise and uniform
convergence. In both cases we consider a sequence of functions f, : X - R, n=1,2/3,...,
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each defined on the same underlying set X, and another function f : X — R (the candidate
for the limit).

We say that (f,,) converges pointwise to f on X if, for each x € X, we have f,,(z) — f(x)
as n — oo; thus, for each z € X and each € > 0, we can find an integer N (which depends
on ¢ and which may also depend on x) such that |f,(z) — f(z)| < € whenever n > N. A
convenient shorthand for pointwise convergence is: f, — f on X or, if X is understood,
simply fn, — f.

We say that (f,,) converges uniformly to f on X if, for each £ > 0, we can find an integer
N (which depends on € but not on z) such that | f,(z) — f(z)| < € for each z € X, provided
that n > N. Please notice that the phrase “for each x € X” now occurs well after the phrase
“for each € > 0” and, in particular, that the rate of convergence N does not depend on z. It
should be reasonably clear that uniform convergence implies pointwise convergence; in other
words, uniform convergence is “stronger” than pointwise convergence. For this reason, we
sometimes use the shorthand: f, = f on X or, if X is understood, simply f, = f.

The definition of uniform convergence can be simplified by “hiding” one of the quantifiers
under different notation; indeed, note that the phrase “|f,(z) — f(z)| < € for any z € X”
is (essentially) equivalent to the phrase “sup,cx |fn(z) — f(z)| < e.” Thus, our definition
may be reworded as follows: (f,,) converges uniformly to f on X if, given € > 0, there is an
integer N such that sup,cx |fn(z) — f(z)| < e for alln > N.

The notion of uniform convergence exists for one very good reason: Continuity is pre-
served under uniform limits. This fact is well worth stating.

Exercise C.2. Let X be a subset of R, let f, f, : X — R forn = 1,2,3,..., and let
xg € X. If each f, is continuous at zq, and if f,, = f on X, then f is continuous at x¢. In
particular, if each f, is continuous on all of X, then so is f. Give an example showing that
this result may fail if we only assume that f, — f on X.

Finally, let’s consolidate all of our findings into a useful and concrete conclusion. Given a
compact interval [a,b] in R, we denote the vector space of continuous, real-valued functions
f:[a,b] = Rby C[a,b]. Because [a,b] is compact, we know that every element of C[a,b]
is bounded. Thus, the expression

I£ll= sup [£(z)] (€1

which is often called the sup-norm, is well-defined and finite for every f in C[a,b]. In fact,
it’s easy to see that (C.1) defines a norm on Cla,b].

Exercise C.3. Show that (C.1) defines a norm on C[a,b].

In light of our earlier discussion, it follows that convergence in the sup-norm in Cla,b]
is equivalent to uniform convergence; that is, a sequence (f,) in C[a,b] converges to an
element f in C[a,b] under the sup-norm if and only if f, = f on [a,b]. For this reason,
(C.1) is often called the uniform norm. Whatever we decide to call it, it’s considered the
norm of choice on C[a,b], in part because Cla,b] so happens to be complete under this
norm.

Theorem C.4. C[a,b] is complete under the norm (C.1).
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Proof. Let (f,) be a sequence in C[a,b] that is Cauchy under the sup-norm; that is, for
every € > 0, there exists an index IV such that

sup | fm (@) = fu(@)] = [ fm = full <€

a<z<b

whenever m, n > N. In particular, for any fixed = in [a,b] note that we have |f,(z) —
fo(@)] < ||fm = fall- Tt follows that the sequence (f(x,)) is Cauchy in R. (Why?) Thus,

fla) = lim f(2)
is a well-defined, real-valued function on [a,b]. We will show that f is in C[a,b] and that
fn = f. (But, in fact, we need only prove the second assertion, as the first will then follow.)

Given ¢ > 0, choose N such that ||f, — fn]| < € whenever m, n > N. Then, given any
x in [a,b, |, we have

@) = fal@)| = T |f(@) = fue)] <

provided that n > IN. Because this bound is independent of z we’ve actually shown that
SUp , <, <p [f(2) = fu(z)| < € whenever n > N. In other words, we've shown that f, = f on
[a,b]. O



126 APPENDIX C. POINTWISE AND UNIFORM CONVERGENCE



Appendix D

Brief Review of Linear Algebra

Sums and Quotients

We discuss sums and quotients of vector spaces. In what follows, there is no harm in
assuming that all vector spaces are finite-dimensional.

To begin, given vector spaces X and Y, we write X &Y to denote the direct sum of X
and Y, which may be viewed as the set of all ordered pairs (z,y), z € X, y € Y, endowed
with the operations

and
alz,y) = (ax,ay), a€R, zeX, yev.

It is commonplace to ask whether a given vector space may be written as the sum of
“smaller” factors. In particular, given subspaces Y and Z of a vector space X, we might ask
whether X is isomorphic to Y & Z, which we will paraphrase here by simply asking whether
X equals Y @ Z. Such a pair of subspaces is said to be complementary.

It’s not difficult to see that if each z € X can be uniquely written as a sum, x = y + z,
where y € Y and z € Z, then X =Y & Z. Indeed, because every vector x can be so written,
we must have X = span(Y U Z) and, by uniqueness of the sum, we must have Y N Z = {0};
it follows that the natural splitting « +— y + « induces a vector space isomorphism (i.e., a
linear, one-to-one, onto map) = — (y,z) between X and Y & Z. Moreover, this natural
splitting induces linear idempotent maps P : X — X and Q : X — X by setting P(z) =y
and Q(x) = z whenever x = y+2z,y € Y, 2 € Z. That is, P and @ are linear and also satisfy
P(P(z)) = P(z) and Q(Q(x)) = Q(x). An idempotent map is often called a projection,
and so we might say that P and Q) are linear projections. Please note that P 4+ @ = I, the
identity map on X, and ker P = Z while ker@Q = Y. In addition, because P and @ are
idempotents, note that rangeP = Y while range) = Z. For this reason, we might refer to
P and Q = I — P as complementary projections.

Conversely, given a linear projection P : X — X with range Y and kernel Z, it’s not
hard to see that we must have X =Y & Z. Indeed, in this case the isomorphism is given
by z — (P(z),z — P(x)). Rather than prove this directly, it may prove helpful to state this
result in other terms. For this, we need the notion of a quotient vector space.

Each subspace M of a finite-dimensional vector space X induces an equivalence relation

127



128 APPENDIX D. BRIEF REVIEW OF LINEAR ALGEBRA
on X by
T~y <= z—yEe M.

Standard arguments show that the equivalence classes under this relation are the cosets
(translates)  + M, v € X. That is,

T+ M=y+M <= z—yeM <= z~y.
Equally standard is the induced vector arithmetic
(z+M)+y+M)=(x+y)+ M and alz+ M) = (azx)+ M,

where z, y € X and a € R. The collection of cosets (or equivalence classes) is a vector space
under these operations; it’s denoted by X/M and called the quotient of X by M. Please
note the the zero vector in X/M is simply M itself.

Associated to the quotient space X/M is the quotient map q(x) = x + M. It’s easy to
check that ¢ : X — X/M is a vector space homomorphism with kernel M. (Why?)

Next we recall the isomorphism theorem.

Theorem D.1. Let T : X — Y be a linear map between vector spaces, and let q :
X — X/kerT be the quotient map. Then, there exists a (unique, into) isomorphism
S:X/kerT —Y satisfying S(q(z)) = T(x) for every x € X.

Proof. Because ¢ maps onto X/kerT, it’s “legal” to define a map S : X/kerT — Y by
setting S(g(x)) = T(z) for € X. Please note that S is well-defined because

T(x)=Ty) < Tx-y)=0 <= z—-yckerT
= qr—y)=0 < q(x) = q(y)-

It’s easy to see that S is linear, and so precisely the same argument as above shows that S
is one-to-one. O

Corollary D.2. Let T : X — Y be a linear map between vector spaces. Then the range of
T is isomorphic to X/kerT. Moreover, X is isomorphic to (rangeT) & (ker T).

Corollary D.3. If P: X — X is a linear projection on a vector space X with range Y and
kernel Z, then X is isomorphic to Y & Z.

Inner Product Spaces

Let X be a vector space over R. An inner product on X is a function (-,-) : X x X — R
satisfying

1. (z,y) =(y,x) forall z, y € X.
2. (ax+by,z) =a(x,z) +b(y,z) forall z, y, z € X and all a, b € R.

3. (z,x)>0forall z € X and (z,z) = 0 only when z = 0.
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It follows from conditions 1 and 2 that an inner product must be bilinear; that is, linear

in each coordinate. Condition 3 is often paraphrased by saying that an inner product is

positive definite. Thus, in brief, an inner product on X is a positive definite bilinear form.
An inner product on X induces a norm on X by setting

[zl = (z,2), =eX.

This is by no means obvious, by the way, and requires some explanation. The first step
along this path is the Cauchy-Schwarz inequality.

Lemma D.4. For any z, y € X we have | (z,y)| < ||z ||y

Proof. If either of x or y is 0, the inequality clearly holds; thus, we may suppose that
x # 0 # y. Now, for any scalar o € R, consider:

0 < <.’E—C¥y,$—0[y> = <$,.’E>—206<.’E,y>+0é2<y,y> (Dl)
2]|* = 2a(z,y) + o[yl (D.2)

Because x and y are fixed, the right-hand side of (D.2) defines a quadratic in the real variable
a which, according to the left-hand side of (D.1), is of constant sign on R. It follows that
the discriminant of this quadratic cannot be positive; that is, we must have

Az,y)? —4lz] lyll <o,

which is plainly equivalent to the assertion in the lemma. O

According to the Cauchy-Schwarz inequality,

(=) ] _ ’<my>‘ .
]| [l ]yl

for any pair of nonzero vectors z, y € X. That is, the expression (z/|z|, y/|ly|l) takes
values between —1 and 1 and, as such, must be the cosine of some angle. Thus, we may
define this expression to be the cosine of the angle between the vectors x and y; in other
words, we define the angle between x and y to be the (unique) angle # in [0, 27) satisfying

| (z,y)|

cosf) = ———.
[yl

In particular, note that (x,y) = 0 (for nonzero vectors x and y) if and only if the angle
between x and y is w/2. For this reason, we say that x and y are orthogonal (or perpen-
dicular) if (x,y) = 0. Of course, the zero vector is orthogonal to every vector and, in fact,
because the inner product is positive definite, the converse is true, too: The only vector z
satisfying (x,y) = 0 for all vectors y is x = 0.

Lemma D.5. The expression ||z|| = \/{x,z) defines a norm on X.
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Proof. Tt’s easy to check that ||z|| is a nonnegative expression satisfying ||z|| = 0 only for
x =0, and it’s easy to see that ||az| = |a|||z|| for any scalar o. Thus, it only remains to
prove the triangle inequality. For this, we appeal to the Cauchy-Schwarz inequality:

le+yl*> = (z+y, z+y)
212+ 2( 2,y ) + lyll? (D.3)
< lell® + 2l Iyl + Iyl
= (Il + Nyl O

Equation (D.3), which is entirely analogous to the law of cosines, by the way, holds the
key to installing Euclidean geometry on an inner product space.

Corollary D.6. (The Pythagorean Theorem) In an inner product space, ||z + y||*> =
I2)1? + llyll? if and only if (x,y) = 0.

Corollary D.7. (The Parallelogram Identity) For any x, y in an inner product space X,
we have ||z +yl|* + ||z — y|I* = 2]|z]|* + 2[ly||>.

We say that a set of vectors {x, : a € A} is orthogonal (or, more accurately, mutually
orthogonal) if (x4, zg) =0 for any o # § € A. If, in addition, each z, has norm one; that
is, if (X, 20 ) =1 for all & € A, we say that {z, : a € A} is an orthonormal set of vectors.
It is easy to see that an orthogonal set of nonzero vectors must be linearly independent.
Indeed, if x4, ..., x, are mutually orthogonal nonzero vectors in an inner product space X,
and if we set y = > | a;; for some choice of of scalars ar, ..., oy, then we have

n

(y,2j) = Z%Wn%‘) = a;(T;, ;).

Thus,

n

(y,2i) . (y, @)
= 2L that =N g
i <xiax’i>’ sy ; <xi7xi>xl

In particular, it follows that y = 0 if and only if «; = 0 for all ¢ which occurs if and only if
(y,z;) = 0 for all . Thus, the vectors xz1,...,z, are linearly independent. Moreover, the
coeflicients of y, relative to the x;, can be readily computed.

It is a natural question, then, whether an inner product space has a basis consisting
of mutually orthogonal vectors. The answer is Yes and there are a couple of ways to see
this. Perhaps easiest is to employ the Gram-Schmidt process which provides a technique for
constructing orthogonal vectors.

Exercise D.8. Let z1,...,x, be nonzero and orthogonal and let z € X.

n (z,z;)

(a) z €span{z;:j=1,...,n}tifand only if x =3 7, Toras Lo

(b) For any z, the vector y = x — Z?=1 (<;;’z>> x; is orthogonal to each z;.
(c) 25 <<_,Z:‘ZJ>> z; is the nearest point to  in span{z; : j =1,...,n}.
J

<:L’,£Ej>
(z5,m;5)

n
j=1

(d) z € span{z; : j =1,...,n} if and only if ||z]*> =
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Exercise D.9. (The Gram-Schmidt Process) Let (e,) be a linearly independent sequence
in X. Then there is an essentially unique orthogonal sequence (x,,) such that

span{zy,...,x} = span{ey, ..., ex}

for all k. [Hint: Use induction and the results in Exercise D.8 to define xj+1 = eg+1 — v,
where v € span{z1,...,zx}.]

Corollary D.10. Every finite-dimensional inner product space has an orthonormal basis.

Using techniques entirely similar to those used in proving that every vector space has a
(Hamel) basis (see, for example, [8]), it can be shown that every inner product space has an
orthonormal basis.

Theorem D.11. FEvery inner product space has an orthonormal basis.
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Appendix E

Continuous Linear
Transformations

We next discuss continuity for linear transformations (or operators) between normed vector
spaces. Throughout this section, we consider a linear map 7" : V' — W between vector
spaces V and W; that is we suppose that T satisfies T'(ax + Sy) = oT(z) + T (y) for all
x,y € V, and all scalars «, 5. Please note that every linear map T satisfies T'(0) = 0. If
we further suppose that V' is endowed with the norm || - ||, and that W is endowed with the
norm |||-]|, the we may consider the issue of continuity of the map T

The key result for our purposes is that, for linear maps, continuity—even at a single
point—is equivalent to uniform continuity (and then some!).

Theorem E.1. Let (V|| -||) and (W,||||||) be normed vector spaces, and let T : V. — W be
a linear map. Then, the following are equivalent:

(i) T is Lipschitz;
(ii) T is uniformly continuous;
(iii) T is continuous (everywhere);

)
)

(iv) T is continuous at 0 € V;
)

(v

Proof. Clearly, (i) = (ii) = (iii) = (iv). We need to show that (iv) = (v), and that
(v) = (i) (for example). The second of these is easier, so let’s start there.
(v) = (i): If condition (v) holds for a linear map 7', then T is Lipschitz (with constant

there is a constant C < oo such that ||| T'(z)||| < C||lz|| for allz € V.

C) because [[| T(z) = T(y)|[| =l T(z — )|l < Cllz — y|| for any z, y € V.

(iv) = (v): Suppose that T is continuous at 0. Then we may choose a § > 0 so that
I 7)1 =11 T(x) — T < 1 whenever |lz]] = |1z — 0] < 6. (How?)

Given 0 # z € V, we may scale by the factor §/z|| to get ||dz/|z|| = 6. Hence,

|| T(6a/llz]|) || < 1. But T(dz/||lz|) = (6/=||) T(x), because T is linear, and so we get
[[| T(z)||l < (1/0)]|z]]. That is, C' = 1/ works in condition (v). (Note that because condition
(v) is trivial for z = 0, we only care about the case x # 0.) O
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A linear map satisfying condition (v) of the Theorem (i.e., a continuous linear map) is
often said to be bounded. The meaning in this context is slightly different than usual. Here
it means that 7' maps bounded sets to bounded sets. This follows from the fact that T is
Lipschitz. Indeed, if ||| T'(x) ||| < C|jz|| for all x € V, then (as we’ve seen) ||| T'(z) — T'(y) ||| <
Cllz — y|| for any z, y € V, and hence T maps the ball about z of radius r into the ball
about T(x) of radius Cr. In symbols, T'(B,(z)) C Ber(T(z)). More generally, T maps a
set of diameter d into a set of diameter at most C'd. There’s no danger of confusion in our
using the word bounded to mean something new here; the ordinary usage of the word (as
applied to functions) is uninteresting for linear maps. A nonzero linear map always has an
unbounded range. (Why?)

The smallest constant that works in (v) is called the norm of the operator T and is
usually written ||T||. In symbols,

1Tl
20 =1

Thus, T is bounded (continuous) if and only if ||T']] < oco.
The fact that all norms on a finite-dimensional normed space are equivalent provides a
final (rather spectacular) corollary.

Corollary E.2. Let V and W be normed vector spaces with V' finite-dimensional. Then,
every linear map T : V. — W is continuous.

Proof. Let x1,...,x, be a basis for V and let || > | ;|1 = > oiy o], as before. From
the Lemma on page 3, we know that there is a constant B < oo such that ||z||; < B ||z| for

every x € V.
Now if T: (V|| - |I) — (W,]||-]||) is linear, we get

)] - [gone
i=1

n

< Z|ai| | T ()]
=1
n
< (max ||T<xj>||) S o)
1<j<n i=1
< B ( max ||| T'(x; |||) Zazx,
1<j<n

That is, ||| T'(z) ||| < C|lz||, where C = Bmaxi<;<n||| T(z;)]|| (a constant depending only
on T and the choice of basis for V). From our last result, T' is continuous (bounded). O



Appendix F

Linear Interpolation

Although we won’t need anything quite so fancy, it is of some interest to discuss more general
problems of interpolation. We again suppose that we are given distinct points g < - -+ <
in [a,b], but now we suppose that we are given an array of information

v v v .y
vy oyl . g™
Y Ya Yl oy,

where each m; is a nonnegative integer. Our problem is to find the polynomial p of least
degree that incorporates all of this data by satisfying

po) =yo p'(wo) =vyh ... pm(xg) =y
plr) =y p(z) =y, ... pM(x)=y™

._ / ._ / (mn) ._ (mn)
p(xn)—yn p(mn)—yn ... P (mn)—yn .

In other words, we specify not only the value of p at each z;, but also the first m; derivatives
of p at x;. This is often referred to as the problem of Hermite interpolation.

Because the problem has a total of mg +my 4+ -+ + m, + n+ 1 “degrees of freedom,”
it won’t come as any surprise that is has a (unique) solution p of degree (at most) N =
mg +mi1 + --- + m, + n. Rather than discuss this particular problem any further, let’s
instead discuss the general problem of linear interpolation.

The notational framework for our problem is an n-dimensional vector space X on which
m linear, real-valued functions (or linear functionals) Lq,...,L,, are defined. The general
problem of linear interpolation asks whether the system of equations

has a (unique) solution f € X for any given set of scalars y1,...,ym € R. Because a linear
functional is completely determined by its values on any basis, we would next be led to
consider a basis fi,..., f, for X, and from here it is a small step to rewrite (F.1) as a
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matriz equation. That is, we seek a solution f = aqf1 + -+ + a, fp satisfying

arLi(fi) +-+anli(fn) = w0
arLo(f1) + - +anLla(fn) = u2
ale(f1)+"'+aan(fn) = Ym-
If we are to guarantee a solution aq, ..., a, for each choice of y1, ..., ym, then we’ll need to

have m = n and, moreover, the matrix [L;(f;)] will have to be nonsingular.

Lemma F.1. Let X be an n-dimensional vector space with basis vectors fi,..., fn, and
let Ly, ..., Ly be linear functionals on X. Then, Lq,..., L, are linearly independent if and
only if the matriz [L;(f;)] is nonsingular; that is, if and only if det(L;(f;)) # 0.

Proof. If [L;( f;)] is singular, then the matrix equation

ali(fi)+-+cenln(fi) = 0
ciLi(fo)+--+cnln(fz) = 0
has a nontrivial solution ¢y, ..., c,. Thus, the functional ¢;L; 4 - -+ + ¢, L,, satisfies

(ClL1++CnLn)(fl):0, ’L:].,,n
Because fi,..., f, form a basis for X, this means that
(ClLl + o4 CnLn)(f) =0

for all f € X. That is, ¢1L1 + -+ + ¢, L,, = 0 (the zero functional), and so Lq,..., L, are
linearly dependent.

Conversely, if Lq,..., L, are linearly dependent, just reverse the steps in the first part
of the proof to see that [L;(f;)] is singular. O
Theorem F.2. Let X be an n-dimensional vector space and let Ly, ..., Ly, be linear func-
tionals on X. Then the interpolation problem
always has a (unique) solution f € X for any choice of scalars yi,...,yn if and only if
Lq,...,L, are linearly independent.

Proof. Let fi,..., fn be a basis for X. Then (F.2) is equivalent to the system of equations

arLi(fi)+--+anLi(fn) = mn

arLo(fr) + - +anLa(fn) = v
(F.3)

aan(fl) + -+ anLn(fn) = Yn
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by taking f = a1f1 + -+ + anfn. Thus, (F.2) always has a solution if and only if (F.3)
always has a solution if and only if [L;(f;)] is nonsingular if and only if L.,...,L, are
linearly independent. In any of these cases, note that the solution must be unique. O

In the case of Lagrange interpolation, X = P,, and L; is evaluation at x;; i.e., L;(f) =
f(x;), which is easily seen to be linear in f. Moreover, Ly,..., L, are linearly independent
provided that g, ..., z, are distinct. (Why?)

In the case of Hermite interpolation, the linear functionals are of the form L, x(f) =
f(k)(x), differentiation composed with a point evaluation. If k # m, then L, and L, ,, are
linearly independent; if « # y, then L, and L, ,, are linearly independent for any k and
m. (How would you check this?)
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Appendix G

The Principle of Uniform
Boundedness

Our goal in this section is to give an elementary proof of:

Theorem G.1. (The Uniform Boundedness Theorem) Let (T, )aca be a family of linear
maps from a complete normed linear space X into a normed linear space Y. If the family
is pointwise bounded, then it is, in fact, uniformly bounded. That is, if, for each x € X,

sup [T (z)]| < oo,
acA

then, in fact,

sup || To]| = sup sup [T (z)] < oo
acA a€A ||z||=1
Proof. Suppose that sup, [|To|] = co. We will extract a sequence of operators (T;,) and

construct a sequence of vectors (z,,) such that
(a) ||zn|| =47, for all n, and
(b) T (z)|] > n, for all n, where x = >"°7 | @,.
To better understand the proof, consider
To(x) = To(z1+ -+ 2p_1) + Thxn + Tn(@per +---).

The first term has norm bounded by M,,_1 = sup,, || To(z1+ -+ xn—1)|]. We'll choose the
central term so that
1Tn (o)l = ([ Tall lznll >> Mn-i.

We’ll control the last term by choosing =41, Znt2,. .., to satisfy
= 1
S a|| < 3 lenll
k=n+1

Time for some details. ..
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Suppose that z,...,z,_1 and Ty,...,T,_1 have been chosen. Set

M,_1 =sup || To(x1 + -+ Tp-1) |-
a€cA

Choose T, so that
ITll >3- 47 (M1 +n).

Next, choose x,, to satisfy
n 2
znll =4 and || T (wn)|| > 3 Tl |-

This completes the inductive step.
It now follows from our construction that

2
ITn(@n)ll > 3 1Tl lzall > 2(My-1 +n),

and
[ To(@ngr ) < ITall > 47F
k=n-+1
1 —n
= Tl 5
1
= 3 Tn n
5 1Tall llwl
1
Thus,
ITo(@)l > N Ta(za)ll — N Tn(zr+ -+ 2p-1) | = [ To(@nsr +- -
1
> STl = [ Ta(zi+ -+ z0-a) |

> (Mn_l +Tl) — n—1 — MN.

)l

O

Corollary G.2. (The Banach-Steinhaus Theorem) Suppose that (T,) is a sequence of
bounded linear operators mapping a complete normed linear space X into a normed linear

space Y and suppose that
T(z) = lim T,(x)

exists in'Y for each x € X. Then T is a bounded linear operator.

Proof. It’s obvious that T is a well-defined linear map. All that remains is to prove that T’
is continuous. But, because the sequence (T),(x))32, converges for each z € X, it must also

be bounded; that is, we must have

sup || T, (x)]] < oo for each z € X.

Thus, according to the Uniform Boundedness Theorem, we also have C = sup,, |T,| < oo
and this constant will serve as a bound for |T||. Indeed, ||T,(x)| < C|lz|| for every z € X

and so, by the continuity of the norm in Y,

1T (@)l = lim [T, (2)]| < Cll«|

for every z € X.
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The original proof of Theorem G.1, due to Banach and Steinhaus in 1927 [3], is lost to
us, I'm sorry to report. As the story goes, Saks, the referee of their paper, suggested an
alternate proof using the Baire category theorem, which is the proof most commonly given
these days; it is a staple in any modern introductory course on functional analysis.

I am told by Joe Diestel that their original manuscript is thought to have been lost
during the war. We’ll probably never know their original method of proof, but it’s a fair
guess that their proof was very similar to the one given above. This is not based on idle
conjecture: For one, the technique of the proof (often called a “gliding hump” argument)
was quite well-known to Banach and Steinhuas and had already surfaced in their earlier
work. More importantly, the technique was well-known to many authors at the time; in
particular, this is essentially the same proof given by Hausdorff in 1932.

What I find most curious is the fact that this proof resurfaces every few years (in the
Monthly, for example) under the label “a non-topological proof of the uniform boundedness
theorem.” See, for example, G4l [19] and Hennefeld [26]. Apparently, the proof using Baire’s
theorem (itself an elusive result) is memorable while the gliding hump proof (based solely
on first principles) is not.
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Appendix H

Approximation on Finite Sets

In this chapter we consider a question of computational interest: Because best approxima-
tions are often very hard to find, how might we approzrimate the best approximation? One
answer to this question lies in approximations over finite sets. Here’s the plan:

(1) Fix a finite subset X,, of [a,b] consisting of m distinct points a < 1 < -+ < zp, < b,
and find the best approximation to f out of P,, considered as a subspace of C(X,,).
In other words, if we call the best approximation pf(X,,), then

max |f(x;) — py,(Xm)(zi)| = min max [f(z;) — p(x;)| = En(f; Xon)-
1<i<m pEP, 1<i<m

(2) Argue that this process converges (in some sense) to the best approximation on all of
[a,b] provided that X,, “gets big” as m — oo. In actual practice, there’s no need
to worry about pf(X,,) converging to p; (the best approximation on all of [a,b]);
rather, we will argue that E,(f; X,,) — E,(f) and appeal to “abstract nonsense.”

(3) Find an efficient strategy for carrying out items (1) and (2).
Remarks H.1.

1. If m <n+1, then E,(f;X,,) = 0. That is, we can always find a polynomial p € P,
that agrees with f at n+ 1 (or fewer) points. (How?) Of course, p won’t be unique if
m <n+1. (Why?) In any case, we might as well assume that m > n + 2. In fact, as
we’ll see, the case m = n + 2 is all that we really need to worry about.

2. If X CY C[a,b], then E,(f; X) < E,(f;Y) < E,(f). Indeed, if p € P, is the best
approximation on Y, then

En(f; X) < max|f(z) — p(z)| < max|[f(z) — p(z)| = En(f;Y).
zeX z€Y

Consequently, we expect E,(f; X,,) to increase to E,(f) as X,,, “gets big.”

Now if we were to repeat our earlier work on characterizing best approximations, re-
stricting ourselves to X, everywhere, here’s what we’d get:

Theorem H.2. Let m > n+ 2. Then,
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(i) p € Pp is a best approzimation to f on X, if and only if f —p has an alternating set
containing n+ 2 points out of X,,; that is, f —p = +E,(f; X,n), alternately, on X,,.

(i) pi(Xm) is unique.
Next let’s see how this reduces our study to the case m =n + 2.
Theorem H.3. Fizn, m >n—+2, and f € C[a,b].

(i) If p;, € Pp is best on all of [a,b], then there is a subset X, of [a,b], containing n+2
points, such that py, = pi(X; o). Morcover, En(f: Xnta) < En(f) = Eu(f: Xipa)
for any other subset X412 of [a,b], with equality if and only if pk(X,42) = pk.

(i) If py(Xm) € Pp is best on X, then there is a subset X o of Xy, such that p}(Xy,) =
pn (X o) and Ey(f; Xm) = En(fi X;5). For any other X, o C X, we have
En(f; Xni2) < En(f; X7 40) = En(f; Xm), with equality if and only if p;,(Xni2) =
Pp(Xm).

Proof. (i): Let X, , be an alternating set for f — p}, over [a,b] containing exactly n + 2
points. Then, X, is also an alternating set for f — pj, over X 5. That is, for x € X, ,,,

£(f(2) —pn(2) = En(f) = max |f(y) = Pn(¥)l-

n+2
So, by uniqueness of best approximations on X ,,, we must have p;, = p; (X}, ,) and
E.(f) = En(f; X 15). The second assertion follows from a similar argument using the
uniqueness of p¥ on [a,b].

(ii): This is just (i) with [a,b] replaced everywhere by X,,. O

Here’s the point: Through some as yet undisclosed method, we choose X,,, with m > n+2
(in fact, m >> n+2) such that E,(f; X,n) < E,(f) < E,(f; Xm)+e, and then we search for
the “best” X, 12 C X,,, meaning the largest value of E,(f; X,,+2). We then take p% (X, +2)
as an approximation for p¥. As we’ll see momentarily, p’ (X, +2) can be computed directly
and explicitly.

Now suppose that the elements of X, 15 are a < 2o < 1 < -+ < Tpy1 < b, let
p=pi(Xni2) be p(x) =ap+ a1x + - - - + a,z™, and let

E=E,(f; Xny2) = max |f(z;) — p(z;)].
0<i<n+1

In order to compute p and E, we use the fact that f(x;) — p(x;) = +E, alternately, and
write (for instance)

f(zo) = E+p(zo)

f(z1) = —E+p(z1)
: (H.1)
f(@n1) = (_1)n+1E + p(®ni1)
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(where the “F column” might, instead, read —FE, E, ..., (—1)"E). That is, in order to find
p and E, we need to solve a system of n 4+ 2 linear equations in the n 4+ 2 unknowns F,

ap, - .., an. The determinant of this system is (up to sign)
1 1 g -+ 2z
1 1 2y - ab

=Ag+ A1+ + A1 >0,

(-t 1 oz, - am

where we have expanded by cofactors along the first column and have used the fact that each
minor Ay, is a Vandermonde determinant (and hence each Ay > 0). If we apply Cramer’s
rule to find E we get

flxo)Ao — flx) AL+ -+ ()" f(@ng1) Anpa
Ag+ A4+ Appsy
= Xof(zo) = Mf(x1) + -+ (=) N1 f(@ng1),

where A; > 0 and Z?jol A1 = 1. Moreover, the \; satisfy Z?:Jrol(—l)i)\iq(xi) = 0 for every
polynomial ¢ € P, because F = E,,(q; X,,+2) = 0 for polynomials of degree at most n (and
because Cramer’s rule supplies the same coefficients for all f).

It may be instructive to see a more explicit solution to this problem. For this, recall
that because we have n + 2 points we may interpolate exactly out of P,,;1. Given this, our
original problem can be rephrased quite succinctly.

Let p be the (unique) polynomial in P41 satisfying p(x;) = f(z;), ¢ = 0,1,...,n+ 1,
and let e be the (unique) polynomial in P, satisfying e(z;) = (—=1)*, i = 0,1,...,n+ 1.
If it is possible to find a scalar A so that p — Ae € P,, then p — de = p(X,42) and
Al = En(f; Xn+2). Why? Because f — (p — Ae) = Ae = £, alternately, on X, 12 and so
Al = max,ex, ., |f(x) — (p(x) — Xe(x))|. Thus, we need to compare leading coefficients of
p and e.

Now if p has degree less than n + 1, then p = p}(X,42) and E,(f; Xn42) = 0. Thus,
A = 0 would do nicely in this case. Otherwise, p has degree exactly n + 1 and the question
is whether e does too. Setting W(z) = H?jol(x —z;), we have

E =

n+1 ;
() Wi
0= W e

and so the leading coefficient of e is 37" (=1)/W’(x;). We'll be done if we can convince
ourselves that this is nonzero. But

i—1 n+1
W(zi) = [[@i—=) = 0" [[@i—ay) [] (&5 — ),
i i=0 j=it1
hence (—1)*/W’(z;) is (nonzero and) of constant sign (—1)"*1. Finally, writing
n+1
flz) Wz
p\r) = ' )
D=2 )

we see that p has leading coefficient Z?jol (x;)/W'(z;), making it easy to find the value
of .
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Conclusion. p%(X,2) = p — Ae, where

S ) /W @) S,
A = = -1 )\z Z;
S (1) /W () g( fu)

and
L/[W" ()]

32520 /I )|
and [A| = E,(f; Xnya). Moreover, 77 (—1)"Aig(x;) = 0 for every g € P,.

Example H.4. Find the best linear approximation to f(x) = 22 on X4 = {0,1/3,2/3,1} C
[0,1].

i =

Solution. We seek p(x) = ag+aix and we need only consider subsets of Xy of size 1+2 = 3.
There are four:

X421 =1{0,1/3,2/3}, X42=1{0,1/3,1}, X43=1{0,2/3,1}, X44={1/3,2/3,1}.

In each case we find a p and a A (= E in our earlier notation). For instance, in the case of
X4 2 we would solve the system of equations f(z) = £\ + p(z) for z = 0,1/3, 1.

0 = X®4q A = 1
é = —)\(2) +ag + %al — ag = —%
1 A2 tag+ay ap = 1

In the other three cases you would find that AV = 1/18, A®) = 1/9, and \*) = 1/18.
Because we need the largest A, we're done: X4 o (or X43) works, and pj(X4)(z) =z —1/9.
(Recall that the best approximation on all of [0,1] is pj(z) =z — 1/8.) O

Where does this leave us? We still need to know that there is some hope of finding an
initial set X,,, with E,(f) —¢ < E,(f; Xmm) < En(f), and we need a more efficient means of
searching through the (,,) subsets X,, 15 C Xy, In order to attack the problem of finding
an initial X,,, we’ll need a few classical inequalities. We won’t directly attack the second
problem; instead, we’ll outline an algorithm that begins with an initial set X9 19, containing
exactly n + 2 points, which is then “improved” to some X} 1o by changing only a single
point.

Convergence of Approximations over Finite Sets

In order to simplify things here, we will make several assumptions: For one, we will consider

only approximation over the interval I = [—1,1]. As before, we consider a fixed f € C[—1,1]
and a fixed integer n = 0,1,2,.... For each integer m > 1 we choose a finite subset X, C I,
consisting of m points —1 < 7 < -+ < &, < 1; in addition, we will assume that z; = —1
and z,,, = 1. If we put
0m = max min |z —xz;| >0,
zel 1<i<m

then each x € I is within 4, of some z;. If X,, consists of equally spaced points, for
example, it’s easy to see that d,, = 1/(m — 1).
Our goal is to prove
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Theorem H.5. If 6, — 0, then E,(f; Xm) — En(f).
And we would hope to accomplish this in such a way that ¢,, is a measurable quantity,

depending on f, m, and a prescribed tolerance ¢ = E,,(f; X,,) — En(f)

As a first step in this direction, let’s bring Markov’s inequality into the picture.
Lemma H.6. Suppose that 7, = 62,n*/2 < 1. Then, for any p € P, we have
(1) max _1<z<1 |p(z)] < (1= 7p) " maxi<icm [p(2)], and

(2) wp([-1,1];0m) < Omn?(1 = 7pn) ! max 1 <i<m [p(2)].
Take a in [—1,1] with |p(a)| = ||p||. If « = £1 € X,,,, we’re done (because

Proof. (1):
(1 = 7,,,)~ ' > 1). Otherwise, we’ll have —1 < a < 1 and p’(a) = 0. Next, choose z; € X,
with |a — x;| < d,,, and apply Taylor’s theorem:

p(zi) = pla) + (xi —a) p'(a) + T2

for some ¢ in (—1,1). Re-writing, we have

p(a)] < Ip(wi)l + =+ [p" (c)]-

And now we bring in Markov:
52 n?
lpll < max [p(z:)] + =T lpll,
1<i<m

which is what we need.
(2): The real point here is that each p € P,, is Lipschitz with constant n?||p|. Indeed,
p(s) = pO =1(s =) p" () < [s = tlllp" | < n?[Ipll|s — #|

(from the mean value theorem and Markov’s inequality). Thus, w,(§) < én?||p|| and, com-

bining this with (1), we get
wp((sm) < 5mn2Hp” S 5mn2(1 - Tm)il max |p($z)‘ D
1<i<m

Now we’re ready to compare E,(f; Xp,) to E,(f). Our result won’t be as good as Rivlin’s
(he uses a fancier version of Markov’s inequality), but it will be a bit easier to prove. As in

Lemma H.6, we’ll suppose that
_ ot
Tm = 9 <1,
and we’ll set )
Ay = mn”
1—7m

[Note that as d,, — 0 we also have 7,,, — 0 and A,,, — 0.]

Theorem H.7. For f € C[-1,1],
En(fi Xm) < En(f) < (1+Ap) En(f; Xm) + wi([=1,1];0m) + Am|IfI].

Consequently, if 6, — 0, then E,(f; X)) — En(f) (as m — o0).
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Proof. Let p = p%(X,,) € Pp be the best approximation to f on X,,. Recall that

max |f(z;) = p(xi)| = En(f; Xm) < En(f) < [If —pl-

1<i<m

Our plan is to estimate || f — p||.
Let z € [-1,1] and choose z; € X,,, with | — x;| < 0,,. Then,

|f(z) = p(2)] |f(x) = f@i)| + | f (i) = p(@i)| + [p(2:) — p(2)]
wf((sm) + En(f;Xm) + wp((sm)
wf(m) + En(f; Xm) + Am max [p(z;)],

1<i<m

IA A IA

where we’ve used (2) from Lemma H.6 to estimate w,(d,,). All that remains is to revise this
last estimate, eliminating reference to p. For this we use the triangle inequality again:

max [p(z;)] < max |f(z;) —p(z;)| + max |f(z;)]
1<i<m 1<i<m 1<i<m

Putting all the pieces together gives us our result:
En(f) < wf(ém) + En(vam) + Am[En(faXm) + ”f”] O

As Rivlin points out, it is quite possible to give a lower bound on m in the case of, say,
equally spaced points, which will give E,(f; X)) < E.(f) < E,.(f; X;n) + €, but this is
surely an inefficient approach to the problem. Instead, we’ll discuss the one point exchange
algorithm.

The One Point Exchange Algorithm
We're given f € C[—1,1], n, and € > 0.
1. Pick a starting “reference” X,,12. A convenient choice is the set x; = cos (% ),

i=0,1,...,n+1. These are the “peak points” of T}, 1; that is, T),41(z;) = (—1)" 1~
(and so Ty,41 is the polynomial e from our Conclusion on page 146).

2. Find p = p}(Xp42) and A (by solving a system of linear equations). Recall that
Al = |f(@:) —plz)] < If =p7ll < IIf =l
where p* is the best approximation to f on all of [—1,1].

3. Find (approximately, if necessary) the “error function” e(x) = f(z) — p(z) and any
point n where |f(n) —p(n)| = ||f — pl|. (According to Powell [43], this can be accom-
plished using “local quadratic fits.”)

4. Replace an appropriate x; by 7 so that the new reference set X, = {2/, 25,...} has
the properties that f(x}) — p(z}) alternates in sign and that |f(x}) — p(z})| > || for
all i. The new polynomial p" = pj, (X, 5) and new A\’ must then satisfy

Al = min |f(zp) —p(f)] < max [f(2}) —p'(27)| = [N].
0<i<n+1 0<i<n+1
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This is an observation due to de La Vallée Poussin: Because f —p alternates in sign on
an alternating set for f—p’, it follows that f—p’ increases the minimum error over this
set. (See Theorem 4.9 for a precise statement.) Again according to Powell [43], the new
p’ and X’ can be found quickly through matrix “updating” techniques. (Because we’ve
only changed one of the z;, only one row of the matrix (H.1) needs to be changed.)

5. The new X’ satisfies |X'| < [|f —p*|| < [If — p'|l, and the calculation stops when

Lf =D =N = 1f0") =’ ) = IN] < e
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